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CHAPTEE  VII 
aALVAlfOMSTRY  AXD MKASUREUENT  OF  CUBRENTS 

Sgctiok  I 
GALVAKOMETSY 

SiNCK  curreots  flowing  in  a  given  circuit  are  taken  staDdaitd 


accordingly,  the  fuadamental  determinations  of  currents  maten. 
in  absolute  units  must  be  made  by  some  form  of 
standard  galvanometer,  or  standard  electrodynamometer. 
The  former  ia  an  instrument  which  exerts  on  a  nu^etic 
needle  in  any  given  position  a  couple  which  can  be 
calculated  with  sufficient  accuracy  from  the  dimensions 
and  arrangement  of  the  coil-system,  and  the  (approx- 
imately) known  distribution  of  magnetism  in  the  needle. 
For  absolute  measurements  of  curreots  by  such  an 
instrument  it  is  necessary  to  know  also  the  intensity,  at 
the  needle,  of  the  magnetic  Held  which  exists  indepen- 
dently of  the  current  in  the  coil ;  since  that  with  the 
field  produced  by  the  current  gives  the  resultant-field 
in  which  the  needle  reals  in  equilibrium  if  subject  only 
to  magnetic  action,  or  the  magnetic  couple  system  on 
the  needle  if  besides  magnetic  forces,  others  (such  as 
elastic  forces)  are  effective  in  producing  equilibrium. 

A  standard  electrodynamometer  is  simply  a  standard 
galvanometer  with  the  needle  replaced  by  a  movable 
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coil,  or  coil-system,  of  such  form  and  anangement,  and 
BO  suspended  as  to  enable  the  system  of  couples  acting 
upon  it  to  be  calculated  for  any  position,  or  for  a  certain 
zero  position,  to  which  the  movable  coil-system  is 
brought  back  by  a  proper  displacement  or  distortion  of 
the  suspension  or  othei'wise.  In  this  case  equilibrium 
is  generally  produced  by  means  of  a  force  due  to 
elasticity  or  to  gravity,  which  can  be  accurately 
determined. 

The   calculation  of  the   magnetic  forces    has   been 
given  in  Section   I.  of  the  last  chapter  for  the  most 
important  arrangements   of  coils.     We   have   only  to 
consider  the  general  construction  and  action  of  such 
instruments,  the  modes  of  suspension  adopted  for  the 
needle  or  coil,  the  calculation  or  determination  of  the 
other  than  magnetic  forces  acting  on  the  suspended 
system,  and  the  practical  operations  of  setting  up  and 
using  the  instruments. 
Tangeat       Dealing  first  with  absolute  galvanometers,  we  notice 
Gd™°  ^"*  *'''**  accordii^  to  the  mode  in  which  they  are  used 
mstert.    they  are  classed  as  tangent  galvanometers  or  sine  galvan- 
ometers.    In  the  former  the  arrangement  is  such  that 
the  current  flowing  through  the   coils  is  (ejtactly  or 
approximately)    proportional    to    the   tangent    of  the 
deflection   of   the    needle    from    the    undisturbed    or 
initial  position,  in  the  latter  the  current  is  proportional 
to  the  sine  of  the  deflection.     We  shall  consider  first 
the  construction  of  galvanometers, 
formatioa     As  Stated  above,  the  standard  galvanometer  should  be 
(^uuuel   of  such  a  form  that  the  values  of  its  indications  can  be 
easily  calculated  from  the  dimensions  and  number  of 
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turns  of  wire  in  the  coil.  Such  a  galvanometer  can  be 
made  by  any  experimenter  who  can  turn,  or  can  get 
turned,  with  accuracy  a  wooden  or  brass  ring  with  a 
rectangular  groove  round  its  outer  edge  to  receive  the 
wire.  It  is  indeed  to  be  preferred  that  the  experi- 
menter should  at  least  perform  the  winding  of  the  coil 
and  the  adjustments  of  the  needle,  &c.,  himself,  to  make 
sure  that  errors  in  counting  the  number  of  turns,  or  in 
placing  the  needle  at  the  centre  of  the  coil  are  not 
made.  If  there  are  to  be  several  layers  of  wire,  the 
breadth  and  depth  of  this  groove  ought  to  be  small  in 
comparison  with  its  radius,  and  each  should  be  not 
greater  than  ^  of  the  mean  radius  of  the  coil,  which 
should  be  at  least  15  cms. 

The  gaage  of  the  wire  with  which  the  ooil  ia  to  be  wonnd  Wireoaed 
rnUHt  depend  ot  courae  on  the  purpoaea  to  which  the  instrument  <oi'  ^°>^ 
ia  to  be  applied,  hut  it  should  he  good  well-inaulated  copper 
wire  of  high  coDdnctivit^,  and  not  so  thin  bh  to  mn  any  riak  of 
being  injured  by  the  strongest  currents  likely  to  be  sent  through 
the  iDstrument.  For  the  ezftct  graduation  of  current  as  well  ae 
of  potential  instruments,  it  is  convenient  to  make  it  have  two 
coilB  —one  of  comparatively  high,  the  other  of  low  reaiatance. 
The  latter  may  in  aome  caaeH  in  which  great  accuracy  ia  not 
required  be  a  simple  hoop  of  aay  IS  cms.  radius,  made  of 
copper  atrip  1  cm.  broad  and  1  mm.  thick.  As  however  the 
difltribution  of  the  current  in  a  maaaive  conductor  is  uncertain 
in  consequence  of  want  of  homogeneity  in  the  material,  and  it 
is  beaides  difficult  to  allow  exactly  for  any  irregularity  that  may 
exist  where  the  enda  are  led  out,  and  furUier,  as  it  is  difficult  to 
make  such  a  hoop  of  perfectly  accurate  ahape,  it  ia  impossibte 
to  determine  by  calculation  the  exact  constant  of  such  a  con- 
ductor, it  is  better  to  use  instead  several  turns  of  thick  wire. 
Each  spire  of  the  coil  may  then  be  regarded,  as  explained  above, 
as  a  circular  conductor  coinciding  with  ita  circular  axis. 

To  form  electrodes  to  which  wires  can  be  attached  the  ends  EUsetrodes. 
of  the  copper  atrip  or  thick  wire  are  brought  out  aide  by  aide  in 
the  plane  of  the  nng  with  sheet  vulcanite  or  paper  between  for 
insulator.  Insulated  wires  are  soldered  to  the  ends  of  the  circle 
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thuB  Euranged,  and  are  twisted  together  for  ■  sufficient  distance 

to  prsTsat  auj  direct  effect  on  the  needle  from  being-  produced 
by  ft  current  flowing  in  tliem. 
Winding  In  conHtrucdDg  tlie  fine-wire  coil  the  operator  ahonid  first 
of  CoU.  aubjeot  the  wire  to  a  moderate  atretcbing  force,  and  then  care- 
fully meftsare  its  electrical  reaistance  and  ita  length,  lie  should 
then  wind  it  on  a  moderately  large  hohbin  and  again  measnre 
its  reaistance.  If  the  second  measurement  differs  materially 
from  the  first,  the  wire  is  faulty  and  should  be  carefully  ex- 
amined. If  no  evident  fault  can  he  found,  on  the  removal  of 
which  the  discrepance  disappears,  the  wire  must  be  laid  aside 
and  another  substituted.  When  the  two  measurements  are 
found  to  agree  the  wire  may  then  be  wound  on  the  coil.  Far 
this  purpose  the  ring  may  either  he  turned  slowly  round  in  a 
lathe  or  on  a  spindle,  ao  as  to  draw  off  the  wire  from  the 
bobbin  also  mounted  ao  as  to  he  free  to  turn  round.  The  wire 
must  be  laid  on  evenly  in  layers  in  the  groove  (which  may  be 
done  with  the  utmost  uniformity  with  a  self-feeding  lathe)  and 
the  winding  ended  with  the  completion  of  a  layer.  Great  care 
must  be  taken  to  count  accurately  the  number  of  turns  laid  on. 
Error  in  oounting  may  be  avoided  by  following  tiie  plan  used  by 
Maxwell  of  winding  a  single  laver  of  thin  cord  on  a  long 
wooden  cylinder  rigidly  attaohea  to  the  bobbin  and  therefore 
turning  with  it.  A  pin  driven  into  the  cylinder  serves  to  indi- 
cate the  end  of  one  layer  and  the  beginning  of  the  next.  After 
winding  the  resistance  should  he  again  measured,  and  if  it 
agrees  nearly  with  the  former  measurements  the  coil  may  be 

Mounting      The  ring  carryiuj^  the  coit  thus  made  should  then  be  fixed  to 
of  Coil,    a  convenient  stand  in  such  a  manner  that  if  necessary  it  can  be 
easily  removed.    The  stand  ought  to  be  fitted  with  levelling 
screws,  so  that  the  plane  of  the  coil  may  be  mode  acourately 
vertical.    A  shallow  horizontal  bos  with  a  glass  cover  and 
mirror  bottom  may  be  carried  by  the  stand  near  the  level  of  its 
centre,  and  within  this  the  needle  and  attached  mirror  or  index 
suspended.     Or,  what  is  more  convenient  in  many  cases,  a  plat- 
form should  be  arranged  below  the  level  of  the  centre  a  sufficient 
distance  to  allow  the    magnetometer   (such   as   nne   of  those 
described  in  chapter  IL  above)  to  be  placed  with  the  centre  of 
its  needle  at  Hie  level  of  the  centre  of  the  coil. 
ITsedle         "^^  needle  should  be   a  single  small  magnet  about  a  centi- 
and  Sua.  metre  long,  hung  by  a  single  fibre  (half  a  cocoon  thread)  of 
pansion.    unspun  washed  silk,  at  least  10  cms.  long,  or,  better,  by  a  fine 
quartz  thread  from  the  top  of  a  tube  fixed  to  the  cover  of  the 
shallow  box,  or  from  the  suspension  bead  of  the  magnetometer. 
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if  that  is  used,  bo  that  the  centre  of  the  needle  when  the  coil  is 
vertical  ie  exactly  the  centre  of  the  coil.  To  allow  of  tlie  exict 
adjustment  of  the  height  of  the  needle,  the  fibre  should  be 
attached  to  the  lower  end  of  a  email  screw  spindle,  made  so  aa 
to  be  raised  or  lowered,  withont  beiog  turned  rouud,  by  a  nut 
working  round  it  above  the  rap  of  the  tube. 

If  the  instrument  is  to  be  used  with  scale  and  pointer  (or,  M  Index  or 
ie  desirable  in  some  cases,  is  to  be  furnished  with  scale  and  Pointer, 
pointer  as  well  ae  mirror),  the  pointer  may  be  made  by  drawing 
out  a  bit  of  thin  glaes  tube  at  the  blowpipe  into  a  thread,  so 
thick  &B  to  remain  nearly  straight  under  its  own  weight  when 
suspended  by  its  centre.    In  order  that  the  zero  position  of  the 
pointer  may  not  be  under  the  coil,  the  pointer  ought  to  be  fixed 
horizontally  with  its  length  at  right  angles  to  the  needle,  so  as 
to  project  to  an  equal  dietauce  on  both  sides  of  it     To  test  that 
this  adjustment  ie  properly  made,   draw  a  couple  of    lines 
accurately  at  right  angles  to  one  another  on  a  sheet  of  paper. 
Then    suspend   a   long  thin   straight  magnet  over  the  paper,    ^djust- 
and  bring  one  of  the  lines  into  accurate  parallelism  with  it     meut 
Remove  then  the  magnet  and  put  in  its  place  the  tittle  needle 
and  attached  index.     If  the  index  is  parallel  to  the  other  line 
the  adjustment  has  been  correctly  mads.     The  needle  may  then 
be  suspended  in  ponition,  and  the  box  within  which  it  hangs 
closed  to  prevent  disturbance  from  currents  of  air. 

A  circular  scale  graduated  to  degrees,  with  its  centre  juet  Scale, 
below  the  centre  of  the  coil,  and  ite  plane  horizontal  ie  placed 
with  its  zero  point  on  a  line  drawn  on  the  mirror-bottom  of  the 
box  ax  right  angles  to  the  plane  of  the  coil,  so  that  when  the 
needle  and  coil  are  in  the  magnetic  meridian  the  index  may  point 
to  zero.  The  accuracy  of  the  adjustment  of  the  zero  point  is 
to  be  tested,  aa  explained  below,  by  finding  whether  the  same 
current  reversed  produces  equal  deflections  on  the  twosidesof  zero. 

To  teat  whether  the  centre  of  this  divided  circle  is  accurately    Adjust- 
under  the  centre  of  the  needle,  supposed  at  the  centre  of  the    meat  of 
coil,  draw  from  the  point  immediately  under  the  centre  o£  the     Scale, 
needle  two  radial  linea  on  the  mirror- bottom,  one  on  each  side 
of  the  zero  point  and  46°  from  it,  thus  including  between  them 
an  angle  of  90°,  and  turn  the  needle  round  without  giving  it  any 
motion  of  tranelation.    If  the  index  lies  along  these  two  radial 
lines  when  its  point  ia  at  the  corresponding  division  on  the 
circle  the  adjustment  is  correct.    Of  course  a  fairly  accurate 
first  adjustment  ia  previously  made  by  placing  the  circle  so  that 
the  two  points  each  distant  46°  from  the  zero  lie  on  these 
straight  lines. 

Error  from  inaccurate  centering  con  be  almost  completely 
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AvoidaDM  eliminated  by  making  tlie  pointer  extend  ecrom  the  circle  and 
of  Error   reading  both  ends  of  it 

&oni  When  taking  readings  the  observer  places  his  eye  bo  as  to  see 

IpaccnratB  the  index  just  cover  the  iinago  in  the  mirror-bottom  of  tlie  box, 

P^^!*"?  and  reads  off  the  number  of  divisions  and  fractions  of  a  divi- 

*^''™""sion,  indicated  on  the  scale  by  Uie  position  of  the  index.    Error 

from  parallax  is  thus  avoided. 
Mirror  and  A  mirror  rigidl}'  attached  to  the  needle  may  be  used  as  in  the 
Scale,  magnetometer,  instead  of  the  needle  and  index,  and  oboerved  by 
means  of  a  telescope  with  attached  scale,  or,  in  the  manner  of 
an  ordinary  testing  galvanometer,  by  means  of  a  beam  of  light 
thrown  by  a  lamo  on  the  mirror  and  reflected  to  a  eoale.*  Very 
conveniently  a  long  fibre  magnetometer  carried  on  a  platform 
fixed  within  the  bobbin  may  be  need  for  the  needle  and  attached 
mirror.  A  hole.slot^  and  plane  arrangement  on  the  platform  for 
the  adjusted  position  will  enable  the  ma^etometer  to  be  taken 
away  and  replaced  at  pleasure.  The  adjuetmenta  of  scale,  Ac, 
are  the  same  as  those  described  in  chapter  II.  above. 

When  a  mirror  is  employed  the  coil  is  parallel  to  the 
undisturbed  position  of  the  needle  (the  magnetic  meridian, 
when  as  usual  the  earth's  field  only  is  employed  to  give  the 
return  couple  on  the  needle)  when  equal  deflections  on  the  two 
sides  of  sero  are  produced  by  reversing  any  current  The 
scales  used  should,  if  of  paper,  always  be  car^ully  gined  to  a 
wooden  pieceinstead  of  being,  aa  they  &eqnently  are,  fixed  with 
drawing-pins.  Preferably  however  they  should  be  ruled  on  glass 
by  any  one  of  the  simple  methods  now  available  for  copying  an 
accurately  engraved  standard. 

It  is  to  be  noticed  that  a  mirror  and  straight  scale  placed  at 
right  angles  to  the  undeflected  position  of  the  ray,  and  used  in 
the  ordinary  way,  give  readings  proportional  to  the  tangents  of 
double  the  angles  of  deflection. 
Single        The  aathor  some  time  ago  had  constructed  a  standard  galva- 
Layer     nometer  which  seemg  to  possess  several   advantaKes  over  the 
Tangent  ordinary  form.     It  consists  of  a  cylindrical  bobbm,  about  60 
Oalvano-  cms.  in  diameter,  and  25  cms.  in  length,  wound  with  a  single 
meter,     jjyer  of  fine  wire.     The  needle  (1  cm.  long)  is  suapended  at  the 
centre  of  the  bobbin,   and  the  magnetic  field   produced  by  a 
current  flowing  in  the  wire  is  in  this  arrangement  practically 
invariable  over  a  distance  in  any  direction  at  the  centre  con- 
siderably exceeding  the-  length  of  the  needle-     Very  accurate 
placing  of  the  needle  is  thus  not  necessary,  as  a  diaplacoment  of 
so  much  as  half  its  length  from  the  central  position  (an  error 

■  Sbb  Vol.  I.  Chapter  IT.  p.  211,  et  »tq. 
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of  sdjuBtment  which  is  practically  impoBsibls  with  the  slightest 
care)  produces  a  qaita  imperceptible  eSect  on  the  deflection 
with  any  given  current. 

The  iJiBtribntion  of  the  wire,  since  there  is  only  one  layer,  in 
known  vith  perfect  certkinty,  and  hence  the  constant  of  the 
instrument  cao  be  onlculated  with  great  ej^ctness.  At  each 
end  of  the  bobbin  is  wound  one  of  two  equal  coils  of  small 
transvene  dimensions  in  comparison  with  their  radii.  These 
are  of  thick  copper  wire  arranged  so  as  to  form  a  Helmholt:! 
donble-Coil  galvanometer  of  the  kind  described  above  Qj.  254), 
available  for  strung  currents. 

When  the  instrument  was  being  designed  it  was  thought 
desirable  to  have  the  bobbin  made  of  some  material  which 
could  not  contain  magnetic  subKtances,  in  sufficient  quantity  to 
uSect  the  accuracy  of  measarementa  of  currents  flowing  in  the 
wire.  The  fear  then  felt  by  the  author  that  the  bobbins  of  brass 
fltdinarily  employed  for  standard  galvanometers  might  very 
probably  contain  iron,  in  sufiicient  quantity  to  cause  disturbance 
throu^  its  induced  magnetization,  has  since  been  fonnd  by 
Prot  T.Gray  to  be,  in  part  at  least,  justified.  The  measure- 
ment of  currents  made  by  a  new  standard  galvanometer  were 
found  by  him  to  be  so  much  disturbed  by  the  effect  of  magnetic 
substances  contained  in  the  walls  of  a  brass  box  surrounding  the 
needle  aa  to  be  practically  nseloes. 

It  was  resolved  therefore  tb  construct  a  bobbin  of  wood  in  Built  np 
such  a  manner  as  to  avriid  risk  of  serious  alteration  of  Sgure  by  Bobbin  of 
warping,  or  of  dimensions  through  variation  in  the  amount  of  Wood. 
moisture  contained  in  the  wood.  A  large  number  of  pieces  of 
mahogany  were  cut  from  a  dry  well-seasoned  board  about  J  inclt 
thick.  Each  piece  was  about  4  cms.  broad,  20  cms.  in  length, 
and  was  cat  so  as  to  form  a  segment  of  a  ring  the  outside 
diameter  of  which  was  about  50  cms.  and  the  inner  diamete' 
about  8  cms.  less.  Four  of  these  cut  so  that  the  grain  of  th<. 
wood  ran  in  diflerent  directions  in  adjoining  pieces  and  placed 
end  to  end  gave  a  complete  circular  ring,  or  rather  cylinder,  j 
inch  in  length.  Above  that  was  placed  a  similar  ring  with  the 
grain  of  the  wood  in  the  pieces  crossing  that  in  the  pieces 
below,  and  the  pieces  themselves  overlapping  the  end  joints  in 
the  preceding  ring.  Above  that  was  placed  another  ring,  and 
so  on  until  the  whole  bobbin,  mther  more  than  26  cms.  in  length, 
had  been  built  up.  The  cylinder  thus  roughly  formed  was  then 
turned  carefully  down  to  cylindrical  figure  of  the  size  desired, 
and  as  nearly  trulv  circular  as  possible,  and  the  pores  all  over 
the  surface,  insiiTe  and  outside,  filled  with  spirit  varnish  to 
prevent  the  absorption  of  moisture. 

VOL.   II.  A  A 
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[A  bobbio  thoB  built  up  of  pieces  of  wood  wit]  probably  not 
take  or  keep  so  true  a  figure  as  one  made  of  metal,  out  there  can 
b«  no  doubt  of  its  f^at  Buperiorit}'  over  the  ordinary  bobbin  of 
wood,  made  out  of  one  piece.  For  all  except  purpoBeB  for 
which  the  higbeat  accuracy  is  required,  it  may  be  relied  on  to 
gira  correct  resulU.  If  a  metal  bobbin  is  preferred  the  materi^ 
ought  to  be  carefully  tested  iu  a  magnetic  field,  and  rejected  if 
appreciable  induced  magnetization  is  detected.] 

Two  edges   of  wood,  projecting  slightly  beyond  the  outside 

cylindrical  surface,  were  fixed  at  the  ends  to  keep  the  wire  in  its 

pbce.     The  coil  was  then  carefully  wound,  the  turns  counted, 

and  the  wire  covered  with  "  American  cloth  "  to  preserve  it  from 

injury.     The  two  ends  of  the  thin  wire  coil  were  brought  out 

together  at  one  end  of  tfae  coil  for  connection  to  two  electrodes 

closely  twisted  together  and  several  yards  in  lenelb,  by  which 

the  inatniment  could  be  joined  to  any  circuit  in  which  it  might 

be  required.  That  end  of  the  wire  which  had  to  be  carried  from 

the  further  extremity  of  the  coil  was  (supposing  the  coil  set  up 

in  position)  brought  along  horizontally   in  a  vertical  plane 

.  through  t^e  axis  of  the  coil  until  it  met  the  other  extremity  at 

the  termination  of  the  last  spire  of  the  coil.     The  current  in  this 

part  of  the  wire  of  course  just  compensates  by  its  effect  on  the 

needle  that  of  the  component  of  current  in  each  element  of  the 

spires  in  the  direction  of  the  axis. 

Tangent       "^^^  couple  given  by  (67)  of  ISst  chapter  is,  if  as  a  first  and 

Galvano-    usually  sufficient  approximation  the  first  term  of  the  expression 

meter,      only  is  taken,  ivNyU  cos  6l{a*  +  J')t,  where  It  is  the  magnetic 

Princi^nl   moment  of  the  needle,  N  the  total  number  of  turns  in  the  coil, 

Constant   a  the  radius  of  the  coil,  b  its  half  length,  and  8  the  angle  which 

of  Single   the  needle  makes  with  the  mean  plane  of  the  coil.     The  return 

I*J«r       couple  given  by  the  permanent  magnetic  field  (horizontal  in- 

Bobbm.    tensity  [{)  \a  Uff  gin  6,  if  the  mean  plane  of  the  coil  and  the 

axis  of  the  needle  are  made  to  coinciae  when  the  deflection  is 

zero,  by  the  adjustment  explained   below.      Thus  we    have 

equating  these  couples 

v-'-^if'-'s*"" (') 

For  the  thick  wire  coils  tlie  deflecting  couple  e  is  given  by 

!24)  of  last  chapter,  and  for  equilibrium  we  have  6  =  M^sin  e. 
f  we  put  e  =  yUO  cos  8,  we  get 
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where  6  is  the  qiiantity  obtained  \>j  diTiding  the  ezpreMion  in 
the  BigD  of  (24)  by  My.  0  is  sometimes  called  the  gutvftnoraeter 
conatajit. 

In  a  sine  galTaaoinetar  the  coils  are  made  movable  ronitd  a       Sine 
vertical  axis  through  the  centre  of  the  needle,  and  when  the    Qalroiio- 
needle  is  deflected  the  coiis  are  turned  until  an  eqailibriom     meter, 
position   is   obtained    in  which  the  needle   end  mean  plane  of 
the  ooiJa  are  again  parallel.    Thos  cos  6  in  the  Bipression  for  e 

fiven  in  last  chapter  must  be  put  equal  to  unity.  The  deflection 
of  the  needle  is  equal  to  the  angle  tlirougli  which  the  coils  have 
been  turned,  and  is  usually  measured  by  observing  this  angle  by 
means  of  a  finely  divided  scale  provided  with  verniers  and  react- 
ing microecopes.    For  such  an  instrument  we  have  instead  of  (S) 

'■-5"°« CI 

In  the  values  of  Q  for  the  different  types  of  instrnment  given 
by  the  various  espressions  contained  in  Chapter  VI,,  the 
inclination  of  the  needle  to  the  plane  of  the  coil  is  of  course 
to  be  put  equal  to  zero. 

An  instrument  capable  of  being  ased  at  pleasure  either  as  a      Fjtz. 
tangent  or  sine  galvanometer  has  been  designed  by  Professor     gaiild'a 
G.  F.   Fitzgerald,   and  is  shown  in  Fig.  74.      Its   distinctive    Standard 
[wcnliarities  consist  in  an  arrangement  of  coils  which  permits    GsItbqo- 
the  constant  o£  the  instrnment.  to  be  determined  with  the  coils     meter. 
in  position,  and  a  very  ingenioiis  arrangement  for  measuring  the 
deflections  of  the  needle  and  the  coils  from  the  adjusted  position 
for  no  current. 

The  coils  are  visible  through  a  plate-glass  casing  and  can  be    Arrange- 
measured  in  nttt.     The  deflection  of  the  needle  is  observed  in     uiant  of 
the  following   manner  on  the  cylindrical  scale  shown  in  the      Coils, 
figure.  A  pair  of  small  totally  reflecting  pri«ms,  with  their  reflect- 
ing surfaces  inclined  at  45°  to  the  horizontal,  are  carried  by  the 
magnet,  and  give  images  of  diametrically  opposite  parts  of 
this  scale,  and  show  on  these  images  of  one  and  the  same  line 
or  mark.     These  are  seen  at  the  same  time  in  the  field  of  view 
of   a  microscope   which   receives  the  light  from  the   luirrors. 
Thus  the  srrangement  is  equivalent  to,  but  much  more  sensitive 
than,  a  pointer  playing  round  a  graduated  circle  and  read  at 
both  ends  to  eliminate  error  from  inaccuracy  of  centering. 

The  coils  can  be  turned  round  to  follow  the  magnet,  and 
their  position  observed  on  the  same  cvlindrical  scale ;  so  that  a 
single  scale  serves  for  the  use  of  the  instrument  both  as  a 
tangent  galvanometer  and  as  a  sine  galvanometer. 

It  has  oeen  noticed  above  that  the  ordinary  method  nf  using 
A  A   2 
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the   mirror   and    scale   givea   with   a.   straight   hcaU   property  Msthod  ot 

adjusted   the   tanf^etit   of   twice    the    angle   of  deflection.     In     Reading 

Professor  Fitzgerald's  instrament  besides  the  arrangement  jost  Defection. 

described    for   reading   tlie   deflection    a  mirror    is    provided 

attached  at  46°  to  the  bzib  of  suspension.     A  vertical  ray  of 

light  falling  upon  this  mirror  ia  sent  out  horizontally  through 

one  of  the  plate-glass  sides  of  the  case  to  a  horizontal  scale. 

Ah  the  mirror  tarns  round  the  plane  of  reflection  turns  with  it, 

and  through  the  same  angle,  so  that  with  a  straight  scale  placed  at 

right  angles  to  the  undiaturbed  position  of  the  ray,  the  resjlings  on 

the  scale  are  proportional  to  the  tsngenteof  the  actual  deflections. 

Fig.  76  shows  a  sine  galvanometer  designed  by  Prof.  T,  T.  Gray's 
Gray.     A  single  layer  of  wire  is  wound   on  a  tube  of  about       °™' 

«.  diameter,  and  at  least  ten  diameters  in  length.     If  the    f*"^"*- 


coil  be  nntformly  wonnd  with  n  turns  per  unit  of  length,  and  / 
be  its  half-length  and  a  its  radius,  the  force/per  unit  of  current 
■t  the  centre  is  (see  p.  261  above)  inllia*  +  P)i.  Tliis  becomes 
4fra  if  /  be  great  in  compariaoii  with  d,  for  example  if  ^  is  ten 
times  a,  the  value  of  /  w  only  J  per  cent  less  than  4jra,  as  is 


•ihown  by  the  equation 

/=4»«(l  -i-^+i-^-  ...) 

»■  4ffa  (1  -  liir  +  aaiao  -  ■■■) 

I  =  IQff. 

Thofl  the  very  exact  determination  of  the  radius  is  not  a 

matter  of  very  great  importance,  and  if  the  coii  be  very  uniformly 

wound  over  the  middle  part,  and  very  fairly  regularly  else- 

where,  the  value  of/ will  be  given  with  great  accuracy  t>y  the 
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tirst  two  termn  of  the  aeries.  The  uniformity  of  the  winding 
can  be  made  almost  quite  perfect  by  laying  on  the  wire  under  a 
mwlerate  tenBJOD  by  mcnne  of  a  self-feedine:  lathe. 

Arrange-  The  coil  is  wound  ou  the  tube  T  (Fig.  75).  The  ende  of  the 
ment  of  wire  are  attached  to  pins/ij,  p^,  and  a  wire  le  running  parallel 
Coil.  to  the  ozia  of  the  coil  connects  p,  to  a  third  pin  ^,  close  to  p,. 
A  pair  of  flexible  electrodes  well  twisted  together  connects  jijj?, 
to  a  pair  of  terminals  on  the  platform  P.  The  tube  is  mounted, 
as  shown,  ou  the  circular  platform  P  which  is  furnished  with 
levelling  screws  £,  Z,  L,  and  can  be  turned  round  the  vertical 
axis  V,  tlie  supports/, /eliding  on  the  platform  and  maintaining 
the  tube  in  e  horizont«l  position.  The  scale  S  on  the  edge  of 
the  platform  enables  the  angle  through  which  the  coil  is  tnmed 
lo  be  measured. 

Method  of      The  needle  is  suspended  at  the  centre  of  the  tube,  and  may 
Uaodiog    be  either  a  light  polished  steel  disk,  or  a.  plane  or  concave 

Deflection,  mirror  with  attached  steel  magnets.  The  arrangement  preferred 
is  as  follows  ; — At  one  end  of  the  tube  is  a  short  scale  j  facing 
towards  the  mirror  (which  is  plane)  and  illuminated  by  light 
entering  a  small  hole  at  that  end  of  the  tube,  and  thrown  on  the 
scale  by  a  reflecting  prism  or  inclined  mirror.  At  the  same  end 
of  the  tube  is  a  fixed  mirror  2i,  also  turned  towards  the 
suspended  mirror  «.  By  meane  of  the  telescope  t  at  the 
other  end  of  the  tube,  fixed  above  the  centre  vith  its 
vertical  cross-wire  as  nearly  as  may  be  in  the  medial  vertical 
plane  of  the  coil,  the  scale  *  is  seen  by  light  which  has  suffered 
two  roflections,  one  at  a  the  other  at  M,  and  thus  the  angle 
through  which  the  needle  has  been  turned  can  be  obtained. 

For  the  scale  j  may  be  substituted  a  narrow  slit,  or,  preferably, 
a  wide  slit,  or  hole,  crossed  by  a  wire,  in  front  of  which  within 
the  tube  is  fixed  a  lens,  and  for  the  telescope  a  sheet  of  obscure 
glass.  An  image  of  the  slit  or  wire  is  focused  hy  the  lens  on 
the  obscure  glass,  and  the  position  of  tbis  can  be  read  from 
without  on  a  scale  tixed  to  or  engraved  on  the  glass. 

Or,  the  plane  minor  m  may  be  replaced  by  a  concave  spherical 
mirror  as  in  an  ordinary  Thomson's  galvanometer,  and  the 
obscure  glass  carried  by  a  sliding  tube  which  can  be  pushed  out 
or  in  to  give  a  sharp  image  of  the  slit  or  wire. 

Method  of      The  method  of  using  the  instrument  is  as  foHowa  :  It  ie 

using      placed  in  a  well-lighted  room,  and  the  ptalforro  P  is  levelled  by 

Instru-     means  of  the  screws  Z.    The  coil  is  then  turned  vmtil  the  central 

neut.      division  of  the  scale  a  coincides  with  the  cross-wire  of  the 

telescope  (or  the  zero  of  the  scale  on  the  obscured  gloss),  and 

the  reading  on  the  scale  S  is  taken.    Then  a  steady  current  is 

passed  through  the  coil,  and  the  angle  noted  through  which 
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tlie  tube  has  to  bo  turned  to  bring  the  central  division  of  ( 
again  to  the  croes-wire  of  the  tnlesL-ope.  The  current  is  Uten 
reversed,  and  the  scale  i  moved  if  neoeseary  aitlil  the  aoglee  on 
the  two  sides  of  zero  are  equal.  If  0  is  this  deflection  on  the 
scale  8  the  current  is  given  by  the  equstion 

r-^^ <*) 

M'  -  if) 

The  angle  8  can  evidently  be  attained  with  great  accuracy 
by  Tery  accurate  division  of  the  scale  S,  and  reading  it  with  a 
vernier  and  microscope. 

We  now  discuss  shortly  some  general  propositions 
regarding  the  action  of  galvanometers,  their  adjustmeDt 
and  sensibility. 

We  shall  suppose  to  begin  with  that  the  forces  acting    .'^^°^ 
ore  wholly  magnetic,  and  that  the  suiipension  is  such  ae  OaIvbho- 
to  prevent  other  than  horizontal  forces  from  affecting     "'"*"'■ 
the  needle.     When  no  current  is  flowing  the  needle 
rests  horizontal  with  it«  axis  parallel  to  the  permanent 
magnetic   field,  or  to  its  horizontal  component.     The 
needle  will  take  up  a  new  position  making  an  angle  0 
with  the  plane  of  the  coil.     The  angle  which  the  needle 
now  makes  with  its  initial  position  is  $  —  a,  say.    The 
couple,  6,  acting  upon  the  needle  is  given  by  equations 
(13),  (20),  (21),  &c.  of  last  chapter.     If  W  be  the  m^- 
netic  moment  of  the  needle,  and  S  the  horizontal  com- 
ponent force  of  the  permanent  field,  we  have  for  the 
return  couple  MS  sin  (5  —  a).    Hence 
e  =  MMsin(jS-a). 
But  we  may  write  Q  =  yMQ  cos  0,  and  therefore 

^     U       cosB  ™ 
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G,  as  shown  by  (13)  above,  in  general  depends  on  0. 
If  the  needle  however  be  sufficiently  short  the  terms 
depending  on  0  disappear.  G  is  then  what  is  called 
the  galvaTiomeier  amstant. 

If  a  is  zero  (5)  becomes 


(2) 


and  il  G  is  independent  of  0  the  current  is  proportional 
to  the  tangent  of  the  deflection.  Hence  the  name  of 
the  instrument. 

The  instrument  is  generally  set  up  so  that  a  is  zero 
or  very  nearly  so.  This  adjustment  may  be  made  as 
follows.  Supposing  the  stand  of  the  coils  fitted  with  a 
level  by  means  of  which  the  coils  can  be  placed  in  a 
vertical  position,  the  instrument  is  thus  levelled  and 
placed  by  guess  with  the  mean  plane  of  the  coils  as 
nearly  as  may  be  parallel  to  the  needle.  The  coil  is 
then  joined  up  with  a  voltaic  cell  and  reversing  key  so 
that  a  current  can  be  sent  in  either  direction  through 
it.  A  current  is  sent  through  the  coils,  and  the 
deflection  6  of  the  needle  is  observed  by  means  of  the 
mirror  or  pointer  attached  to  the  needle.  The  current 
is  then  reversed  and  the  opposite  deflection  observed. 
If  this  is  the  same  as  before  the  coil  is  properly  placed. 
If  not  let  the  numerical  value  of  the  first  deflection 
without  regard  to  sign  be  0,  and  of  the  second  8',  and 
let  a  be  the  (unknown)  angle  which  the  mean  plane  of 
the  coils  makes  with  the  needle.  Supposing  G  the 
same  in  both  cases,  which  it  will  approximately  he  if  ^ 
is  nearly  the  same  as  0',  we  have  by  (5) 
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Thia  gives 

tan  a 


"cos  5' (cos  ^-coa^} 


which  ebows  that  if  ^  >  ^  the  coil  is  turned  through 
an  angle  a,  in  the  direction  of  the  first  deflection  ;  if 
Q  -Cff  the  coil  deviates  from  the  positioo  of  the  needle 
by  an  angle  a  in  the  direction  of  the  second  deflection. 

The  actual  valae  of  a  can  thus  be  calculated,  and  if 
the  coils  can  be  turned  through  any  required  angle  the 
correction  of  position  can  at  once  be  made.  If,  however, 
there  ia  no  provision  for  turning  the  coils  through  a 
definite  angle,  the  correction  must  be  made  by  guess 
from  the  direction  of  the  greater  deflection,  then  the 
new  position  tested,  and  if  necessary  corrected,  and  so 
on. 

The  galvanometer  is  sometimes  set  so  that  a  =  45°,  Coil  at  4&° 
and  the  current  then  made  to  flow  so  that  the  deflection  Meridian. 
is  towards  the  coil.     Then  by  (1)  (changing  the  sign  of 
the  right-band  side  to  keep  y  positive) 


•a-^)_ 


It  is  to  be  noticed  that  here  d  is  to  he  taken  positive 
when  it  is  on  the  same  side  of  the  coil  as  the  initial 
position  of  the  needle,  and  negative  when  it  is  on  the 
opposite  side.  The  deflection  of  the  needle  may  thus 
be  as  great  as  90°  from  the  initial  position.  For  this 
value  of  the  deflection  the  current  is  v'  2  BIG. 
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The  adjustmeut  to  this  position  may  be  made  by 
iiist  placing  the  galvanometer  as  described  above  so 
that  its  mean  plane  is  parallel  to  the  undisturbed 
position  of  the  needle,  and  then  turning  the  instrument 
round  through  exactly  45°.  This  mode  of  using  the 
instrument,  though  it  gives  a  wider  range,  is  attended 
with  the  inconvenience  that  the  deflection  if  consider- 
able can  only  be  taken  in  one  direction. 
SaDBibilitj  The  sensibility  of  a  galvanometer  may  be  defined  as 
Qometu.'  ^^^  reciprocal  of  the  current  required  to  produce  a 
definite  small  angular  deflection  of  the  needle,  or,  which 
comes  to  the  same  thing,  it  may  be  taken  as  measured 
by  the  angular  deflection  produced  by  a  specified 
current,  for  example,  a  micro-ampere  (one  millionth  of 
an  ampere).  Frequently  if  the  galvanometer  be  a 
rejecting  one  it  is  regarded  as  inversely  proportional  to 
the  current  required  to  produce  a  deflection  of  one 
division  of  the  scale,  but  this  of  course  is  a  function  of 
the  arrangement  of  mirror  and  scale,  and  not  merely  of 
the  coil. 
MeBsore.  The  sensibility  can  be  determined  by  sending 
g^2biUty.  '^""^bI*  ^^6  coil,  arranged  as  will  generally  be  necessary, 
with  some  considerable  resistance  in  circuit,  and 
shunted,  if  need  be,  by  a  resistance  the  ratio  of  which 
to  the  re»stance  of  the  coil  is  known,  a  current  from  a 
cell  of  known  electromotive  force,  calculating  the 
current,  and  observing  the  deflection. 

The  actual  merit  of  the  instrument  cannot  however 
be  completely  determined  by  such  a  process,  as  that 
depends  on  length  of  period  of  the  needle,  steadiness 
of  zero,  &c.,  which  are  not  here  taken  account  of.     For 
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an  elabcoate  comparisoa  of  Bensibilittes  of  galvaiiometers 
see  a  paper  by  Uessrs  Ayrton,  Mather,  and  Sumpner, 
BiU.  Mag.,  July  1890. 

The  seosibUity  of  a  galvanometer,  for  different  poai-  iieiwilHlity 
tions  of  the  needle,  is  the  ratio  of  the  increase  of  DiSei^t 

deflection  to  the   increase  of  the  current  or  d&!drf.  ^'S^'ons 
__..  .,  .  ,''of  Ne«d]e. 

This  18  a  maximum  in  the  case  of  a  tangent  galvano- 
meter for  zero  deflection. 

When  however  the  deflection  is  45°  a  given  percent- 
age of  increase  or  dimination  of  the  current  produces 
a  maximum  increase  or  diminution  of  deflection,  that  is 
to  say  SSKSylf)  is  then  a  maximum ;  and  hence  the 
instrument  is  sometimes  erroneously  stated  to  be  most 
sensitive  when  the  deflection  is  45°.  The  only  impor- 
tance in  making  the  deflection  45°  lies  in  the  fact  that 
with  this  deflection  a  ^ven  small  error  in  reading  the 
angle  will  have  a  minimum  efiect  on  the  estimation  of 
the  current. 
To  prove  these  propogitions  we  observe  first  that  by  (2) 

d0      0         1 

dy"  111  +  tan^fl' 
and  this  is  obviously  a  roaximum  when  0=0. 

Agiin  let  the  reading  he  in  error  M  when  the  deflection  is 
really  6.  Then  the  current  is  estimated  by  (2),  and  if  y  la  the 
true  current  the  estimated  current  is  7  ±  fry,  or  y  ±  dyjdSM, 
The  error  in  estimation  of  the  onrrent  is  iy/y  or  dyld6Mjy. 
But 

igw -'  +  ";■»». 

ydB  tan  ^ 

This  is  a  miuimum  when  (1  -|-  tan'0}/tan  d'wt,  minimnm,  that  is 
when  tanfl=l,  or  tf'=46°. 

In  every  properly  constructed  absolute  galvanometer  the  TorBion  of 
torsion  of  the  auspension  ought  to  be  negligible,  and  if  a  quarts  Snapan- 
thread,  or  a  sufficient  length  of  silk  fibre  ^  used,  it  will  be  negli-  naa  fTbre. 
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gible.  The  amount  of  toraion  may  however  be  effii  mated  as  follows. 
Let  the  needle  auppoaed  initially  in  the  magnetic  roeiidiaD  be 
turned  once  or  more  times  completely  round,  and  let  its  devia- 
tion from  the  magnetic  roeridian  in  its  new  position  of  equili- 
brium be  noted  by  means  of  index  and  divided  scale,  or  mirror 
and  scale  or  telescope  provided  for  the  purpose^  If  a  be  the 
angular  deflection  of  tne  magnet  from  the  mognetio  meridian 
produced  by  turning  the  magnet  once  round,  the  angle  through 
which  the  thread  has  been  turned  is  2ir  —  a.  The  couple  pro- 
duced by  this  torsion  has  for  moment  MiT sip  a.  Hence  by 
Corlomb's  law  of  the  proportionality  of  the  force  of  torsion  to 
the  twist  given,  the  couple  corresponding  to  deflection  6  is 
liHn-aa6j{iti-a).  Thus  if  a  current  7  produces  the  deflectioD 
6  the  equation  of  equilibrium  is 

y(?  COB  fl  =  /f  (sinfl  +  — -_—  sin  a), 

and  therefore 

'-('  +  s;^s^)f'"'-  ■■■  -  "> 

We  BOW  consider  ubsdlute  elcctrodyDamometere. 
The  firat  instrument  of  this  kind  seems  to  have  been 
invented  by  W.  Weber,  and  used  by  him  in  his 
researches  on  the  mutual  action  of  currents.  Electro- 
dynamometers  have  advantages  over  galvanometers  (1) 
in  having  no  magnet,  and  therefore  avoiding  altogether 
uncertainty  as  to  distribution  of  magnetism ;  (2)  in  not 
involving  for  the  reduction  of  their  iudications  any 
knowledge  of  the  intensity  of  the  earth's  field  ;  but  are 
inferior  in  point  of  sensibility,  and  as  the  return  couple 
is  generally  given  by  a  bifilar  or  torsion  suspension  the 
accurate  estimation  of  ita  value  is  a  matter  of  some 
difficulty. 

The  galvanometer  designed  by  Professor  Fitzgemld 
and  described  above  could,  as  he  has  pointed  out,  easily  be 
adapted  for  use  as  an  clectrodynamometer.  All  that  is 
required  is  the  substitution  of  a  proper  suspended  coil, 
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and  a  bifilar  suspenstOQ  for  the  needle.  The  same 
arrangement  of  mirrors  and  cylindrical  scale  would  be 
available  to  give  the  deflectiona. 

We  Bhall  dsHcrilM  the  general  airangemcDt  and  mode  of  using  q  \  Qnm- 
an  electrody nam 0 meter  with  reference  to  the  iDatrument  made  iiiittae'* 
by  Mr.  Latimer  Clark  for  the  British  AsaociatiDQ  Committee  od  Electro- 
Electrical  Standardsj  and  illustrated  in  Figs.  T6,  77.  dynamo- 

The  first  of  these  bgures  shows  the  general  arrangement  of  the      meter, 
instrument,  the  second  the  details  of  the  Huspenaion. 


Fl...  76. 

The  bifilar  consists  of  two  wires  the  tension  of  which  is  main- 
tained the  same  hy  Iheir  being  attached  to  a  piece  of  silk  thread 
which  passes  over  a  palley,  as  shown  in  Fig.  77,  The  distance 
between  the  threads  is  adjusted  by  two  guide  pulleys  which  can 
be  set  at  any  required  distance  a|jart.  The  current  is  led  into 
the  suspended  coil  by  meons  of  llie  suspension  wires.  Arrange- 
ments are  also  made  whereby  the  current  can  be  sent  in  either 
direction  through  each  coil. 
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Theory  of       The  iiiBtrumeat  as  stated  above  has  both  its  Btation&r^  and 

loitni-      movable  coil  syBtamH,  constructed  on  Helmholtz's  plan  of  two 

ment      equal  parallel  coils  at  a  distance  apart  equal  to  their  radius. 

The  suspended  coil  system  is  bung  so  tbut  it  is  concentric  with 

the  fiiea  coils,  and  when  there  is  zero  defleolion  their  planes  are 

at  right  angles  to  nne  another. 


When  the  axis  of  the  suspended  coil  makes  an  angle  ir/2  -  •^ 
with  the  plane  of  the  fised  coil,  the  couple  O  due  to  the 
currents  and  tending  to  inortate  the  deflection,  0,  has  the 
expression  given  in  (45)  or  (46),  pi«6  271  above,  with  sign 
changed  and  cos  (ir/2  -  *)  substituted  for  sin  tji.  Again  the  sus- 
pended coil  is  act«d  on  by  a  couple  due  to  the  earth's  magnetic 
force  S,  and  tending  to  diminish  )r/2-^.  Thus  (46)  gives  for 
theformercouple4A')iyy'G,ff,coB(.r/2-*),  since  *2',  =  1;  and  for 
the  other  couple  2iiy'j,  ^sin  6',  where  N,n,y,y',  are  the  numbers  of 
turns  and  the  curronta  in  the  fixed  and  movable  coils  respectively, 
and  ff  is  the  angle  which  the  axis  of  the  movable  coil  makes  with 
the  magnetic  meridian.  Thus  if  L  be  the  return  couple  due 
to  the  suspension,  and  the  jjlano  of  the  fixed  coil  make  an  angle 
a  with  the  magnetic  meridian,  and  an  angle  |3  with  the  axis  of 
the  movable  coil  in  the  undisturbed  position,  we  have  for  equili- 

iJ^Tsyy-GiJ,  COB  (fl  +  ffi -2»Y>, /Tain  (fl  + fl  +  a)-i-=0. 
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value  of  X,  if  tf  be  nmitll,  ia  proportional 
linA 

^Un  6  =  iifirr/Qiffi  (cos  ^  -  Un  tf  sin  j3) 

-gj.yy,  JEfltan  tf  coa  C"  +  3)  +  sin  (o  +  3)1 

and  if  a  tLnd  ^  be  both  sniall 

tan  tf  =  j.HA^-y/e.A  cos 3 -2»y>,  if  ein  (a  +  jS) 


Now  a  direction  of  the  cuireut  in  the  coils  being  a  „„™^.„ 

poaitive,  the  currents  are  aent  through  the  two  coils  accorJiDg-  to    ^"iD^iiig 
the  adjoining  scheme  aed  produce  the  corresponding  deflectiona      Inatru- 


'  : '' 

fll 

^i^ 

»■ 

i 

«. 

'   +   1    -    1 

«, 

- '  + 1 

TbuB  we  get  by  aubs^tution  in  (6)  and  reduction 

(tan  e,  +  UnOj-  tan  tf,  -  tan  d j  . 


"       *  4iV»0,^iCOB^ 

If  y  EI  y  tbia  givea  the  value  of  y'. 

By  this  method  B  ia  eliminated,  and  it  is  the  beat  method  to 
adopt,  when  readings  bare  to  be  obtained  quickly,  as  when  the 
current  ia  varying.     If  however  the  current  ia  constant  enough 
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the  head  of  the  btfllar  BUapenBion  may  be  turned  round  until  tlie 
siiBpended  coil  is  brought  back  to  its  original  position  after 
deflection.  When  this  is  the  cose  the  angle  $  throuKh  which 
the  coil  ia  deflected  from  its  equilibrium  position  ib  clearly 
equal  and  opposite  to  the  angle  j9,  through  which  the  head  of 
the  bifllar  has  been  turned  round  from  the  poaition  of  paral- 
lelism with  the  plane  of  the  coil.  We  have  tliue  tfs  — j3.  For 
equilibrium  we  have  the  equation 

J"  Bin  3  =  -  4iVnj7'e,sr,  +  2n/^,H  ein  a. 

Taking  four  deflections  according  to  the  above  acbeme,  we  get 
four  readings  of  the  head  of  the  biSIar  fi^,  ^^  |3„  fi,  =  -  0„  -  6^, 


PnaP,'--F  Bin  (9j  -  -  i!f,iy/&^^  +  2n7'j,  I 


Pmn$^  =  -  PsinS, 

--4;f.„'e^,- 

2»y,,H.in,, 

Hence 

"         4A',iy,y, 

.[.!»,  +  . ins,-. 

nft-einft)  .  (10) 

in  which  again  fl"doeB  not  appear. 

Dyuamo-        ^°  absolute  electrodynamometer  may  be  constructed,  as  de- 
meter      scribed  above  (p.  274),  of  two  single-layer  coils  placed  with 
made  of    their  centres  in  coincidence.    If  the  ratio  of  length  to  radius  be 
7*0       ne  proposed  above  in  each  case   v3/l,  the  value  of  thecouple 
Single      jue  to  the  action  of  the  currents  will  be  as  given  in  (56),  p.  276, 
cSfli       ^^'"^'yy'''-'SI  VoM^^  .  cos  (ff/2  -  0),  where  «,(.'  are  the  nara- 
bers  of  turna  per  unit  length  in  the  two  coils,  j,  f,  a,  a,  their 
respective  half-lengths  and  radii,  y,  y\  the  currenta  in  them,  and 
ir/2  —  0  the  angle  which  the  axis  of  the  rnovable  coil  makes  with 
the  mean  plane  of  the  fixed  coils.     This  with  ir/S  — 0  replaced 
by  9  -f-  0  is  to  be  used  in  the  formulae  (0)  and  (10)  given  above, 
inaleod  of  4jVByv'e,?,  cos  {0  +  (3).     Thus  the  equations  re- 
placing (9)  (10)  for  this  case  are 

yy'  =  J  '■'^"i+J^  {Wn  fl,  +  tan  tf,  -  tan ^,  -  tan  fl^}  .  (II) 
y/--!  ^^tJ^i  <""^'  +  "'"^^  -  ^'"ft  -  sinS^  .    {12j 
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Galvanometers  and  eiectrodynnmometerB  are  very  frequently      Non- 
uaed  wliich  by  themselves  are  not  capable  of  giving  measure-    Atwotut* 
ments   of   currents   in   absolute   units.      Such  instruments  are      Instru- 
"  calibrated  ''  bj   some  reliable  method,  so  that   the   absolute      ments. 
values   of  the  currents  corresponding  to  any  given  deflections 
are  known.     In  general  they  differ  very  much  from  the  so-called 
absolute  instruments    in  the  arrangement  of   their  coils,  Ac, 
which  hea  had   chiefly  in  view  the  attainment  of  the  greatest 
possible  sensibility. 

We  Ehall  distinguish  between  instruments  which  have  in  their 
coils  a  great  many  turns  of  fine  wire,  ho  tliat  the  resistance  of 
the  coil  system  amounts  to  at  least  several  hundred  ohms,  and 
those  instruments  the  resistance  of  which  ia  comparatively  low. 
The  former  are  very  frequently  called  "potential ''  instruments 
»r  voltmeters  from  their  use  in  determining  the  difference  of 
potential  between  two  points  in  a  circuit  at  which  the  terminals 
are  applied  ;  the  latter  are  called  low  resistance  or  "short  coil" 
instruments,  and  sometimes  (when  their  resistances  are  so  low 
that  one  of  them  can  be  placed  in  series  with  the  working 
circuit  without  materially  increasing  its  resistance)  "current 
or  arapereineterB. 

First  taking  galvanometers,  we  shall  establish  some  general 
theorems  regarding  the  arrangement  of  their  coils,  then  very 
shortly  discuss  their  graduation  for  absolute  measurements,  and 
tinally  deal  with  graduated  electrodynamometers. 

In  the  first  place,  let  the  galvanometer  have  a  certain  c3-lindric      Proper 
channel  which  is  to  be  filled  with  wire,  and  let  it  bo  required  to    Qange  of 
find  the  gauge  of  wire  with  which  it  ought  to  be  wound  if  it  is    Wire  for 
to  be  used   in   circuit  with   an   electrical   generator   of  given      Given 
electromotive  force  and  resistance.    Let  a  be  the  radius  of  cross-     Bobbin 
section  of  the  wire  employed,  c  the  thickness  of  the  covering,        ""^ 
and  Slhe  croHs-section  of  the  channel  made  by  a  plane  throiigb  Genemtor. 
tlie  axis.     The  portion  of  the  cross-section  occupied  by  each 
turn  will  be  (2ii  +  2<;)'  if  the  turns  are  arranged  in  square  order 
in  the  crosB-section,  and  (2«  +  2c)'  \/3/4  if  they  are  arranged  in 
triangular  order.      This  includes   the   space   occupied   by   the 
covering  and  the  vacant  spaces  between  the  spires. 

Consideriog  at  present  the  first  case  only  we  see  that  the 
number  of  turns  is  57(2(i  +  2i;)',  if  any  inaccuracy  introduced  by 
its  being  impossible  to  lit  an  exact  number  of  turns  into  a  com- 
plete layer  is  neglected.  If  r  be  the  mean  radius  of  the  cross- 
section  of  the  channel,  the  whole  length  of  wire  is  approximately 
29ir^/(&i  -4-  ie^.  But  p  denoting  the  specific  resistance  of  the 
wire,  the  resistance  per  unit  length  is  p/ira',  stid  the  whole 
resistance  it  of  the  coil  is  iprSHa  -f-  c)'o*.  For  a  given  current 
VOI^  IL  B  B 
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the  magnetic  force  at  the  needle  is  proportional  to  thennmborof 
turns,  and  the  magnetic  force  parallel  to  the  axis  may  therefore 
be  written  ^  jiSyl{a  +  i?)'  where  J  is  a  constant. ,  If  B  ho  the 
electromotive  force  of  the  generator,  and  if  the  r«Biatance  of  the 
generator  and  wires  connecting  it  to  the  galvanometer  bobbin, 
we  have 


r,  +  R' 


2a'  (a  +  c)* 

and  for  the  ax.\n\  component  of  magnetic  force 
_  ASF 


+  RX"  +  «J' 


Since  the  numerator  ia  constant,  this  has  its  maximum  value 
when  the  denominator  is  a  minimum.  Calculating  in  tbe  usual 
manner  the  necessary  condition,  we  find  the  equatiou 


a  biquadratic  for  the  determination  of  tbe  corresponding  value 
of  a.  But  for  the  reciprocal  XjR  of  the  resistance  of  tbe  bobbin 
we  have  the  value  S(a  +  e)*a^lprS,  and  tbis  used  with  the  last 
equation  gives 


or  the  resistance  of  tbe  bobbin  sbould  have  to  the  resistance  of 
the  generator  and  connecting  wires  tbe  ratio  of  the  radius  of 
the  wire  when  bare  to  its  radius  when  covered. 

If  the  spires  are  arranged  in  triangular  order,  the  equation  of 
condition  corresponding  to  (4}  is 

and  since,  in  this  case.  IIR  =  i/Sa''(a  +  e)'l2prS,  we  have  the 
same  result  as  before. 
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371 


It  may  be  remarked  here  that  tbe  msgaetic  eSects  of  a  given    Hunetic 
bobbin  wound  wiih  wire  of  different  gaageti,  the  thickness  of  coat-    AcMonof 
lag  in  which  bean  &  ciinstant  ratio  to  the  diameter  of  the  wire,  and   Bobbin  ea 
iraveraeH  in  each  case  by  tbe  aarae  current,  are  proportional  to  depending 
the  tiquaro  root  uf  tbe  reDiaiance  of  the  coil.     For  we  have  then    on  Gangu 
(a-\-e)la  =  t,  or  a-\-e~ia.     Thus  by  what  has  been  shown  ot  pp.    "f  Wire. 
3B9,  370,  the  magnetic  effect  ia  pcoportiooal  to  lli^\  and  the 
resistance  to  \/IA^  ;  hence  the  magnetic  action  varies  as  v£. 
'  It  is  obnous  thnt  this  is  also  true  when  the  thickness  of  the 
covering  is  so  email  as  to  be  negligible. 

The  best  ahape  of  crosH-Bectioii  for  the  bobbin  of  an  ordinary  BeatShape 
galvanometer  la  shown  in  Fig.  78.  The  curve  forming  tlie  of  Section 
external  boandary  of  the  cross-section  is  given  by  the  equation,  of  Bobbin. 


r»  =  j^  sin  tf 


(16) 


where  r  is  the  distance  of  any  point  P  of  the  surface  from  0 
the  centre  of  the  coil,  9  the  angle  FOM  which  OP  makes  with 
the  axis  OM,  and  p  a  constant. 


To  prove  this  note  that  tiie  axial  ma^etic  force  due  to  a 
»mg\»  tarn  of  wire  of  radius  a,  n  proportional  to  ajr^,  that  is  to 
.      jt,  X      T  -i ii.:-  ...._  jjg  trangforred  to  any  point  outaide 

sniiatinn      nn    whlch    it    Ues,      Thon 


•m  0/t*.    Let  now  this  lum  ue  iisnu 
the  surface,  fnlfilling  this  equation, 


BB  2 
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whatever  the  rudiua  of  the  circle  into  which  it  ia  now  bent,  the 
length  of  arc  which  it  furniahes  ia  the  sanie  aa  hefore,  and 
ao  the  axial  magnetic;  force  ia  proportional  to  tlie  new  valne  of 
ain  6li*.  But  fur  every  point  of  the  croaB-section  outside  the 
boundary  fullilling  (16)  the  value  of  sin  d/r>  is  amaller,  and  for 
every  point  within  the  boundary  ia  greater,  than  for  a  point  on 
the  aurface.  Thus  a  given  length  of  wire  produces  a  greater  or 
leas  axial  magnetic  fori>e  according  aa  it  is  wound  without  or 
within  this  surface.  If  then  a  coil  be  wound  of  any  ehape  of 
QroBS-eection  the  external  boundary  of  which  doestiotfultil  (16), 
by  removing  the  wire  from  one  part  of  the  coil  to  another, 
the  croas-aection  may  be  brought  to  tbia  shape,  and  the  axial 
magnetic  force  increased. 

Fift.  78  shows  curves  for  different  values  of  p,  and  the  two 
parallel  dotted  lines  indicate  a  cylindrical  chamber  loft  for  the 
noedlo. 
Effect  of        In  the  inveati^ation  given  above  (p.  370)  of  the  best  gauge 
Gniling     of  wire  >vith  which  to  611  k  given  channel,  when  the  bobbin  is 
the  Gau^  to  be  used  with  a  generator  of  known  electromotive  force,  it  lias 
of jy'"  '"  been  aasumcd  that  the  wire  muat  be  of  uniform  thickness  ;  and 
Bobbm.     ^g  (|,,g  j(,gt  gggn  ^jj^^  j^  t(,g  ^)ggt  fo^,„  ^f  croaa-Beclion  to  give 
a  coil  which  Is  to  contain  a  given  volume   of  wire.     When  a 
coil  is  wound,  however,  each  additional  turn  of  wire,  though  it 
increases  the  axial  magnetic  force  for  a  given  current,  also  in- 
creases the  resistance  in  circuit,   and  thereby  diminishes  the 
current   produced  by  a  given  electromotive  force.     We  shall 
now  inquire  whether  by   winding  the  enter  layers  of  thicker 
wire  the  effect  of  increased  resistance  can  be  reduced  to  a 


2"y  X  i/' 


.//" 


r>rffl 


ij^, 


the  limits  of  integration  being  0  and  p  (ain  ffj\  for  r,  and  0  and 
IT  for  6.    Honoe  on  the  euppoaition  already  made 
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=  iv/s'i 


TheoTjof 

Uniled 


it  if  =  2vl  Biat0,d$,  which  does  not  depandon  tliedimeasioni 
or  shape  of  the  coil.  The  chamber  contaiaing  the  needle 
should  be  made  as  small  as  possible,'*  as  the  part  of  the  coil 
immediately  surrounding  the  roag-net  is  the  moac  valuable  ;  but 
it  will  always  out  away  a  part  of  the  coil  depending  on  p,  which 
may  be  denoted  hy/(p).  The  actual  rolume  of  the  coil  is  thus 
iAp'  -/(d). 

If  DOW  ai  be  an  element  of  length  of  the  wire  composing  the 
coil,  and  p  the  parameter  of  the  generating  curve  of  the  surface 
on  which  it  lies,  then  since  Ijp*  =  sin  S/r^,  the  axial  magnetic 

force  at  the  centre  is  r  /  dl//^  (=  yO,  say),  where  ;>  is  a  function 
of  the  whole  length,  I,  of  wire  in  tlie  coil  from  some  chosen 
point,  say  the  inner  end,  to  dl.  We  shall  suppose  the  wire  to  bo 
of  a  different  gauge  at  different  places  in  the  coil.  If  its  radius 
at  dl  he  a,  the  thickness  of  the  covering  there  c,  and  the  winding 
be  in  square  order,  the  volume  occupied  by  dlis  dl .  (2a  +  2c)', 

DO  that  the  whole  volume  i»  jdl.4(a  +  c)*  where  a  (ondeif  not 
constant)  is  a  function  of  /,  and  the  integral  is  taken  throughout 
the  whole  length  of  wire  in  tlie  coll. 

Let  the  coil  be  considered  as  made  up  of  layers  each  fulfilling 
the  equation  r"  =  jb*  sin  tf,  but  each  for  its  own  value  of  p,  po 
that  a  is  a  function  of^.  We  have  thus  fur  tlie  volume  of  the 
space  between  the  layers  corresponding  to  p  and  p  +  dp  the 
expression  Jfj^dp  -  /{p)d^  -  (2«  +  2c)*dl,  if  dl  be  now  put 
for  the  length  of  wire  in  this  space.  Thus  dl={S^dp-f{p)dp\j 
(2a  +  2e)*,  and  we  get 
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wires,  we  have  y  =  B!{R  +  R'),  and  yG  =  EQUR  +  R').    To 

make  yO  or  C/(iJ  +  if)  »  masiraum   by   properly  (trading  tbe 

wire,  we  hare  so  to  choose  the  diameter  for  each  layer  that  the 

tontribution  of  the  layer  to   Ol{R  +  R')  shall  he  an  great  U8 

possible.     Now  imagioe  any  layer  to  be  taken  away  from   tlie 

coil,  everything  else  remaining  the  same.     G  becomes  G  —  dU, 

and   R,   R  ^  dR.     Thus  (il{R  +  R')  ohangea  by  {dO  -  GdR 

Bobbin     /(^  +  IC')\/{B  +  R'  -dR).     If  we   make  lie  thicknesa  of  the 

J"™^      layer  very  amail,  C/(fl  -i-R)  will  he  the  aame  whatever  layer  is 

^™™     removed,  and  may  in  that  caae  be  regarded  as  a  constant,  and 

""^       oa  we  are  considering  only  the  effect  of  a  particular  layer  we 

consider  Ji  -J-  £'  as  a  constant     We  have,  then,  to  tind  the 

value  of  o  +  e  for  which  dO  -  OdRI{R  +  R')  is  a  Diaximum. 

If  1/  +  c  be  denoted  by  «  the  neceasury  condition  is 


Performing  tlie  differentiationa  on  the  values  of  40  and  dR, 
given  in  (18)  and  (19)  above,  we  find 


'('+iS= 


=  constant    .    .    .    (20) 

If  the  radius  of  the  ^ire  and  the  thtckness  of  its  covering 
have  always  the  same  ratio,  that  is  if  x/a  is  constant,  we  have 
a/u  ^  da/da,  or  «/a  .  dajdu  ~  1.  Hence  in  this  case  a  is  in 
siinple  proportion  to  o. 

On  the  other  hand  if  the  thickness  of  the  covering  ia  always 
the  same,  dajdu  •=  1,  and  we  have  f'(2fl  +  e)/fl'  =  conatant. 

On  the  first  supposition,  denoting  a  by  ap  ond  o  +  c  by  (So, 
where  a  and  ^  are  cooatanta,  and  putting  -  jV/;  for  tlie  integral 
of  the  term  depending  on  the  chamber  in  which  the  mirror 
hanga,  weBnd  from  (18) 

^-M-i) <^" 

where  p  is  the  greatest  parameter  used  for  the  coil.     In  general 
g  depends  also  on  this  value  of  p,  but,  as  will  be  seen  from  the 
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figure,  is  nearly  constant  if  the  chamber  is  not  large.  It  ia  a 
quantity  of  the  order  of  magnitude  of  the  internal  dimensioDg 
of  the  chamber,  and  may  be  regarded  as  the  parameter  of  the 
curve  which  would  generate  by  revolution  ronnd  tlie  axis  a 
volume  equal  to  that  of  Che  needle  chamber. 

We  Bee  from  (21)  that  very  little  ia  gained,  when  this  mode  of 
winding  with  graded  wire  ia  adopted,  by  making  p  large  in 
comparison  with  q. 

It  the  chamber  in  which  the  needle  hangs  is  cylindrical  and 
rung  tight  through  the  coil,  the  needle  ia  shorter  than  the 
diameter  of  the  smallest  spirea,  and  every  spire  in  the  coil 
produces  an  effect  in  the  aamn  direction  on  the  needle.  If 
however  the  apace  in  which  the  needle  hangs  is  not  made 
cylindrical,  the  shape  of   it  is  of  some  importance,  as  it  is 


Outer 

tir^hl.' 
effective. 
Effect  of 


i3 


possible  to  place  spires  in  positions  in  which  they  produce  a 
magnetic  effect  opposed  to  that  of  the  coil  generally.*'    To  see 

*  This  18  pointed  out  in  Meaan,  Ayrtun,  Hather,  and  Sumpner'a 
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tliia  it  is  only  necessary  to  consider  the  diagram  of  HoeH  of  force 
(Fig.  79)  due  to  H  single  turn  of  wire  of  radius  OA.  Take  any 
line  of  force  and  draw  a  tangent,  fN,  to  it  at  right  angles  to 
the  siia.  Then  it  ia  clear  that  a  uniformly  magiieti:!ed  needle 
at  right  angles  to  the  uxis,  half  of  which  is  represented  in 
position  and  length  by  fN,  will  not  be  acted  on  by  any 
couple,  since  the  force  on  each  pole  is  in  the  direction  of 
the  length  of  the  magnet.  If  however  the  magnet  he  at  ii 
greater  axial  distance,  the  force  upon  it  is  iu  the  same  direc- 
tion as  it  would  be  if  the  needle  were  very  short.  Thus  on 
.a  needle  of  the  length  and  in  the  position  here  specified  two 
turns,  one  smaller,  the  other  larger  in  radius  than  the  turn 
ehown  in  the  diagram,  and  in  the  same  plane  with  the  latter, 
would,  if  traversed  by  currents  in  the  same  direction,  produce 
opposite  couples.  The  smaller  turn  would  however  produce  ii 
couple  in  the  same  direction  as  the  larger,  if  carried  off  to  a 
sulticient  axial  distance  from  the  needle. 
;  For  a  needle  of  given  length  it  is  easy  to  draw  a  curve  Of 
i  limiting  positions  for  the  spires.  For  draw  the  line  APtl 
^  through  the  points  of  contact  of  tangents  porpandicular  to  the 
'  axis,  then  the  axial  distances  ON^,  ON^  of  these  tangents  from  the 
plane  of  the  spire  are  the  limiting  distances  of  tne  spire  Mini 
ma^iets  of  the  half  length  N^F^,  N,P^,  &e.  Then  by  supposing 
tlie  scale  of  the  diagram  reduced  in  the  ratio  of  JVjP,  to  NiPj  we 
shall  have  aspire  of  radius  Ojf  XJV,P,/A',P„  in  tlie  position  to 
exert  zero  couple  on  a  needle  of  half  len^ii  NP  when  at  an  axial 
distance  ON^  X  If.PJNjP^  and  so  for  other  poinls. 
It  is  therefore  clearly  undesirable  to  fill  with  spires  wound  in 
)r  the  same  direction  as  the  rest  of  the  coil  the  space  near  the 
needles,  beyond  the  limits  indicated  by  these  coasiderntioiis. 
Figure  80  *  shows  tJie  form  of  the  cavity  which  ought  to  be  lofl. 
If  it  is  possible  to  fill  any  of  this  space  with  wire,  it  should  be 
done,  hut  the  spires  made  to  run  in  the  opposite  direction,  so 
that  the  couples  due  to  their  maenetic  action  may  be  in  the 
same  direction  as  that  due  to  the  rest  of  the  coil. 

A  form  of  galvanometer  very  convenient  in  many  respects  is 

that  invented  by  Wiedemann.']'    A  circular  disk,  or  ring,  of  steel 

c    about  2  cms.  in  diameter,  magnetised  parallel  to  a  diameter, 

*    is  suspended  with  its  magnetic  axis  horizontal  and  forms  the 

needle  of  the  instrument.     Thia  needle  is  attached  to  the  lower 

end  of  a  bar  of  aluminium,  which  also  carries  the  mirror  (made 

*  From  Messrs,  Ayrton,  Mather,  and  Satnpoer's  paper,  PMl.  Mag. 
July,  1890. 

t  Di«  Lthre  v.d.  Elektricitit,  vol.  iii.  p.  289. 
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of  thin  glass);  and  ie  hung  witliin  a  damping  chamber  of 
copper,  by  a  uocoon  fibre,  from  a  torsion  head  above,  by  nieons 
uf  which  the  effect  of  the  torsion  of  tlie  libre  can  be  estimated. 
The  mirror  is  fixed  ho  fsr  above  the  needle  that  it  is  clear  of 
the  coilu,  and  is  viewed  through  a  telescope  in  the  ordinary 


The  Buspnnsion  fibre,  aluminium  bar, 


B  protected  by  n: 
above  the  damping  chamber. 

A  pair  of  coils  is  arranged,  i 
chamber,  with  their  axea  in 
needle ;    and  are  attached  to 


le  OD  each  side  of  the  damping 
line  through  the  centre  of  the 
sliding  pieces    so    that   their 
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dintancea  from  the  needle  can  be  iDcreased  nr  diminished, 
sad  the  sensibilitj  altered  accordingly.  The  openings  in  thti 
coila  are  large  enough  to  allow  the  bobbins  to  slide  over  the 
damping  bos  close  up  to  the  needle,  leaving,  in  the  cloeeat 
position,  between  them  only  tlie  narrow  apace  necessary  for 
the  tube  down  which  passes  the  libre. 

Two  or  three  sets  of  pairs  of  coils  suitable  for  difierent 
purposes  are  provided  with  the  instrument.  When  the  needle 
moves  in  the  damping  box  of  copper  its  motion  is  reeieted  by 
the  action  of  the  induced  currents  produced,  bo  much  so  that  it 
hardly  oscillates  about  a  new  position  of  equilibrium. 
Action  of  In  Sir  William  Thomson's  siphon-recorder  for  regihtering 
Siphon-  signals  sent  through  a  submarine  cable,  a  coil  of  wire  is  sus- 
RGCordeT.  pended  between  the  poles  of  a  magnet  eo  as  to  be  free  to  turn 
round  a  vertical  aiifl  passing  through  its  centre.  Within  the 
coil  is  liied  an  iron  core  which  serves  to  concentrate  the  field  on 
tlie  coil.  When  the  coil  is  in  the  undeflected  position  the  planes 
of  its  spires  are  parallel  to  the  direction  of  the  magnetic  tiold  ; 
but  when  a  current  is  sent  through  the  coil  it  turns,  in  a  direction 
depending  on  that  of  the  current,  so  aa  to  increase  the  magnetic 
induction  through  its  circuits.  A  return  couple  is  provided  in 
the  recorder  by  means  of  a  bifilar  suspension.  The  magnet  is 
either  a  permanent  horse-shoe  magnet,  or  an  electromagnet 
excited  by  a  local  current.  The  current  from  tlie  sending 
station  passes  round  the  coil,  which,  turning  in  one  direction  or 
the  other  according  as  a  "dot"  or  "dajih"  is  being  indicated, 
actuates  the  writing  siphon. 

The  ordinary  dead  beat  reflecting  galvanometer  invented  by 
Thomson  for  cable  signalling  and  ordinary  testing  is  described 
at  p.  308,  Vol.  I. 
D'Arson-  The  application  of  this  arrangement  as  a  galvanometer  was 
val  Galva-  pointed  out  in  the  first  edition  of  Maxwell's  ElecOicitg  and 
nometer.  Magnetiem,  and  has  occurred  to  and  been  used  by  several  eiperi- 
mentera,  MM.  d'Arsonval  and  Deprez  have  however  brought 
such  instruments  into  general  use  for  several  purposes  connected 
with  practical  electric  work.  The  coil  is  hung  by  or  rather 
Strung  on  a  stretched  metallic  wire,  by  which  the  current  enters 
and  leaves,  and  the  torsion  of  this  wire  gives  the  required  return 
couple.  A  core  of  iron  is  sometimes  used  witliin  the  coil  as  in 
the  siphon- recorder.  This  if  used  at  all  should  he  quite  inde- 
pendent of  the  coil,  so  that  the  coil  may  be  adjusted  relatively 
to  the  core,  and  pole-faces  of  the  magnet  A  mirror  attached  to 
the  coil  enables  the  deflections  to  be  meosTired  in  the  ordinary 

Advan-        Tliis  form  of  galvanometer  possesses  some  advantages.     It 
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C8n  be  msiie  very  aeneitive  by  increasing  the  intenBily  of  the 
field,  and  the  coil  pomeBBCs  dead-beat  quality  in  a.  high  degree 
in  consequence  of  the  damping  action  of  the  induced  currents 
produced  in  it  when  it  is  moving  in  the  field.  (See  Chsp.  XIII.) 
r   only   to   a   slight   extent   directly  affected  by 


mnd  Ulnar:  fall 
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FlO.  81. 


ext«rnal  magnetic  bodies,  since  these  unless  very  highly  magne- 
tized can  only  slightly  afiect  the  field  in  which  the  coil  is  placed. 
An  improved  form  dne  to  Messrs.  Ayrton  and  Matheris  shown 
in  Fig,  81.  The  coil  is  enclosed  in  a  silver  tube  hung  by  a 
flattened  wire  of  phosphor-bronze,  with  spiral  cf  phosphor- 
bronze  for  lower  connection. 
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It  is  desirable  that  the  mt^etic  field  of  such  a  galvanometer 
should  be  oh  little  disturbed  as  possible,  in  a  niaiiner  at  least 
which  cannot  be  completely  taken  account  of,  and  hence  the  use 
of  iron  cores  in  the  suspended  coils  is  inadvisable.  Messrs. 
Ayrton,  Mathei,  aad  Sumpaer*  have  found  it  possible  to  make 
such  a  galvanometer  give  deflections  proportionul  to  deflections 
by  dispensing  with  the  iron  core,  and  fitting  iron  pole-pieces  to 
the  stationary  magnets,  so  shaped  that  the  moving  coil  cut  lines 
of  force  always  at  the  same  rate  as  the  deflection  varied. 

BestShape      It  hoe  been  pointed  out  by  Mr.  T.  Hatlierf  that  in  instruments 

of  CoiUin  such   as .    .       - 

D' Arson-    fields,  thi 

val  Galva-  sectioD  a 

nomelera. 


this  i 


which 


mded  coils  are  used  in  magnetic 
<e  coils  should  he  long  and  narrow,  and  that  the  cross- 
right  angles  to  the  axis  should  he  two  equal  circles 
touching  on  the  axis.  To  prove  this,  it  is  to  be  observed 
first,  cliut  if  the  niHgnettc  moment  contributed  by  any  portion 
of  the  wire  be  made  greater  by  increasing  the  breadth  of 
the  spire  in  which  it  is  placed,  the  moment  of  inertia  of 
that  part  is  increased  in  a  greater  ratio,  and  tlius  the  period 
of  free  vibration  of  the  coil  is  increased.  Tlie  period  of  the 
coil  is  generally  limited  by  practical  requirements,  and  we 
liave  therefore  to  consider  what  the  form  of  the  coil  ehould  be, 
BO  that  for  a  given  moment  of  inertia  there  may  be  a  maximum 
magnetic  moment,  or  for  a  given  magnetic  moment  a  minimum 
moment  of  inertia.  The  solution  is  the  same  for  both  these 
cases.     Consider  (Fig,  8S)  an  element  E,  of  area  dS,  of  a  cross- 


^-E3E 

„ 

-,:7V"    ""' 

Fig.  i 

section  in  a  plane  at  right  angles  to  the  axis  A,  and  let  n  be  the 
number  of  turns  per  unit  of  area.  If  y  be  the  current  in  each 
the  current  crussing  lU  is  yndS.  The  couple  round  the  axis 
exerted  on  unit  of  length  of  this  part  of  the  coil  parallel  to  the 
axis  layxdS  .'S.ri\TiB,  where  H  is  tlie  intensitjr  of  the  magnetic 
tield,  T  tlie  distance  of  the  element  from  the  axis,  and  6  the  angle 
between  AE  and  H.  Itp  be  the  average  di-nsity  uf  the  coii,  the 
irtia  of  unit  length  parallel  to  the  axis,  and  having 


•  Fhil.  Mag.  July,  1890. 


t  Phil.  Mag.  May,  1890. 
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the  section  dS,  i«  pi'dS.  The  ratio  of  couple  to  moment  o£ 
inertia  for  this  part  ie  thus  yn  H  sin  6/pr,  and  thia  is  to  be  made 
a  maximum  for  every  element  of  the  coil.  Thus  sin  H/r  is  to  be 
made  a  maiiroum,  since  the  other  qiisntities  are  constant.  Tlie 
endn  of  the  coil  are  ineffective  as  ref^ards  magnelJc  action,  and 
hence  so  far  as  thej  ore  concerned  it  is  desirable  to  make  the 
diHtance  of  each  elcmeot  from  the  axis  as  Bmall  as  possible.  It 
is  also  desirable  that  the  poles  should  be  close  in  oraer  to  ensure 
with  ordinary  magnets  as  intense  a  magnetic  iield  as  possible. 

Consider  now  the  curve  the  equation  of  which  is  BestShape 

of  Section 
r  =  e  sin  5  (221     "'  Coils 

^     '       Two 
where  c  is  a  constant,     A  family  of  such  curves  can  be  drawn   „*^'"|Jf 
for  different  values  of  e,  and  they  are  all  circles  touching  in  tlie    ^"^"we 
point  J.   Now  let  an  element  of  wire  be  carried  from  the  surface  " 

fulfilling  this  equation  to  a  point  lying  outside.  For  such  a 
point  snn  0jr  has  a  smaller  value.  For  a  point  lyiug  inside 
sin  0/r  is  greater.  Thus,  if  the  crosB-section  of  the  coil  be  filled 
up  within  any  circle  r=  esind,  a  diminution  of  the  value  of 
sin  ff/r  would  be  produced  by  transferring  any  portion  of  the  wire 
to  any  other  unoccupied  position. 

The  coil  should  tlierefore  be  made  long  in  the  direction  of  the 
axis,  and  have  tbe  fonn  of  crosa-eection  shown  in  Figure  63, 


Fia.  83. 

namely,  two  circles  touching  on  the  axis  at  the  point  A.  The 
ptole-faces  should  also  be  correspondingly  long,  and  be  broad 
enough  to  give  a  nearly  uniform  Held  at  the  coil,  if  they  are  not 
efaaped  so  as  to  accomplish  the  object  stated  above. 

The  passage  of  the  current  along  the  suspension  wire  is  apt 
to  seriously  affect  the  constant  of  trie  instrument,  by  altering  its 
torsional  rigidity.    Suspensions  made  of  twisted  strips  of  thin 

fho«phor-bronze  have  been    used   by  Professors  Ayrton    and 
erry  in  several  of  their  well-known  instruments.    These  have 
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Bmall  torsional  rigidity  and  great  radiating  surface,  end  are 
therbfore  peculiarly  well  adapted  for  use  as  toraion  BuspenaioDS 
which  at  the  aame  time  act  as  coaductoni. 

It  has  been  pointed  out  in  thia  vonnection  by  MesBra.  Ayrton, 
Mather,  and  Sumpner  tliat  by  making  both  coil  and  auapension 
of  platinuni- silver  compensating  effects  are  produced.  If  the 
rise  o£  temperature  were  the  same  both  ia  the  coil  and  the  sus- 
pension there  would  bo  exact  compensation,  aince  tlie  percentage 
increase  of  resistauce  of  platinum-silver  is  nearly  equal  lo  its 
percentage  diminution  of  toraional  rigidity. 

The  temp«rature  variation  of  resiatance  is  very  alight  in  tlie 
case  of  the  alloy  called  platinoid,  now  much  in  use  for  galva- 
nometer and  ouier  coila,  and  on  this  account  Mr,  Mather* 
BtroDgly  recommenda  its  uae  for  the  suapended  coils  of  D'AraoDval 
voltmeters,  and  of  rheostats  for  uae  with  such  coils. 


Fio.  81. 

In  order  to  obtain  sensibility,  galvanometers  are  frequently 
made  with  astatic  needles,  that  is  suapended  needle-systems 
which  in  a  uniform  Held  are  either  in  equilibrium  in  any  position 
or  experience  only  a  comparatively  slight  directive  action.  An 
astatic  system  generally  consists  of  two  similar  horizontal  needles 

*  SUdriaan,  Jin.  S,  ISes: 
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uf  equal  magnetic  moment  arranged  parallel  to  one  another 
wiUi  their  poles  turned  in  opposite  directions,  as  at  A,  Fig.  84, 
80  that  the  resultant  couple  on  the  Bystem  is  zero  or  very  nearly 
HO.  Most  commonly  the  needles  are  placed  horizontally,  as  nearly 
as  possible  in  the  same  vertical  plane,  with  their  centres  \a  tlie  i  .  ^ 
aanie  vertical  line.  In  general  however  the  needles  are  not  quite  o  *^  r 
parallel,  and  the  lyslem  behaves  like  a  needle  of  very  small  «,^|.. 
magnetic  moment  with  its  axis  parallel  to  the  line  ijisectiiig  the 
obtuse  angles  between  the  projeclions  of  the  needles  on  a  hori- 
zontal plane  as  ehown  at  B  in  Fig.  81.  It  has  tlierefore 
been  supposed  that  this  is  the  manner  in  which  an  astatic 
system  properly  acts,  but  if  this  were  so  the  sensibility  of  the 
anangement  would  tie  entirely  a  mattar  of  accident.  When  the 
system  is  so  used  moreover  it  is  afiected  by  the .  slightest 
external  niagnetio  inQuence^  and  is  a  source  of  great  trouble 
through  the  difficulty  of  mamtaining  a  definite  zero  position, 

An  astatic  system  when  quite  accurately  made  has  the  needles    Perfectly 
exactly  in   one   plane,  and  has  almost  perfect  astaticiBm  in   a     Astatic 
uniform  field,  and  the  sensibility  is  obtained  by  producing,  by   System  in 
means  of  a  magnet  placed  at  some  distance,  a  resultant  magnetic    DiOeren- 
field  which  is  not  uniform  over  the  needle  system,  and  therefore  tial  Field, 
Kivee  a  differential  action  which  fumishes  the  necessary  directive 
force  on  the  needles.    An  astatic  galvanometer  with  directing 
magnet  is  shown  in  Fig.  86.*     The  instrument  illustrated  is  „, 
one  form  of  Sir  William  Thomson's  asUtio  reflecting  galvano-  -^^o"""" 
meter.    The  details  of  the  supports  of  the   coils,  needles,  Ac.    q'^iSL 
will  be  clp«r  from  the  Figure :  the  coils  as  will  be  seen  are     jat^^T 
hinsed  so  ss  to  turn  hack  to  allow  tlie  suspended  system  to  be 
easily  got  at.     Each  needie.«ystem  is  a  group  of  short  needles, 
and  there  are  two  sets  of  coils,  one  containing  each  group  of 
needles,  and  joined  in  such  a  way  that  the  action*  on  the  needles 
conspire.    Sometimes  a  single  coil  only  is  used  enclosing  one  of 
an  astatic  pair  of  needles.     In  this  case  although  the  coU  exerts 
couples  in  the  same  direction  on  both  needles,  the  principal 
turning  action  is  exerted  on  that  which  is  inside  the  coil. 

Another  arrangement  of  astatic  galvanometer  is  shown  in  Gray's 
Fig.  86.  It  is  a  slight  modification  of  one  adopted  by  Prof.  T.  Astatic 
Oray  and  the  author  for  a  very  sensitive  galvanometer  con-  QalvanO' 
stnict«d  for  the  determination  of  the  specific  resistance  of  glaas.f      meter. 

*  This  cut  has  been  kindly  supplied  by  the  Cambridgs  Initnunent 
Making  Co. 

t  Ptx.  R.S.  No.  230,  1SS4.  A  similai  anangiment  ofneedlee  has,  it 
appeals,  bean  used  also  by  Herr  Bounthal  aua  by  Lord  Baylcigh.  See 
Ayrton,  Mather,  and  Bumpner,  loe.  eU. 
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The  needles  are  a  pair  of  horBesliocB  of  hard  steel  as  shown  in 
Fig.  87,  and  are  arranged  in  two  parallel  Terticul  planes  so  tlmt 
the  poles  of  one  enter  the  cores  of  one  pair  of  the  four  coils  C,  C 
the  poles  of  the  other  the  cores  of  the  other  pair  of  coils.  The 
fonr  coils  are  fixed  id  a  plate  with  their  axes  parallel,  end  their 
faces  in  one  plane ;   and  the  horseshoes  are  connected  by  a 


Fig.  86. 

curved  bar  of  aluminium  so  that  one  enters  from  one  aide  of  the 
coil  Bystem,  the  other  from  the  other  side  as  shown  by  the  hori- 
zontal section  in  Fig.  87.  The  instrument  is  snpportpd  oli  a 
plate  of  vulcanite  standing  on  vulcanite  feet  to  give  insuUtion, 
and  the  coils  were  wouniJ  on  vulcanite  bobbins.  The  coils  are 
joined  so  that  when  a  current  passes  both  horseshoee  are  dragged 
VOL,  II.  C  C 
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further  into  their  coila,  or  both  pushed  out  at  the  Bsme  time. 
The  needle-syatem  is  thuB  tamed,  anil  the  deflection  ia  measured 
hj  means  of  a  mirror  and  scale  in  the  usual  manner.  The  total 
resiHtanue  o£  the  four  coils  wag  approiimately  30,000  obnie ;  aud 
the  highest  ssneibility  obtained  when  the  instrument  was  set  up 
was  auch  that  a  current  l/IO"  ampere  produced  B  deflection  of 


^^ 


r\ 


FiQ,  87. 

1  divieion  on  a  scale  at  about  a  metre  distance.    The  period  of 
the  coil  was  however  for  many  purpoaes  inconveniently  long. 

A  very  elaborato  instrument  on  this  principle  was  made  for 
the  Central  Institution,  London,  from  arawinga  made  by  Prof. 
Ayrton  in  consultation  with  Prof.  T.  Gray,  A  full  deacription 
will  be  found  in  the  paper  of  Meaars.  Ayrton,  Mather,  and 
Sumpner  above  referred  to. 

The  chief  advantage  of  the  arrangement  of  coils  and  needles 
described  above  is  that  a  great  portion  of  the  wire  of  the  coila  is 
placed  very  near  to  the  poles  of  the  needles,  and  in  a  very 
favourable  position  for  exerting  the  electro  magnetic  action 
required.  The  instrument,  particularly  the  form  shown  in  Fig.  2, 
is  very  easily  made,  and  it  does  not  coat  more  than  on  instrument 
□f  the  ordinary  kind.  Of  course  a  single  horseshoe,  or  S  oi  Z 
shaped  bar,  might  be  placed  horizontally,  and  acted  on  by  a  pair 
of  coils,  and  the  principle  thus  applied  to  a  single  needle  non- 
astatic  instrument  In  astatic  instruments,  however,  of  this 
form  it  is  decidedly  preferable,  as  shown  below,  to  use  vertical 
needles. 
Vertical  It  is  to  be  observed  that  if  the  line  joining  the  poles  or  centres 
Artatio  of  gravity  of  magnetic  polarity  in  each  horseshoe  be  vertical, 
Needles,  the  system  is  perfectly  astatic  for  a  uniform  field,  for  each 
vertioal  horseshoe  is  itself  perfectly  astatic.  The  pair  of  horse- 
shoo  needles  can  thus  be  adjusted  to  have  as  nearly  as  may  bo 
perfect  aataticism  in  a  uniform  field,  and  thus  made  to  preserve 
a  nearly  constant  zero  when  under  directive  force,  a  result  which 
it  is  exceedingly  difficalt  to  obtain  in  the  ordinaiy  arrangement 
of  horizontal  needles  and  which  certainly  rarely  exists  when  a 
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horizontal  magnet  or  magnets  placed  above  or  in  an  unaym* 
metrical  position  relatively  to  the  needles  is  employed  to  regu- 
late the  sensibility,  as  then  one  of  the  needles  mast  be  magnetized 
and  the  other  demagnetized  to  a  greater  or  leas  extent,  depend- 
ing on  the  position  of  the  magnet.  According  to  this  latter 
arrangement,  if  we  suppose  the  needles  to  be  parallel  or  nearly 
so,  and  H  to  be  the  magnetic  Geld  intensity  at  the  upper  needle, 
H'  that  at  the  lower  needle  in  the  same  direction,  m  tne  magnetic 
moment  of  the  upper  needle,  m'  tliat  of  the  lower  needle,  y  the 
ourrent  flowing,  S  the  deflection  produced,  and  K  a  constant,  we 

y  ■  I  g"t  -  H'm'  ^^g ^j 

The   aenaihility   of    an   astatic    instrument   with    horizontal  Sensibility 
needles  us  meatiured  by  the  tangent  of  the  deflect!  on -angle  for  a   of  Astatic 
given  current  is  thus  very  great,  as  Hm  — H'ni'  can  be  made,  and    Galvano- 
ia  generally,  very  small.     According  to  the  values  of  ni,  ni',  H,      ^etei. 
H',  the  instrument  may  or  may  not  be  seriously  affected   by 
external  magnets,  accidentally  displaced  in  the  neighbourhood 
of  the  instrument,  or  by  slight  changes  otherwise  caused  in  the 
magnetic  field.     It  bos  been  argued  tliat  since  Hi  H'  (which  are 
nearly  equal)  have  each  a  conaiderAble  value,  any  slight  mag- 
netic disturbance  producing  only  a  very  small   percentage  of 
change  in  each  of  these  quantities  cannot  sensibly  a&ect  tlie 
value  of  the  sensibility. 

This  however  is  a  fallacy,  as  when  the  inatniment  is  very 
sensitive,  and  Hni-H'>n'  is  therefore  very  nearly  zero,  an  ex- 
ceedingly feeble  magnetic  disturbance  changing  H  and  H',  ae  It 
will  generally  do,  by  tlie  same  absolute  amount,  and  hence 
in  verv  slightly  different  proportions,  may  suffice  to  ulter 
Hm— H'm'  by  on  amount  comparable  with  Its  former  value. 
The  equilibrium  position  of  the  needles,  for  zero  or  any  given 
current,  will  thus  be  subject  to  variation. 

Slight  ubangee  in  al!  or  any  of  the  quantiliea  m,  m',  H,  H' 
may,  therefore,  affect  the  constant  of  the  ordinary  imperlectly 
oetatic  instrument  very  seriously,  and  as  a  matter  of  fact  its  con- 
stant has  to  be  continually  redetennined,  for  it  is  very  sensitive 
to  magnetic  disturbances  in  the  neighbourhood. 

in   the  cose,  however,  of  needlee  adjusted  to  be   accurotely     Advan. 
vertical  these  disadvantages  do  not  exist.     The  needles  retain     tajfes  of 
their  astaticism  for  uniform  6eld  and  cannot  be  affected  in  the     Amngc- 
aame  way  by  directing  magnete.     Then  H,  H'  being  the  tori-      m*""!. 
zontal  field  intensities  at  the  upper  and  lower  extremities  of  tlie 
needles,  y  the  current  strength,  0  the  deflection  of  the  needles, 
cc2 
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and  K  a  constant  depending  on  the  coila,  we  Imve  approxi- 
mately— 

r  =  Jr(H-H')8infl.    .....    (24) 

The  HenBihility  of  the  instniment  can,  therefore,  be  incresBed 
to  any  deeired  extent  by  placing  the  n^agnet  M  (Fig.  86)  at 
u  greater  distance  from  the  needles  (ur  by  counteracting  its  action 
by  a  smaller  magnet  plained  nearer  to  the  needles)  bo  as  to  make 
H  — H'  aufiiciently  small.  Further,  vHriatione  of  the  strength 
of  the  horseshoe  needles  produce  no  eSect  unless  they  consist  of 
changes  of  magnetic  distribution,  which  may  produce  a  deviation 
from  perfect  aataticism.  When  the  instrument  is  properly 
adjusted  and  tiie  needles  are  as  nearly  as  possible  uniformly  mag- 
netised, but  little  disturbance  of  this  kind  can  be  produced  by 
the  magnetizing  action  of  the  coils,  since  both  poles  of  each  have 
their  magnetism  augmented  or  dirainislied  at  the  same  time  in 
the  arrangement  of  Fig.  86,  or  botli  poles  of  one  are  magnetized 
more  intensely  in  some  degree,  and  both  poles  of  the  other 
weakened  if  both  needles  enter  the  coila  from  the  same  side. 

Another  possible  arrangement  of  such  a  system  of  needles  is 
with  like  poles  turned  in  similar  directions.  The  system  will 
Btill  be  perfectly  astatic  if  properly  adjusted ;  and  to  give  a 
return  couple  towards  a  zero  position  a  magnet  may  be  used, 
placed,  for  example,  horizontally  in  the  vertical  plane  at  riglit 
angles  to  the  front  of  the  instrument,  in  a  line  passing  through 
tlie  suspension  thread.  If  this  magnet  be  placed  nearer  to- say 
the  lower  ends  than  the  upper  ends  of  the  needles,  and  the 
polarity  of  the  end  turned  towards  the  needles  be  of  the  tame 
name  as  that  of  the  nearer  ends  of  the  needles,  they  will  have  a 
position  of  stable  equilibrium  when  no  current  is  flowing,  with  a 
horizontal  line  joining  a  pole  of  each  needle  at  right  angles  to 
the  direction  of  the  magnet.  The  accurate  law  of  variation  of 
deflection  with  current  is,  however,  in  this  case  more  complicated, 
and  the  instrument  in  some  coses  might  have  to  be  graduated 
by  eiperimenta  with  known  currents  of  different  amounts.  Any 
change  also  of  the  magnetic  distribution  of  the  controlling 
magnet  would  affect  the  indications  of  the  instnmient. 

It  is  to  be  observed  that,  in  consequence  of  the  horseshoe 
needles  being  placed  in  these  instruments  at  a  considerable 
dietsnce  from  the  axis  of  suspension,  a  very  small  value  of 
H  — H'  is  sufficient  to  give  the  needle  system  such  a  directive 
force  Bs  to  prevent  any  great  error  doe  to  the  rigidity  or  the 
viscosity  of  the  suspending  fibre. 

The  needle  system  may  be  hung  in  a  uniform  field,  and  a 
small  needle  rigidly  connected  with  it,  but  placed  so  as  not  to 
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be  perceptibty  affected  by  the  coils,  used  to  ^ve  directive  forco 
to  tbe  magnetic  syeteui.  Thia  small  needle  mny  be  hung  in  aucb 
a  way  that  it  can  be  turned  round  a  horizontal  axis  at  right 
angles  to  its  lengtb,  and  also  round  a  vertical  axis,  so  as  to 
enable  both  tbe  sensibility  and  the  zero  of  the  instrument  to 
be  adjusted.  When  the  galvanometer  is  not  intended  for 
balliBtio  experiments,  tbe  frame  on  which  the  small  needle  ie 
mounted  may  conreniently  be  immersed  in  a  liquid  and  made  lu 
act  aa  a  vane  for  bringing  the  needle  system  quicKly  to  rest. 
This  arrangement,  of  course,  would  not  he  astutic,  but  would 
give  great  eenaibillty  on  account  of  the  leverage  of  the  borse- 
ahoe  needlea  as  arriuiged. 

Tbus  if  m  denote  the  magnetic  moment  of  the  small  needle, 
S  the  horizontal  component  of  the  earth's  magnetic  force,  k  a 
constant  depending  on  the  coils,  <^  the  strergth  of  pole  of  cacli 
of  the  borseshoea  (supposed  of  equal  strength),  and  d  the  distance 
of  these  poles  from  the  suspension  thread,  we  have,  since  the 
deflection  is  small,  for  the  turning  couple  exertsd  by  the  coils 
4Ck<]>d,  and  for  the  return  eoaple  mB$,  and  therefore — 

'-^ c^i 

Of  course  this  arrangement  is  spplicable  whether  like  or  un- 
like poles  lire  turned  in  similar  directions.  It  has  the  disadvan- 
tage that  any  change  of  tn  or  ^  or  of  both  would  affect  the 
constant  of  the  instrument. 

Tbe  sensibility  of  any  of  these  arrangements  might  also  be 
increased  by  bringing  out  a  very  light  arm,  say  from  the  middle 
of  the  cross-bar  connecting  the  horseshoes,  or  from  any  other 
convenient  point,  and  banging  the  mirror  by  means  of  a  bililar, 
one  thread  of  which  ia  attached  to  the  outer  extremity  of  this 
arm,  and  the  other  lo  a  near  fixed  point.  The  distance  between 
the  fibres  being  small  in  comparison  with  the  length  of  the  arm, 
small  deflections  would  be  greatly  multiplied.  This  device 
would,  no  doubt,  render  a  greater  degree  of  skill  and  delicacy  of 
manipulation  necessary  in  the  operator  or  experimenter,  but 
it  or  some  similar  plan  might  in  some  caaea  be  adopted,  and 
tbe  conetiuction  of  these  instruments  renders  its  application 
to  tham  very  oasv.  Astatic 

The  aetatic  galvanometer  described  above  may  be  modiiied  as     Syatem 
follows.    Instead  of  a  set  of  four  coils  with  hollow  cores  and  horse-        ^jiii 
shoe  needles  as  described,  eight  coils  may  he  used — one  set  of    Straight 
four  arranged  in  rectangular  order  in  a  vertical  plane  facing  a     Vertical 
BMondeetof  four  eimilarcoilsin  a  parallel  plane  at  asmalldistance    Needles. 
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from  the  first  Two  gtraighl  needles  of  thin  steel  wire  connected 
together  bb  rifriilly  as  possible  by  very  light  bars  of  nlumininin, 
nre  bo  chosen  as  to  length  and  ao  arranged  that  they  hang  from 
a  single  silk  fibre  with  their  lengths  vertical  and  n  magnetic 
pole  as  nearly  ne  may  be  in  the  line  joining  the  centres  of  each 
mutually  opposite  pair  of  coils.  A  magnet  giving  a  differential 
field  at  the  needles,  if  Uieir  like  poles  are  turned  in  dissimilar 
directions,  or  any  other  arrangement  may  be  used,  and  b  current 
sent  through  the  coils  in  any  desired  way  by  means  of  a  distri- 
buting plate  or  otherwise. 

Astatic  galranoineters  of  Sir  William  Thomson's  pattern  are 
nsuiilly  made  with  two  coila,  one  above  the  other,  split  into  four 
hy  It  narrow  vertica]  sitace  in  which  the  needle  system  is  sus- 
pended,and  which  admits  of  the  ready  removal  of  the  needles  for 
adjustment.  In  this  space  may  be  hung,  in  a  plane  nearly 
parallel  (when  no  current  is  flowing)  to  the  two  coils,  two  thin 
magnetic  needles  of  steel  wire  side  by  side,  kept  with  their 
lengths  accurately  vertical,  and  at  a  short  distance  apart  (say  j 
or  J  of  an  inch)  by  light  aluminium,  or  other  non-magnetic  bars. 
Such  a  system  of  needles  with  unlike  poles  turned  in  similar 
directions  would  plainly  experience  a  himilar  magnetic  action 
to  Thut  exerted  by  the  coils  on  the  needles  in  the  ordinary 
so-called  astatic  combination.  But  two  straight  vertical  needles 
would  plainly  be  perfectly  astatic  in  a  uniform  magnetic  field  ; 
and  this  astaticism  for  uniform  field  would  not  be  liable  to 
disturbance  from  any  arrangement  of  magnets  applied  to  give 
directive  force  to  the  systein,  as,  for  example,  one  or  more 
magnets  directing  the  system  by  means  of  a  more  powerful 
action  at  one  end  of  the  needle  system  than  at  the  other,  as  shown 
in  Figs.  85  and  86|  or  magnets  arranged  symmetrically  with 
respect  to  botli  ends  of  the  needles.  An  instrument  with  such  a 
Kvstem  of  needles  ought  therefore  to  be  subject  to  but  alight, 
if  any,  disturbance  in  ordinary  circometanceB  of  sensibility 
when  masses  of  steel  or  iron  nre  being  moved  about  at  some 
little  distance,  and  would  we  think  be  found  useful  in  such 
cases,  as  for  example  in  cable  testing  rooms. 

A  very  sensitive  galvanometer  has  been  made  for  the  Central 
Institution  at  South  Kensington,  under  Prof.  Ayrtou's  supetin- 
tendence.  Oreat  attention  has  been  given  to  details  of  arrange- 
ment, and  specially  good  insulation  has  been  obtained  by 
supporting  the  coils  on  corrugated  vulcanite  pillars.* 

A  balhstic  galvanometer  is  an  instrument  designed  for  the 
purpose  of  measuring  the  whole  quantity  of  electricity  which 

•  Sets  Phil.  Hag.  Jaij,  1890. 
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passes  in  a  cnrrent  of  short  duration.  It  is  so  called  because 
the  iDoineDt  of  inertia  of  the  needle- system  is  made  so  great, 
and  consequently  the  free  period  of  vibration  so  long,  that  the 
current  has  bsgun  and  ended  before  the  needle  has  sensibly 
moved  from  its  initial  position  ;  just  as  in  a  ballistic  pendulum 
the  change  of  momentum  of  an  impinging  bullet  has  entirely 
taken  place  before  the  missive  bob  has  moved  from  tho 
positioD  of  stable  equilibrium  whicb  it  has  under  the  action  of 
gravity. 

The  arrangement  of  needles  takes  many  different  forms.  For 
example  Professors  Ayrton  and  Perry  constructed  a  ballistic 
galvanometer  in  which  the  needles  were  each  a  built-up  sphere 
of  small  magnets* ;  the  form  of  galvanometer  referred  to  at 
p.  366  above  was  constructed  for  ballistic  use,  and  several  others 
on  the  same  principle  have  been  made  for  the  same  purpose  :  in 
other  cases  the  needle  is  a  disk  of  steel  carefully  polished  to 
serve  as  mirror,  and  magnetized  parallel  to  a  diameter  which  is 
made  horiziintal  when  the  needle  is  suspended. 

The  coil  should  always  be  set  up  so  that  the  needles  rest  at 
right  angles  to  its  axis.  This  enables  the  needle  if  the  deflec- 
tion is  kept  small  to  be  only  slightly  affected  by  the  magnedzing 
action  of  the  current  in  tlio  coil. 

The  arrangements  of  coils  is  the  same  as  in  galvanometers  for 
steady  currents,  except  that  on  account  of  the  influence  of 
induced  currents  produced  by  the  moving  magnets  the  coils 
should  be  made  with  non-metallic  cores  or  tubes;  or  if  metallic 
tubes  are  used  they  should  be  slit  longitudinally  from  end  to 

The  siphon -recorder  [or  d'Areonval  Deprez)  arrangement  may 
also  be  used  for  ballistic  purposes. 

Let  a  be  the  initial  angle  which  the  needle  makes  with  the  Theory  of 
plane  of  tho  coil,  and  d,  the  angle  which  the  needle  would  make        the 
with  its  initial  position  at  the  extremity  of  its  deflection  if  there    Ballistic 
were  no  damping  action.     If  U  he  the  magnetic  moment  of  the    Oalvana- 
needle  snpposed  short,  and  Gy  the  magnetic  force  at  the  needle      meter. 
produced  by  a  current  y  in  the  coil,  the  turning  couple  on  the 
needle  ia  U  Oy  cos  n.     Hence  if  aifl  be  the  moment  of  inertia  of 
the  needle,  we  have  when  the  current  is  y  and  the  deflection 
from  9!ero  S, 

(TO      UGy  ,„.. 

■  3e«  Chap.  XI.  below. 
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If  the  wliole  current  passes  before  there  ie  any  sensible  dc- 
Bection,  we  have,  integrating  over  the  whale  time  during  which 
the  current  laats, 


P!r«- 


WO  COB  g 


if  Q  be  the  whole  quantity  of  electricitj'  which  flows  i. 
transient  ourrent. 
Hence  the  kinetic  energy  given  to  the  magnet  is 


1     u/'^^  V  1  * 


This  kinetic  energy,  as  the  magnet  swings  roand  and  comes 
I.         to  rest  in  the  magnetic  field  of  horizontal  intensity  if,  not 

ITegtMt-  necesaarily  that  of  the  earth,  is  changed  into  mugnetic  energy 
ing        of  amount  (see  p.  6  above)  UB(l  -  cos  0,).    Equating  this 

"  Damp-    to  the  value  of  the  kinetic  *nergy  just  found,  we  get 

'^^^^-  „_2.mi-cos^^ 

^  iKtf»  cos'u 

If  T  bo  the  complete  period  of  free  vibration  of  the  needle, 
we  have  T~2ir  -Jm^H,  or  mi*/*  =  HT'/it*.  Thus  the  last 
equation  becomes 

o--"—^^ <^" 

3.  To  take  into  account  the  damping  action  exerted  on  the 

Taking     needle  by  the  air,  4c.,  and  by  the  induced  currents  produced  in 

into       the  coil  by  the  motion  of  the  needles,  we  ehall  suppose  the 

account     deflection  to  be  small  enough  to  allow  the  sine  of  the  deflection' 

'  ""mp;    to  be  taken  as  equal  to  the  angle,  and  take  the  retarding  couple 

N^dl        **  proportional  to  the  angular  velocity,  as   it   will    be  if  the 

velocity  is  not  too  great.    This  theory  will  be  sulGcient,  as  the 

angular  deflection  can  always  be  kept  email,  and  neverthelees  he 

read  with  accuracy ;  its  smallnoss  moreover  prevents  Uie  angular 

velocity  from  becoming  too  great. 

Let  then  the  magnet  make  a  small  oscillation  in  the  field  of 
intensity  H,  and  under  the  influence  of  the  damping  couple 
K  dBjdl.    The  equation  of  motion  is 
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of  which  the  solution,  if  7,  be  the  Dbeerved  period  under  the 
iofluence  of  the  damping,  is 

$=Aftp[~KllZ«l^)BU,^l     .     .         .    (31) 

where  .^  ia  a  conetont,  and  I  is  reckoned  from  the  instant  of 
passing  through  the  undisturbed  posidon.  7,  is  given  by  the 
egnstion 


V  mil      4„jiifc4 

Eqaation  (31)   indicates  simple   harmonic   motion   of   range   Lomith- 
diminishing  in  geometric  progression  as  the  time  incresBes  by  ""c  Deere. 
Buooessive  intervals  each  equal  to  Til%.    The  Naperian  loKsrithm      "nen'- 
of  the  ratio  or  any  one  amplitude  to  that  which  succeeds  after 
an  interval  TJi  is  tT^imlfl.    This  is  called  the  logaiithmic 
decrement  of  the  motion  and  is  generally  denoted  by  X.    Thus 


From  (31)  we  obtain 

g=..„„-.,«,{|c..|?, 

-si"" 

2t,i 

(S3) 

If  we  write  2»/r,  =  it  cos  e,  it/2«f  - 

.J!.m.,w« 

ihave 

"—^.--l"- 

t- 

(34) 

U^ing  this  value  of  ton«,  and  the  equation  4,^l2^=USlmi^, 
1  (3S),  we  obtain  after  reduction 

r,  =  rBete 

(35) 

Equation  (33)  may  now  be  written 

S'';::' ■—'<-'/'•"■) 

-(!'+ 

.).. 
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But  when  (=0,  de/di=UGQImk\  so  that  th«  laet  equation  giveB 

mi"   2n-' 
Thug 

f.^.„..^,-..,.un„.,,c„.g^,  +  .).(3e, 

Putting  in  Uiis  M/dl  •=  0,  we  get  the  value  of  I  when  the  first 
deBection  (or  "throw")  S*,  hna  just  been  completed.  Thus 
(  =  1*1  {tr/2  -  e)/2ir.    Hence  (31)  becomes  for  this  value  of  t 


But  if  the  OBcillation  were  unretanled,  and  T  the  free  period, 
we  Bhoutd  have  by  (32) 

1  (37),  end  Bolviog  for  (j,  «e 


^)- 


This  gives  tlie  first  actual  elongation  6\.  If  the  dsnipinp' 
be  very  slight  ho  that  X  is  very  Bmall,  we  get  appTozimately 
from  (38)  or  directly  from  first  principles,  the  equation 


We  shall  have  in  Chapters  X,  and  XI.  below  niirnerons 
examples  of  correction  of  observntions  of  the  eSocts  of 
damping. 
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It  is  to  be  noticed  that  tliere  ia  some  uncertaintj  as  to  what 
the  action  of  the  air  actually  \*  when  the  needle  of  the  bdliBtic 
gaivano meter  ia  suddenly  set  into  motion.  Any  magnotizing 
or  demagnotizing  action  on  the  needles  must  be  as  far  as 
possible  guarded  ag-ainat  in  the  arrangement  and  use  of  the 
instrameDt.  The  deflection  on  this  account  ought  to  he  always 
kept  as  siiibII  as  possible,  so  that  on  tlie  one  band  the  needle 
may  never  deviate  far  from  tlie  direction  of  the  pormaneat 
field  in  which  it  is  placed,  and  may  on  the  other  be  always 
nearly  at  right  angles  to  the  axis  of  the  coil,  and  thus 
only  slightly  exposed  to  magnetizing  action  in  the  direction 
of  its  length. 

The  value  of  the  ratio  SG  may  be  found  by  sending  a  steady 
current  of  known  amount  y  (determined  by  electrolysis  as 
explained  at  p.  427  below,  or  by  a  standard  galvanometer,  or  ' 
current  balaoce)  through  tlie  instrument  and  observing  the 
deflection  of  the  needle.  If  the  indications  follow  the  tangent 
law,  and  6  be  the  deflection,  then  iljG  •=  yM"  ^■ 

If  the  indicationsi  do  not  follow  the  tangent  law  the  instru- 
ment can  ha  calibrated  by  sending  steady  currents  of  different 
values  through  the  coil,  observing  the  deflections  and  interpo- 
lating for  other  currents  by  means  of  a  curve  plotted  from  the 
observations,  or  otherwise. 

A  condenser  of  known  capacity  t7  charged  to  a  diflference  of 
potential  F  measured  by  some  proper  arrnngenient,  may  be 
discharged  through  the  galvanometer  and  the  deflection 
observed.  This  gives  a  known  value  of  Q,  and  the  value  of 
//Ti/ff  can  therefore  he  oblained  by  (38)  or  (38'). 

These  methods  and  others  will  be  exemplltied  below,  especi- 
ally in  Chapters  X.,  XI.,  and  XII. 

In  cases  in  which  the  transient  current  con  be  repeated  when 
deured,  successive  observations  may  be  made  without  waiting 
for  the  needle  to  come  to  rest,  by  using  the  method  of  recoil 
proposed  by  Weber.  The  current  is  first  sent  in  the  positive 
direction  round  the  coil,  and  tlie  needle  thereby  caused  to  swing 
to  its  maximum  defieclion  in  the  poeitivedirection,  then  through 
zero  to  the  negative  aide  and  back  again  (o  zero.  At  the  instant 
when  the  needle  arrives  at  zero  the  second  time,  the  transient 
current  is  repeated  but  in  the  negative  direction,  tlius  reversing 
the  motion  of  the  needle,  which  swings  to  a  maximum  deflection 
on  the  negative  aide,  then  back  again  through  zero  lo  the  posi- 
tive side.  When  the  needle  returns  to  zero  from  the  positive 
side,  the  transient  current  is  repeated,  but  in  the  positive  direc- 
tion and  so  on,  a  freeh  impulse  being  given  in  the  opposite 


of  Ballistic 
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Method  of  direction  to  motion,  every  time  the  needli 
Kecoil  for   position  after  a  corapli '      *  ^-       » 

BallUtic    angular  deflectiooB    ar 
Obaerva-    itself. 
iionn.  By  oquntion  (37)  the  first  deBeoti 

equation — 


free  swing  from  aide  10  side.    The 
shown  in    Fig.  88,  which   explains 


When  the  maRnet  swinge  over  to  the  other  aide,  the 
value  of  the  deflection  6x  ^'^  ^°  given  by 


Fio.  S8. 


Theory  of  By  (36)  the  angular  velocity  with  which  the  needle  starta  is 
Method  of  UGQjmk'^,  and  that  with  which  it  returns  to  zero  is  MGQi->'lmk*. 
"*"""'  Hence  iti  (positive)  angular  velocity,  when  it  returns  to  zero  the 
second  time,  is  MOQt-^jmk*.  The  negative  angular  velocity 
given  then  is  klGQ/al^,  so  that  the  velocity  is  now  numerically 
MGQ(l-t-^)lml^  ia  the  negative  direction.  This  will  give  a 
deflection  in  the  negative  direction  of  amount  6^  where 

The  next  following  amplitude  will  he  positive,  and  will  have 
the  value 

Lastly,  the  velocity  with  which  the  needle  returns  to  zero 
from  the  positive  aide,  is  M(J§(1  -«->*)<-*»/«*»,  and  the  positive 
velocity  then  imparted  being  UQQ/mi^,  tlie  velocity  towards  the 
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poBitive  eide  is  MQQ{1  ~  (1  - t-»](-H/m%*,and  the  deflection  4, 
is  given  by 

«.  =  Jr<2(i  -.-»  +  ,-«).-*, 

We  have  for  the  first  groop  of  four  deflectioDi 


and  the  eame  thing  will  be  given  by  every  succeeding  group  of 
four  deilBCttoQS.  Hence,  tnking  all  such  groups  into  account, 
we  find 

Itf(  —  S0|        _^  /,.^   Combina- 


(11) 

BesDlUof 
Method  of 
have     B«coil. 


Jr(2(i+«-*)(i-^-»*)-^tf.  +  tf„ 

KQ  (1  +  «-*)  -  (*,  +  (!,).-»  +  C,  +  fli, 

^«  (1  +  •-*)  =  C«.  +  «*)«-"  +  fl.  +  *.. 

ff§(l  +  «-*)  =  (tfta-S  +  tft,-l).-**  +  fl4--l  +  fl4., 

supposing  A»  deflections  to  he  observed.  Adding  the  last  set  of 
equations,  we  obtain 

Jr0(i  +  .-*) 

j-Sl  -(tf*.-i  +  fl«>-^^}  .     .    .    (42) 

which  enables  Q  to  be  found  from  a  combination  of  all  the  ob* 
servatjons  made. 

It  is  to  be  observed  tbat  this  method  cannot  be  conveniently 
used  if  the  damping  of  the  needle  is  very  small,  as  then  a 
regular  repetition  of  succeasive  sets  of  nearly  the  same  ampli- 
tudes would  be  difficult  to  obtain.  By  observing  tl^c  suocesBive 
pairs  of  free  elongations  any  change  of  zero  which  takes  place 
during  the  experiments  can  be  followed. 
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FormuJae  are  euiiy  obtained  for  taking  into  acconnt  the 
interval  occupied  in  the  passage  of  the  current,  if  that  is  in  the 
least  comparable  with  the  free  period  of  the  needle;  but,  as 
theee  are  rarely  necessary,  we  shall  only  give  them  if  the  need 
arises  in  cooDectioo  with  any  electrical  measureraent  described 

Method  of      ^^  ""'y  '"''*  farther  here  that  when  a  galvanometer  is  used 

Saccessive  ^■"'  ^^^  measureraent  of  a  steady  current,  it  may  Bometimea  be 

Observa-    desirable,  in  order  to  eliminate  any  variation   of  zero   due  to 

tion  for     variation  in  the  direction  of  the  earth's  force,  to  read  the  galva- 

Steady      nometer  as  follows.    The  current  sent  round  the  coil  of  thegalra- 

Current,     nometarinthe  positive  direction  deflects  the  needle,  which  swings 

about  the  new  position  of  eouilibriuin.     The  first,  second,  and 

third  elongations  are  observea  ;  then  contact  is  broken  for  about 

half  a  whole  period,  so  as  to  let  the  needle  swing  beyond  zero ; 

next  the  current  is  sent  in  the  opposite  direction  to  that  in  which 

it  was  sent  at  first,  and  the  three  first  elongations  on  the  other 

aide  observed  ;  then  the  contact  is  broken,  the  current  reversed, 

and  so  on  as  before. 

If  the  numerical  values  of  the  first  sis  deflections  are 
$1,  $f,....  6^,  we  have  for  the  deflection  due  to  the  steady 
current 

.  _  6i  +  2tf;  +  (),  _  VL??«_±_*B 

8fl  =  tf,  +  2fl,  +  tfs  +  ^t  +*2tf.  +  ^s  .     .    .    (43) 

and  BO  for  any  such  series  of  six  deflections. 

Some  account  of  methods  of  measuring  currents,  differences 
of  potential,  Ike,  in  alternating  circuits  will  be  given  in  a  later 
chapter.  Many  particular  devices  and  arrangements  which 
mifpt  have  legitimately  found  a  place  in  this  chapter  will  be 
much  more  conveniently  described  in  connection  with  the 
ezperimentH  in  which  they  were  originally  used, 
]jor,l  Lord  Kayleigh  and  Mrs.  Sidgwick  have  used  in  their  reaearches 

Bayleigh's  ^^  ^^  electro-chemical  equivalent  of  sth'er  a  form   of  electro- 
Current    dynnmomeler  balance,  or  current- weigher,  in  which  the  fixed 

Weigher,  and  movable  coils  were  placed  with  their  axes  coincident,  end 
in  such  relative  positions  that  the  pull  along  the  axis  exerted  by 
one  coil-aystem  on  the  other  was  a  maximum.  The  fixed  coils 
were  the  large  coils  of  the  British  Association  electrodynamo- 
meter  described  above,  and  between  these  was  placed  a  coil  of 
iiilk-covered  wire  wound  on  a  ring  of  ebonite,  Tht  jtrnnge- 
ment  is  shown  in  Fig.  89,  which  explains  itself.  We  shall  nbow 
that  thin  coil  placed  midway  between  the  two  lixed  coils  was  In 


D,s,i,7ert  by  Google 


CUEBENT  WEIGHER 

the  poBition  to  have  maximum  force  exerted  apon  it  by  each  of 
the  latter  coils. 

The  ase  of  a.  current  weigher  such  hh  this  baa  several  important 
advantages  over  either  the  galvanometer  or  ordinary  electro- 
dynamometer.  As  here  arranged,  the  accuracy  of  the  conatant 
depended,  in  the  main,  only  on  the  determination  of  the  ratio  of 
the  radii  of  the  coils ;  the  neceaaity  for  finding  H  and  taking 
account  of  its  variationa  is  avoided  ;  and  no  difficulty  aa  to  the 
elaadc  or  bifilar  constant  of  suspensions  exists.  The  actual 
observation  of  the  indications  is,  however,  a  somen-hat  more 
elaborate  process  than  in  these  other  instninientB,  involving  iis 
it  does  an  exact  weighing.  It  can,  however,  be  carried  out  with 
great  ezactnesa  by  a  skilled  experimenter. 


The  mutual  electro-kinetic  energy  T^  of  a  system  of  two  coils 
carrying  a  current  y  is  given  by  tne  equation 

?"■  =  nnyM (44)  Attraction 

between 
where  n,  n'  denote  the  numbers  of  tuma  in  the  two  coils,  and  Sf    J^^S, 
denotes  for  the  present  the  mean  mutual  inductance  of  a  pair  of     ^"^^ 
turns  one  in  each  coil.     Thus  if  a;  is  the  distance  between  the 
coils,  the  force  F  exerted  by  one  on  the  other  is  given  by 

•^-••V'-? (45) 
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It  is  well  to  notice  here  that  dif/dx  is  a  mere  number,  and 
depends  therefore  only  on  the  ratios  o/o,  t/a,  (or  *^a),  of  the 
radii  of  the  coils,  and  of  the  radios  of  either  to  their  dbtance 
npart    Thus  if  we  write 

?^"'-/(fl,a,*} (46) 

/  is  a  homogeneous  function  of  zero  din; 


"f-'i-'^'l'^+'/j' 


•£  +  •£-<> (") 

Thaa  by  (47)  equal  (proportional)  errors  in  the  estimation  of  a 

and  a  produce  no  offect  on  the  value  of/  provided  the  coils  are 

in  this  position.   Hence  B/Jdx  being  zero  there  is  (to  quantities  of 

the  second  order)  no  effect  produced  by  errors  in  the  estimation 

of  I,  and  therefore  the  action  between  the  coils  depends  only  on 

the  ratio  a/a.     This  ratio,  as  will  be  explained  bslon,  can   be 

determined  electrically  by  a  method  due  to  Boescha,  without 

direct  measQremeot  of  either  a  or  a. 

Gipres-         The  value  of  Mtar  different  arrangements  of  coils  is  given  in 

■ion  for     Chap.  Y[.  above.     We  shall  use  at  present  the  eipresBion  given 

Force       at  p.  268  for  the  mutual  induction  of  two  coaxial  circles  of  radji 

between    (,  „   and  disUnces  x,  £,  from  a  fixed  point  on  the  axis.    We 

C^ial     *•""">"" 


+  3.4.6^-^'(p-  Ja')  +  ....}      .  (60) 

i'  +  z".     Here  a,  f,  are  supposed  to  belong  to  the 
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Hmall  coil,  and  to  be  considerably  )eM  then  a,  x,  reB|iec lively. 
Thus  if  a/a  is  not  Urge,  tlie  value  of  dMjdi  will  be  giveii  to  a 
high  dAffren  of  approxi [nation  by  the  brat  term  alone  of  this 
series.  Thiw  writing/"  for  flJf/S^  we  have,  taking  the  first  term 


ax  r' 

Thus  dfldx  vaninhes  and  the  force  is  a  masimam  if  a*  =  4i^, 
or  2j:  =  a,  that  is  when  the  distance  between  tlie  circles  is  half 
the  radius  of  the  larger. 

Neglecting  the  second  and  third  terms  in  (50)  wbich  involve 
f,  and  taking  into  account  the  part  of  the  third  term  which  in- 
volves o*,  differentiating  and  putting  z*  =  ^a*  in  all  factors 
maltiplying  a*,  we  get  as  a  second  approximation  to  the  value  of 
X  for  a  maximum, 

"'"(■-foS) '*■' 

For  two  fiicrd  coils  at  equal  distances  on  opposite  aides  of  tlie    Force  nn 
suspended  coil  tlie  odd  terms  vanish,  and  we  have  (still  sup-    Uovahle 

Eosing  that  the  coils  can  be  regarded  as  circles)  for  the  action       Co>^ 
etween  one  of  the  Rxed  coils  and  the  movable  one  between 

Two  Fixed 

»|..^^'j,.2.S:+3.4.5'!fl^),£.-M  +  ...)    .(52,      ^"^ 

The  coils  might  then  be  arranged  so  that  r*<°}(>*,  and  thus  to 
terms  of  the  fourth  order  in  a,  $,  the  value  of  BMId{  would  be 
given  by 

^-  -1.2.  3^-^1*5' « -2138  xeir'i*       .    (53) 
On  the  other  band,  if,  as  was  actually  the  case,  x  ~  \a, 


a  considerably  Inrger  ■value.    This  equation  multiplied  by  y^ 
gives  a  rough  estimate  of  the  force  which  would  be  produced  by 
VOL.  IL  D  D 
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a  given  current  with  two  single  turns,  and  therefore  of  the  force 
to  be  expected  between  one  of  the  tised  coils  and  the  movable 


2  X  6^  -]  (l 


(56) 


Eftct  br  In  tlie  current- weigher  used  a  was  S5  cms.,  bo  that  f  =  1  mm. 

Error  in  and  neglected  could  only  give  rise  to  an  error  of  about  1/20,000. 

Placins  Thus  the  instrument  with  ordinary  csre  as  to  adjustment  could 

Movable  be  regarded  oa  quite  free  from  error  due  to  inaccurate  placing  of 

CoiL  t|,e  suspended  coil. 

■?'"'* ^^  As  the  rttio  of  the  galvanometer  constants  was  determined 

Monbls  experimentally,  and  therefore  was  used  in  the  calculations,  we 

Twmi^f  ^'^'^  down  here  tlie  approximate  expression   for   the  force 

Ratio  of  l>ctween  one  fixed  coil  and  the  auspanded  coil  in  terms  of  this 

Coil,  ratio  and  the  numbers  of  turns.     Putting  j3  for  the  value  of  the 

Constanta.  r«tio  we  may  write  approximately 


Relative    Thus  approximately  by  (65)  and  (44) 
Effects  of  .a 

Imperfect  F-  -2862  X  6^  -  ^'y'. 

InnlatiDn  * 

in  Coils. 

.An  error  in  the  estimation  of  n'  the  number  of  turns  in  the 
suspended  coil,  or,  what  is  tlia  same,  any  defect  in  the  insula- 
tion, is  thus  of  greater  importance  than  a  similar  inaccuracy  in 
the  estimation  of  n. 

The  ratio  B  enabled  the  mean  radius  of  the  suspended  coil  to 
be  calculated.  The  attraction  between  the  coils  was  then  found 
by  an  expression  easily  obtainable  by  differentiation  from  the 
value  of  M  given  in  elliptic  integrals  at  p.  142  above,  for  two 
coaxial  circular  conductors.     Thus  we  have 


«Jf.«i|M|2f_(l  +  sec'f)Bt    .    .    .    (66) 
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where  ain  (  ^  Ic.  F  and  E  have  been  calculated  by  Legendre, 
and  were  used  by  Lord  Uayleigh  in  the  formation  of  a  table  of 
values  of  irasinf  {2/'-(l  -}-  Bec'£)E}  for  values  of  £  proceeding 
by  intervals  of  6'  from  55=  to  70°. 

The  value  of  SJf/dx  wae  then  found  for  the  aotual  coils  of    Calenla- 
axial  breadths  8A,8j9, 2(f,  2S  by  employing  the  following  formula      ^^^°^ 
of  quadrature,*  and   multiplying   by   nn'   the  product   of  the        ^il 
number  of  turns.    ThuB/|[ii,  □,  x)  being  the  value  of  dM/Bx  for       d^ 
a  pair  of  mean  taniB,  we  have  for  the  whole  coils,  ^J  , 

f        /(a  +  rf,  a,  ^)  +/(«  -<i,a,x)    K  "f^- 

I^-*"-'       +/K<.,*  +  *)+/(<^a,*-i)       .     ■     .     (57) 

+  /(»,<.,T  +  )9)+/(,r,a,*-i3) 

I  -2/(«,a,*)  J 

We  can  now  proceed  to  give  an  abstract  of  the  experimental 
proceaseH  and  results. 

The  suspended  coil,  Cj>l  the  current- weigher,  which  had  been    Mode  of 
carefully  wound  with  silK-covered  wire  on  a  ring  of  ebonite,  was      Using 
teated  for  insulation.     The  method  adopted  first  was  to  make  as     Current 
nearly  ok  posaible  an  exact  copy  of  the  coil,  then  to  place  the    Weigher. 
coil  and  its  copy  aide  by  side  with  their  axes  in  coincidence, 
and  join  them  in  aeries  so  that  a  current  could  flow  through 
tbem  in  opposite  directions.     A  galvanometer  with  a  needle  of 
long  period  of  free  vibration  was  included  in  their  circuit     One 
pole  of  a  very  long  steel  uagnet  was  then  thrust  suddenly    jggtg  ^f 
through  the  opening  of  the  coils,  and  produced  in  them  oppo-  ingulation 
site  induced  currents,  which,  if  the  insulation  had  been  perfect        of 
in  both  coil^  ought  to  have  together  produced  no  effect  on  the  Windings, 
needle  of  the  galvanometer. 

It  was  found  however  that  the  copyj  decidedly  preponderated 
in  magnetic  effect ;  a  result  which  pointed  to  faolty  insulation 
in  the  ebonite  coil.  A  comparison  of  the  ratios  of  the  self- 
inductions  of  the  separate  coils  to  the  mutual  induction  of  the 
pair  in  a  fixed  position  confirmed  this  conclnsion,  and  the  coil 
was  therenpon  rewound. 

After  rewinding  it  was  tested  for  insnlation  by  a  Hughes'  Test  by 
induction  balance.  This  consisted  of  two  pairs  of  coils,  one  Huf;h«i' 
.  Induction 


D  coils  itj\a,  a,  x)  denote  Its  value  fcr   tha 
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pftir  at  some  distance  apart  in  one  Lomontal  plane  beinj;  joined 
lip  with  a  source  of  variable  current  in  a  primary  circuit,  the 
other  pair  in  positions  opposite  the  primary  coils,  and  at 
dietimces  finely  adjustable  by  meana  of  acrewa,  being  joined  up 
with  a  telephone  aa  a  eacondary  circuit  When  the  coila  had 
been  adjusted  to  exact  balance  the  introduction  of  a  small 
circlet  of  copper  -004  inch  io  diameter  between  a  primary  and  a 
aecondary  coil  gave  a  very  distinct  sound. 

The  ebonite  coil  placed  between  one  of  the  primary  coils  sjid 
its  opposite  secondary  gave  an  audible  sound,  but  much  lees 
than  that  occasioned  by  the  copper  circlet.  When  the  ends 
were  joined  by  a  megohm  of  resistance  the  increase  of  sound 
was  quite  distinct;  which  showed  that  the  insnlation-resiatance 
was  decidedly  greater  than  a  megohm,  and  therefore  amply 
sufficient. 

Particnlara      Tlie  particulars  of  the  suspended  coil  were  as  follows  : 

of  Number  of  turns 242. 

Suspended  Radial  depth  28 ■9690  cm. 

Coa  Axial  breadth  2j3 1-3843  cm. 

Mean  radius,  found  electrically  k 

aa  deacribed  below  ...  J  10-2473  cma. 

The  coil  was  made  of  copper  wire  insulated  with  silk  saturated 
by  parafBn  wax.    Its  resistance  wns  about  10}  ohms. 
Particulars     'Hie  particulars  of  the  fiied  coila,  C„  C^  as  derived  mainly 
of  Fixed    from  a  record  in  Clerk  Maxwell's  handwriting  m  the  Cavendiah 
Coils.      Laboratory  note-book  were  aa  follows  : 

Number  of  turns  in  8Bch     .    .     .  226. 

Mean  radius,  a S4-81016  cms. 

Distance  of  mean  planes,  Ix    .    .  25-000  cms. 

Badial  depth.  2d 1-29  cm. 

Aiial  breadth,  2* 1-60  cm. 

Uesiatance  of  each  ceil  (about)    .  14}  B.A.  units. 

By  measuring  the  distances  from  outside  to  outside,  and  from 
inside  to  inside,  of  the  grooves  filled  with  wire,  the  distance  of 
mean  planes  was  found  to  be  25  cms.  exactly.  The  half-differ- 
ence between  these  distances  gave  2£  =  1'6024  cm.  The  mean 
radius  and  number  of  turns  could  not  be  verified,  but  the  re- 
corded value  of  the  former  agreed  witli  the  outside  circumference, 
and  the  check  on  the  counting  of  the  number  of  turns  given  by 
the  device  adopted  when  tlie  coil  was  being  wound,  of  at  the 
same  time  winding  string  on  a  drum  turning  with  the  coil, 
almost  abaolutely  ensures  the  accuracy.of  the  number  given. 
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Tbe  ratio  of  tlie  radii  waa  found  u  foIlowB.    One  of  tLe     Eiperi- 
dynamometer  coile,  nnd  the  fluapended  ouil,  were  niodR  concea-     ihbdUI 
trio  and  coaxial  with  their  planaa  vertical  in  the  magoetic      Detei- 
meridian,  and  a  amall  needle  waa  hung  at  the  cominon  cantre.    JfJ?^""", 
A  diagrammatic  sketch  of  the  airfin^ments  ia  ahown  in  Fig.  90.  "^  ™rj"  "' 
D  18  the  dynamometer  coil,  E  the  ebonite  coil,  N  a  reaiatance  p      t«  in 
box.     When  the  thick  copper  piece  P  was  made  to  join  the       "* 
mercury  cnpa  F,  H,  the  current  from  a  cell  A  waa  divided 
between  the  two  coila,  which  were  Joined  bo  that  the  cnrrent 
flowed  round  them  in  oppoaite  directiona.    The  reTeraing  key  B 
enabled  the  current  to  be  sent  first  in  one  direction  then  in  the 
other  through  the  double  arc. 


Fic,  90. 


By  meana  of  N  the  resiatancos  of  the  area  joining  6  and  P 
were  adjuated  ao  that  no  deflection  of  the  needle  took  place.  It 
waa  found  that  the  reaiatence  taken  from  iV^  which  gave  balance 
could  not  be  exactly  detennined,  owing  to  inductive  e&ecta  pro- 
duced by  the  reveraal  of  the  current.  Readinga  of  the  deflectiona 
of  the  needle  were  therefore  taken  for  imperfect  adjuatmenia. 
with  valuea  of  the  reaiatoncea  on  opposite  sides  of  the  required 
value,  and  the  value  for  balance  obtained  from  these  by  inter* 
polation. 

The  ratio  of  the  resistances  of  the  double  arc  was  then  Measure- 
obtained  by  making  the  two  arcs  adjoining  branches  of  a  ment  of 
Wheatstone  bridge.  This  was  done  by  withdrawing  the  copper  B^anciiig 
piece  P,  which  had  the  effect  of  converting  the  arrangement  SeaJat- 
into  a  Wheatstone  bridge  of  which  one  pair  of  adjoining  anoes  in 
branches  were  D  and  fi,  N,  connected  at  C,  the  other  pair  a  '''n"n/  " 
seriea  of  three  resistance  coila  (composed  of  two  single  units  and  °  ' 
a  it4  unit  coil)  and  a  coil  nf  20  units  with  its  terminaJs  connected 
by  a  high  resistance  coil  K.    These  branches  were  connected  with 
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one  another  at  L,  and  with  the  other  pitir  at  the  cupR  T,  H,   The 

battery  terminalH  were  attached  at  C,  L,  and  thoee  of  a  seneitive 

testini;  galvanometer,  g,  at  F,  3.    Thus  the  ratio  of  the  reBietancea 

w«a  determined,  and  for  oae  dynamometer  coil  was  found  to  be 

on  lliree  different  occasions  2-60087, 2-60098,  2'60113,  or  a  mean 

of  2'60099.    The  aame  coil  tested  with  another  aet  of  Teaistances 

gave  on   two  occaalonH  in  like  manner  2-60046,  2-60026,  or  a 

mean  of  2'60036.     The  mean  wae  thus  2'60067.     For  the  other 

coil2'60O7a  was  found. 

Calcnla-         If  (Jj,  Q'l  be  the  galvanometer  conetants  of  the  t«'o  coils,  y,  y' 

tion  of      the  currents  flowing  in  them  when  their  conjoint  magnetic  effect 

■^^^       at  the  centre  was  zero,  we  have  nG^y  and  n'C.y'for  the  magnetic 

°™«  «     effects  due  to  the  coils,  and  MGJa'Q'i  =  ■y'/y.     But  if  R,  if,  be 

^^?      the  reaiatanceB  of  the  branches,  yjy'  ••  JCf-R,  and  therefore 

^  ^^ (58) 

*'G\       Ji' 

But  using  for  eacli  coil  the  value  of  6 
putting  1  =  0,  £  =  0,  since  it  is 
n  centre  that  are  in  questio 


Now  the  known  valuea  of  a,  b,  d,  $,  0,  and  the  approximately 
known  value  of  a  gave  at  once  the  value  1-001296  for  the  second 
fraction  on  the  right  of  the  last  equation.    Hence 

a  -  242  ^2-60070x  1001296  X<.-2-42113a    .    (60) 

Adjust-        The  suspended  coil  was  adjusted  in  position  in  the  ciirrent- 

ment  of    weigher  by  tirst  suspending  it  in  a  horizontal  position,  and  then 

Suspended  levelling  and  otherwise  adjusting  the  portions  of  the  dynamo- 

"^i'-       meter  coila.    A  movable  piece  stood  on  three  feet  on  the  top  of 
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the  uppbr  dynamonieter  ring',  and  in  every  position  touched  its 
inner  cylindrical  face  in  other  ttt'O  poinls.  Thia  piece  was  moved 
round  the  coil,  and  carried  with  it  a  pointer  which  thus  described 
n  circle  coaxial  with  the  fixed  coile.  When  the  lattnr  were  pro- 
perly placed  the  pointer  juat  played  exactly  round  the  outer 
surface  of  the  suspended  coil. 

Tlie  level  of  the  Huspended  coil  was  adjuated  hy  carryinft  alonie; 
the  upper  face  of  the  upper  dynamometer  ring  a  straight  rule 
provided  with  a  pointer  which  fust  reached  down  and  touched 
the  upper  aurface  of  the  Buapended  bobbin  when  that  waa  in  Che 
proper  petition.  Tbe  level  of  the  dynamometer  coils  was 
changed  until  this  point  when  moved  about  just  scraped  over 
tbe  upper  surface  of  the  suspended  coil. 

The  value  o[/{ti,a,x)  was  jrXl-044576.  From  thia,  by  the 
table  of  valuea  of  tbe  elliptic  integral  exprespion  referred  to 
above,  the  terms  of  the  expression  on  the  right  of  (57)  were 
calculated  and  gave 

|^  =  irWX  1-044527 (61) 

If  in  any  experiment  the  current  was  y,  the  attraction  or 
repulsion  between  each  fixed  coil  and  tbe  suspended  coil  was 
nn'-^f.  if  m  denote  tbe  observed  difference  oE  weights  applied 
before  and  after  the  reversal  of  tbe  current 


where  '99986  is  the  correcting  factor  for  the  air  displaced  by 
the  weights  m,  and  g  ia  tlie  acceleration  produced  by  gravity  at 
the  place  of  experiment.  Thia  was  taken  aa  981-S822  in  centi- 
metre-second units.     Hence  m  being  taken  in  grammes 


'        4  X  220  X  242  X  l'0446i:7  n 
or 

y  =  -037048  ^^t (62) 

Sir  William  Thomson  has  constructed  current- weigh  era  or     Sir  W. 

balances   for  use   as    stundarda    for   current    measurement   in  Thomson's 

Eractice,  and  aa  instrunienta  on  the  principle  of  the  balance  Standard 

ave  been  adopted  for  the  same  purpose  by  the  Board  of  Trade  Current 

Committee   on    Electrical    Standards    (see     their    Report    in  Bahmcea. 
Appendix)  we  give  here  a  short  account  of  tbe  most  generally 
useful  fona  of  these  balances. 
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These  iDstrDraenta  are  basedontheprinciple,  set  forth  in  Chap. 
III.  above,  of  the  mutual  action  between  the  fixed  and 
movable  [tortions  of  a  circuit  carrying  a  current.  Kach  of  the 
mutually  influencing  portions  consiHta  m  most  of  the  inBtrumentS 
of  one  or  more  complete  turns  or  apires  of  the  conductor,  but  in 
some  cases  consists  of  only  half  or  part  of  a  turn.  In  all  cases 
in  what  follows  we  shall,  following  Sic  W,  Thomson,  call  each 
portion  a  ring. 

In  each  of  the  balances,  except  that  for  very  strong  currentii 
(the  kiLo-auipere  balance),  tho  movable  portion  of  the  conductor 
consists  of  two  rings,  carried  with  their  planes  horizontal  at  the 
extremities  of  a  balance  beam  free  to  turn  in  the  ordinary  way 
round  a  horizontal  axis.  Above  and  below  each  ring  on  the 
beam  is  a  fixed  ring  with  its  plane  parallel  to  that  of  the  movable 
ring.  The  rings  are  (except  in  what  is  called  the  Composite 
Balance*]  all  joined  in  series,  and  the  current  to  be  measured 
is  sent  through  them  so  that  the  mutual  action  between  the 
movable  ring  at  one  end  and  each  of  the  two  fixed  rings  there 
ia  to  raise  tbat  movable  riug,  while  the  mutual  action  of  the 
other  group  of  three  rings  is  to  depress  the  corresponding 
movable  ring.  The  action  is  therefore  to  turn  the  beam  round 
the  horizontal '  axis  on  which  it  is  pivoted,  with  for  any  given 
position  a  couple  varying  as  the  square  of  the  current  flowing. 

Fig.  91  shows  diagrammatic  ally  the  rings  and  the  course  of 

the  current  through  them,     a,  e,  A, /are  the  two  pairs  of  fixed 

rings,  c,  d  tlie   movable  rings.     The  current  entering  by  the 

terminal   T  passes  round   a)l   the   rings  in  series,  in  the  two 

Arrange-    movable  rings  iu  opposite  directions,  and  returns  to  the  terminal 

ment  and    T\-     Since  each  movable  ring  is  in  general  in  a  magnetic  field. 

Action  of  terrestrial  or  artificial,  which  has  a  honKontal  component,  it 

Balance.  .  tecds  to  set  itself  so  that  the  greatest  number  of  horizontal  lines 

of  I'urce  may  pass  through  it  (Chap.  III.  above]  and  therefore  is 

acted  on  by  a  couple  which  tends  to  turn  the  beam  round  its 

axis.     But  since  the  current  passes  round  the  movable  coils  in 

opposite  directions,  and  Ihtso  are  very  approximately  equal, the 

two  couples  aro  nearly  equal  and  opposite,  and  the  instrument 

is   practically   free   from   disturbance   by   horizontal   magnetic 

The  turning  couple  produced  by  the  mutual  action  of  the  fixed 
and  movable  rings  is  balanced  for  the  horizontal  or  "sighted 
position  "  of  the  beam  by  un  equal  and  opposite  couple  produced 
(in  the  raauner  more  particularly  described  below]  by  a  station- 
ary weight  at  the  end  of  the  beam,  and  a  sliding  weight  placed, 

*  See  the  Author's  smaller  Treatise,  2ud  ed.  p.  107. 
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steel  jard  fashion,  at  a  suitable  point  on  a  |cra<]u&ted  b*T  sttaohed 
to  tha  beam.  Tlie  amount  of  the  current  flowing  in  the  ringa  is 
deduced  from  the  amount  of  the  equilibrating  couple  thus 
applied,  or  ratber  from  a  number  proportional  to  it,  hy  means  of 
a  table  of  reckoning. 


Most  of  the  constructive  details  will  be  made  out  from  Fig.  92  Standard 
which  shows  the  Standard  Centi-ampere  Balance,  and  illustrates  Centi- 
the  arrangement  of  the  beam,  the  graduation,  and  the  mode  of  Ampere 
applying  tiie  equiUbraling  couple,  for  all  the  instruments.  Balunce. 

The  beam  is  hung  on  two  truunions,  each  supported  by  a  flat 
elastic  ligament  made  of  lino  copper  wires,  through  whicb  the 
current  passes  to  and  from  the  movable  rings. 

The  horizontal  or  sighted  position  of  the  beam  is  that  in 
which  the  pointers  on  the  extreme  right  snd  left  are  at  the 
middle  divisions  of  their  scsles.  This  position,  in  all  the  in- 
Btniments  in  which  o  movable  ring  is  acted  on  by  two  fixed 
rings  between  which  itis  placed,  is  not  that  midway  between  these 
two  Hngs,  as  that  would  be  a  position  of  minimum  force  and  there- 
fore of  instability.  For  stability  it  is  so  chosen  chat  tlie  movable 
ring  is  nearer  to  the  repelling  tiied  ring  than  to  the  attracting 
ring  by  such  an  amount  as  to  give  obout  I  per  cent  mure  thun 
the  minimum  force 

Fixed  to  the  beam  and  parallel  to  it  is  a  finely  graduated 
bar,  and  above  this  is  a  horizontal  fixed  scale,  called  the  Iii- 
spectional  Scale,  less  finely  divided.    Both  graduations  begin 
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from  zero  on  the  extreme  left  »nd  liave  numbers  increaung    ArMnee- 
towards  the  right.     A  oarriagB  is   moved  along  the  graduated    n>Mit  for 
bar  to  any  required  poeition  by  a  eliding  piece  controlled  by  a   ApP'y"'K 
cord  which  can  be  pulled  from  either  end,  and  thie  carriage,  by  ju^^jna 
itflelf  or  with  an  additional  weight,  forme  the  movable  weiglit    y/^g^ii^ 
referred  to  above.     The  position  of  the  carriage  ie  indicated  by 
a  pointer  which  moves  along  the  lower  scale.     Each  additional 
weight  has  in  it  a  small  hole  and  slot  which  pass  over  conical 
pins  in  the  carriage.     This  enaures  that  the  weight  is  always 
placed  in  a  definite  position.     The  balancing  weight  is  moved 
along  the  beam  by  means  of  a  self- releasing  pendant  carried 
by  the  sliding  piece  above  referred  to.    To  this  pendant  is 
attached  a   vertical  arm  (seen  in  the  figure)  which  passes  up 
through  the  recess  in  the  front  of  the  weiglit  and  carriage  and 
so  enables   the  carriage  to  be  moved  with  the  sliding  piece. 
The  stationary  weight  is  placed  in  the  trough  shown  at  the 
right-hand  end  of  the  instrument.      The  trough  is  V  shaped, 
and   the   weight  cylindrical,   with   a   cross   pin  which  passes 
through  a  hole  in.  the  bottom  of  tlie  trough.     The  weight  ia 
thus  placed  in  a  perfectly  definite  position  and  always  has  the 
same  leverage.     It  is  so  chosen  as  just  to  keep  the  beam  in  the 
sighted  position  when  the  sliding  weight  is  at  the  zero  of  the 

Since  the  mutual  action  of  the  rings  is  to  bring  the  beam  Device  for 
towards  the  sighted  position  when  displaced  by  the  weights,  Obtaining 
and  the  equilibrating  couple  is  that  due  to  the  displacement       Long 
of  the  sliding  weight  from  zero,  the  latter  couple  increases  as      Scale, 
the  current  increases,  andlience  motion  of  the  sliding  weight 
towards  the  right  corresponds  to  increasing  currents.     The  use 
of  the  stationary  weight  gives  a  scale  of  double  the  length 
which  would  be  obtained  without  it. 

In  the  top  of  the  lower  or  finely  graduated  scale  are  notches  Graduated 
whioh  correspond  to  the  exact  integral  divisions  in  tho  upper  Scale, 
fixed  Bcale.  Thus  the  reading  in  the  fixed  scale  is  got  when  the 
pointer  is  at  a  notch,  without  error  from  parallax  dne  to  the 
position  of  the  eye.  The  reading  when  the  pointer  is  between 
two  notches  is  easily  obtained  by  inspection  and  estimation 
with  sufficient  accuracy  for  most  practical  purposes.  When 
however  the  greatest  accuracy  is  required,  the  reading  is  taken 
on  the  lower  scale,  with  the  aid  of  a  lens,  and  the  current 
strength  calculated  from  a  table  of  doubled  square  roots. 

Four  pairs  of  weights  are  given  with  each  instrument     Of   Weights, 
these  one  set  is  for  the  sliding  platform,  the  other  set  are  the 
corresponding  counterpoises.    The  weights  of  each  set  are  in 
the  ratios  1  :  4  ;  16  :  64,  and  are  so  adjusted  that,  when  the 
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ourriBge  if  pleu;ed  with  its  index  at  n  diviaion  of  the  inspec- 

tional  BC11I13,  tlie  inetniment  ebows  a  current  of  an  integral 

number  of  Bmperes,  hnlf-aniperee,  or  quarter- am peree,  or  Boue 

decimal   BubdiviBion   or   multiple   of    one    of   these    units    of 

current, 

Adjiut-        ^''^  accurate  adjustment  of  the  zero  is  effected  by  a  amalt 

meat  of    metal  flag  h  in  a  chemical  balance.      This  flag  is  set  in  any 

Zero,        required   poaition   by   means   of  a   fork   moved  by  a  handle 

beneath  and  outside  the  case  of  the  instrument.    The  sliding 

weight  is  brought  to  zero  with  the  corresponding  counterpoise 

to  tlie  trough,  and  then   the  flag  is  turned  to  one  aids  or  the 

Other  antil  the  pointer  of  the  haam  (seen  on  the  extreme  right 

and  left  in  Fig.  89)  is  jtist  at  Eero. 

When  necessary  for  transit  or  otherwise,  the  beam  in  tbe 
centi-ampere  and  deci-ampere  balances  is  lifted  ofi  its  sup' 
porting  ligament  by  turning  an  eccentric  by  a  shaft  under  the 
sole-plate  of  the  inatrument.  In  tlie  other  balances  the  beam 
ie  fixed  for  carriage  by  placing  distance  pieces  between  the 
upper  and  lower  parts  of  the  trunnions  and  screwing  them 
together  by  milled  headed  screws  kept  always  in  position  for 
the  purpose. 


Dstermi-  We  shall  now  shortly  describe  the  process  of  determining 
nationof  the  electro-chemical  equivalent  of  silver  pursued  by  Lord 
Electro-  Rayleigh  and  Mrs.  Sidgwick.  The  arrangement  of  apparatus 
Cheoiical  ig  ahown  in  Fig.  92.  A  circuit  was  made  up  of  a  battery  J  in 
Equiva-  series  with  three  silver  voltameters,  a  tangent  galvanometer  it 
lent  or  (which  gave  a  rough  meaaureroent  of  the  current),  the  current 
advet.  „gigher  F,G,  described  above  (p.  398).*  The  voUameters  were 
each  composed  of  a  platinum  bowl  which  served  as  kathode, 
and  an  anode  of  pure  silver  plate  suspended  honEontslly  above 

*  The  rest  of  tho  arraugtimeDts  shown  iu  Fig.  8S  have  no  lelation  to 
the  electro -chemical  determination.  They  ware  required  for  thu 
experiments  on  Clark  cells  described  below  (p,  133). 
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the  bowl  in  the  electrolytic  liquid,  which  was  a  solution  of  pure 
nilrita  of  silver.     To  prevent  disintegrated  silver  from  falling     Form  of 
froiD  the  anode  the  plate  was  trapped  round  with  pure  lilter      Volta- 
paper  secured  at  the  back  with  sealing  was.     The  electrolyte     meten. 
WHS  in  ^aeral  a  neutral  solution  of  15  parts  by  weight  of  pure 
silver  nitrate  in  100  parts  of  water.     The  area  of  deposit  in  two 
of  the  baains  was  about  37  square  centimetres,  and  76  square 
centimetres  in  the  other. 

After  a  number  of  trials  of  the  addition  of  acetate  of  silver  in 
small  quantity  to  the  pure  nitrate  solution,  it  was  found  that, 
while  the  acetate  had  the  desired  effect  of  griving  a  firmly 
coherent  deposit  of  close  texture,  the  very  cloapness  of  its  tex- 
ture rendered  very  difficult  the  after  freeing  of  the  deposit  from 
retained  salt  or  other  impurity  tending  to  increBse  its  weight. 
It  was  therefore  decided  to  use  pure  nitrate  solutions,  which  it 
was  found  after  all  gave  deposits  coherent  enough  for  the  sub- 
sequent treatment 


The  procedure  in  an  experiment  was  as  follows.    The  current  Details  of 
roughly   regulated  to  the  desired  value  was  allowed  to  pass  aa  £ip«rL- 
through  the  current  weighing  apparatus  for  half  an  hour,  but      ment. 
not  through  the  voltameters.    The  copper  conductors  of  the 
circuit  heated  somewhat,  and  thus  the  current  slightly  fell  off 
during  this   time.      The   voltameters   in   the  meantime    were 
charged  with  the  solution,  and  the  anodes  filed  in  position. 
Then  when  all  had  been  adjusted  the  current  was,  at  an  instant 
observed   on   a   chronnmeter,   sent    through    the    voltameters 
arranged  in  series ;  and  the  weights  then  required  to  bring  the 
pointerof  the  suspended  coil  to  zero  were  observed.  At  intervals 
the  current  was  reversed,  and  the  change  of  weights  observed. 
For  one  direction  of  the  cnrrent,  of  course,  the  electromagnetic 
action  assisted  gravity,  in  the  other  opposed  it 

The  following  table  gives  the  result  of  a  series  of  experiments  fiesalt  of 
made  on  March  10,  1884.  The  two  sets  of  numbers  are  the  Series  of 
weights  ti'hich  had  to  be  added  to  give  equilibrium  according  as  '%zperi- 
the  cnrrent  was  in  one  direction  or  the  other.  menta 
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TlmsotWiighliig. 

Weight  to  OrMtmiM. 

H.     K.      S. 

4    19    30 

7-694 

4    26      0 

6-795 

4    32    IS 

7-698 

4    40    20 

6-791 

4    42    60 

7-699 

4    50    30 

6-790 

4    63    10 

7-699 

4    66    30 

6-789 

5      1     15 

6-789 

Current  aent  thToush  volUmet«re  at  4h.  17m.  interrapted  ut 
6h.  2m. 
Difference  of  weights  =  S  X  Force  on  Buspended  coil. 
The  curves,  Fig.  94,  show  these  results  for  each  position  of  the 


The  current  was  integrated  by  dividing  the  whole  interval  of 
45  minutea  during  which  the  current  was  flowing  into  9 
intervals  of  5  minutes  each,  and  the  magnitude  of  the  current 
at  the  middle  of  each  interval  was  taken  to  represent  ita  value 
during  the  period. 

The  differences  of  the  ordinatea  of  the  curves  of  Pig.  94,  at 
the  middles  of  these  intervals,  give  the  difference  of  weights. 
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and  therefore  twice  the  force  exerted  hj  the  fixed  coitg  on  the 
suBpeoded  one.  Tbeae  differencea  and  their  square  root*  are 
Bhown  in  the  following  table.  The  mean  of  the  square  roots  is 
the  square  root  of  the  diSereoce  of  weights  wbictt  would  have 
been  shown  hj  the  n: 


Time. 

DUruatuotWtlgtiU. 

IMStnuiHOlWelglita. 

4    19    30 

■897 

■9471 

4    24    30 

■900 

■9487 

4    29    30 

■904 

■9608 

4    34    30 

■906 

■9618 

4    39    30 

■908 

•9629 

4    44    30 

•908 

■9629 

4    49    30 

•909 

■9634 

4    64    30 

■910 

•9639 

4    59    30 

•910 

■9639 

Mean    -95171 

The  46  minutes'  interval  during  which  the  experiment  lasted  Correction 
was  corrected  for  the  time  taken  to  work  the  reversing  key.    for  Time 
This  was  done   by  carrying   the   main   current,  hetween   the     Lost  in, 
battery  and  tha  key^  round  a  reflecting  galvanometer  conaiBting  BeversolB. 
of  s  few  turns  of  wire.    The  momentary  stoppage  of  the  cur- 
rent caused  the  needle  to  fall  back  towards  zero,  and  from  the 
observed  Buionnt  of  the  corresponding  motion  of  the  spot  o£ 
light,  and  the  period  of  the  neeale,  the  time  of  duration  of  the 
interruption    could    obviously    be     found.      The    correction 
rendered  necessary  was  -083  second  for  each  operation.    This 
brought  down  tha  whole  interval  by  •&  secona,  or  to  2699'4 
seconds. 

The  deposits  were  washed  immediately  after  fonnation  Srst  Washing 
with  alcohol,  then  with  boiling  water,  and  lastly  with  cold        of 
water.     They  were  then  left  to  soak  in  water  overnight,  then    Deposits 
rinsed  and  pnt  to  dry  in  an  air-bath  et  160°  G.    After  cooling 
over  a  desiccator  tbe  deposits  were  weighed,  then  wore  heated 
nearly   to   redness   over  a   spirit  lamp   to   drive  off  traces  of 
Adhering  salt,  then  cooled  and  weighed  again. 
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March  10,  1884. 


Pure  NItixt*. ' 
Nonul  BCrengtlL 

L.rp,b™L    II. 

PareMltr.1* 
Donbteatrenstll. 

anuUbowl.    III. 

Before  deposit 
After   deposit, 

fint  weighing 
Grid  .... 
After      atrong 

henting  .  . 
G«n.    ,    .    . 

80-4490  grnis. 

81-6138    „ 
1-0648    „ 

81-6136    „ 
10645    „ 

17-2958  grma. 

18-3628    „ 
1-0643    „ 

18-3G27    ,, 
1-0642    „ 

21-8789  gnns. 

22-9434    „ 
1-0646    „ 

22-9433    „ 

1-0644    „ 

Mean  gain  1-0644  grarames. 

Fiusl 

IlFSult  of 

Several 
Series  of 


Electro. 
Chemical 
Equiva- 
leot  of 
SilTer. 


Thus  the  amount  of  silver  deposited  per  second  is  1-0644/ 
26994.  Dividing  tbe  mean  Bqiiare  root  of  the  difference  of 
weights  by  this  we  get  Mh/  (rate  of  deposition)  —  -95171  X 
2699-4/1 -0464  =  241.^-7. 

The  mean  reault  c>f  several  series  of  experiments  was  to  give 
instead  of  tlia  last  found  number  2414-45.  From  this  tbe  value 
of  the  electro-cUemit-ttl  equivalent  of  silver  was  deduced.  We 
bave  seen  that  if  m  is  the  difCerence  of  weights,  we  have 

If  V  be  the  electro-chemical  equivalent  of  silver,  we  have  for 
the  rate  of  deposit  vy-    But 


Hence  as  final  result 


:i414-46  X  -0370484 


-  •01U794  .    (63) 
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It  is  stated  id  the  paper  that  the  atrength  of  the  nitrate  Dep«nd- 

solution  may  be  considerably  varied  withont  afEectinjt  tlie  result  jl^j," 

if  the  current  doea  not  exceed  }  ampere  for  the  37  sq.  cms,  area  g^j,,,  °jj 

of  deposit.    In  thia  case  a  4  per  cent,  aolution  may  be  used.  ofSuiyfjon 

If  the  currents  are  com  para  tiveiy  strong,  the  Bolutions  should  be  ,^„j 

from  16  to  30  per  cent,  in  stren^h.    Too  weak  a  solution  would  Coirent 

give  a  somewhat  loose  deposit.      Currents  not  exceeding  1^  Densitj:. 
ampere  can  be  conveniently  measured  by  running  them  for 
about  a  quarter  of  an  hour  thioagh  a  strong  sotutioa. 


Fic.  95. 

The  graduation  of  instrrnneats  for  use  aa  standards  in  prac-  Heasare. 
tical  electricity  is  now  carried  out  with  great  accuracy  in  Sir  ment  of 
WilliaiQ  Thomson's  laboratory  by  means  of  the  electrolyaia  of  Currents 
copper  sulphate.  The  behaviour  of  this  substance  as  an  elec- byElectro- 
ttolyte,  and  hence  the  conditions  necessary  for  obtaining  con-  lyna  of 
sistent  results  in  ita  use,  and  the  ratio   of  the   electro -chemical      Copper 

oquivalent  of  copper  to  that  of  silver,  were  carefully  inveati-  Sulphate. 
gated  by  Prof.  T.  Gray,*  who  waa  for  some  time  in  charge  of  the 
graduation  of  Sir  W.  Thomson's  standard  inatruments,  and  a 
abort  account  of  his  results  is  here  given. 

•  See  a  paper  nn  tha  "  Bleotrolyiis  of  Silvet  and  Copper,"  T.  Gray, 
Phil.  Mag.  Oct  1S66,  from  vhich  the  details  here  given  are  mostly 
taken.     Bee  alio  a  paper  by  A.  Vi,  Meikle,  Electrical  Engineer,  Mar. 
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A  form  of  cell  very  convenient  for  use  witli  Bulutions, 
whether  of  nitrate  of  silver  or  suiphatc  of  copper,  when  lliB 
current  strength  is  not  grealer  tlisn  10  amperes,  is  shown  in 
Fig.  95.  It  condsts  of  three  parallel  plates  oi  pure  tiilver,  or 
pure  copper,  suspended  from  epring  clipe  in  a  giaei  vessel  con- 
taining the  proper  aolntion.  Tnia  form  of  celF  has  the  advan- 
tages of  giving  light  plates,  which  faoititAle  the  ntcuratP 
weighing  of  the  amount  of  loss  or  giiin  of  metal,  and 
allowing,  when  silver  is  used,  anil  the  size  of  the  plates  ik 
properly  proportioned,  the  loss  from  the  anode  to  be  used  as  a 
check  in  estimating  the  gain  on  the  kathode.  There  ia  of 
oourso  tlie  objection  which  attends  the  use  of  rertica]  plates. 


Form  of 
Plata- 
holdar. 


that  the  solution  becomes  less  dense  near  the  kathode,  bat  the 
only  practical  effect  due  to  this  hns  been  found  to  be  a  slightly 
greater  thickness  of  deposit  in  the  lower  part  of  the  pUtn  due 
to  the  greater  density  there. 

Lord  Rayleigh  has  used,  as  explHJned  above,  as  voltan'.eter  a 
platinum  howl  as  kathode,  and  n  silver  plate  as  anode.  ThrK 
cell,  though  it  has  several  advantages,  ha«  been  found,  accord- 
ing to  Prof  T.  Grny's  experience,  more  difficult  to  manipulnti 
than  thnt  here  described. 

The  form  of  clip  or  plateholder,  as  illustrated  in  Fig.  96, 
almost  explains  jtnelf.  It  is  made  of  stiff  platinoid  or  bra^s 
wire.  A  piece  is  taken  of  the  proper  length,  bent  into  a  close 
loop  4t  the  middle,  then  cacli  half  wound  two  or  three  times 
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rounil  a  rod  of  metal  to  form  springs  aa  shown,  and  the  two 
enda  bent  round  to  meet  aide  by  siae,  and  there  eoldered  to  nalilT 
back-piecn  of  braas.  Tlie  aprings  when  soldered  in  posilion 
aiiould  cause  the  loop  to  preaa  firmly  aguinst  the  back-piece  bo 
aa  to  form  a  firm  clip. 

The  sterna  of  the  two  outer  clips  when  in  poaiticn  are  con- 
nected by  a  croas-piece  a  of  copper.  Both  ure  insulated  from 
the  inner  dip  by  a  block  of  vulcanite  through  which  its  atem 
pweeH.  This  whole  arrangement  of  croBB-piece  nnd  insulating 
block  is  fixed  on  the  top  i  of  the  wooden  framing  shown  in 
Fig.  95. 

The  two  plates  attached  to  the  outer  clips  form  the  anode  of 
the  eloctrolytio  cell,  and  the  plate  between  them  the  kathode. 
The  kathode  thus  gains  on  both  Htdea,  and  aa  it  ia  aafer  to  uoe 
the  gain  than  the  loss  of  metal  in  eatimating  the  current,  the 
weight  of  the  plate  itaplf  ia  thua  made  as  amall  as  poaaible  in 
comparison  with  the  alteration  in  weight  to  be  determined. 

Since  the  form  of  cell  shown  in  Fig.  96  was  arrived  at,  it  hsn 
been  improved  hy  the  substitution  for  the  cover  A  of  a  rectangle 
of  wooil,  well  soaked  in  paraffin  or  Tumisbed,  whirh  carriea  on 
one  side  the  clips  for  the  anode,  and  at  the  middle  of  the 
opposite  side  the  aingle  clip  for  the  kathode. 

When  currents  of  over  10  amperes  are  to  be  uaed  the  form    ] 
of  cell  ahown  in  Figa.  97,  98  Ls  preferable.    Ao  insulating  rim 


Fio.  97. 


Fig.  9S. 


rests  on  the  top  of  the  cell,  which  for  the  larger  sizes  is  con- 
veiiieotly  made  of  eartheawure  and  of  rectangular  shape.  A 
groove  in  the  rim  fits  the  top  of  the  cell  loosely  so  that  the  rim 
with  its  Bttachmeats  can  he  easily  removed  and  cleaned.  To 
the  rim  are  fixed  on  opposite  sidea  two  sets  of  spring  clips,  each 
£  £    2 
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made  ae  ehovti  in  ?ig.  99,  hy  soldering  fist  strips  of  springy 
metal  to  a  stiff  bate-piece  which  can  be  screwed  to  the  insulating 
rim  of  the  cell.     To   make  the  effective  area  of  the  plates  as 
great  as  possible   in  compsriHon  with  the  inefiective  part,  tho 
part  above  the  liigiiid  is  cut  awuy  to  two  narrow  strips  connect- 
ing the  lower  part  to  an  upper  cross  bnr  c,  rf.      One  end  c  of 
this  croB8-bar  rests  in  a  clip,  ilie  other  in  a  notch  in  the  insu- 
lating rim.     Anode  plates  and  kathode  plates 
alternate  with  one  another,  and  there  is  one 
more  of  anodes  than  of  kathodes,  so  that  each 
kathode  is  between  two  anodes.    In  Urge  cells 
where  the  plates  are  close  and  liable  to  touch, 
they   are   kept  apart  by  two   [T-shaped  glaas 
tubes  hung  over  each  alternate  plate. 
Frepara-         With  regard  to  the  sixe   and  preparation  of  plates  it  wns 
tioaof     found  that  In  the  cases  of  both  silver  and  copper  there  is  a 
Plates,      certain  density  of  current  (current  strength  per  unit  of  area  of 
plate)    which    gives  the    most  adherent  and,  in  the  case  of 
silver,  most   finely  crystalline  deposit.      When   silver  is  used 
there  is  a  tendency,  if  the  plate  be  too  Urge  or  too  small,  for 
the   crystals   of  dopoaited  silver  to  grow  out  branch-like  from 
one  plate  to  the  other,  an  effect  which  is  most  marked  where 
there  is  a  sharp  edge  or  corner.     Hence  the   plates  must  have 
their  edges  and  corners  rounded  off  to  prevent  the  formation  of 
these  "trees,"  which  cause  gruat  risk  of  loss  of  silver  from  the 
pUto  in  its  treatment  before  being  weighed. 
Elaotro-        The  best  deposit  has  been  found  to  be  obtained  with  a  boIu- 
lysis  of     tion  made  with  five  parts  by  weight  of  nitrate  of  silver  to  96 
Silver,      ^f  water,  ond  a  kalhode  plate  giving  not  more  than  600  sq.  cms. 
nor  less  than  200  sq.   cms.   of  active  face  to  the  ampere  of 
current.     If  a  stronger  solution  be  used,  the  density  of  current 
may  be  somewlmt  increased,  hut  the  strength  sliould  not  he 
less  than  4  per  cent,  nor  greater  than  10  per  cent. 

The  anode  plates  should  be  considerably  greater  in  area  than 
the  kathode  plates  if  their  surface  is  to  remain  bright  and 
moderately  hard  so  as  to  admit  of  the  plates  being  weighed  if 
necessary.  The  density  of  the  current  for  tbem  Ehould  be  less 
than  one  ampere  to  400  sq.  cms. 

If  the  anodes  are  of  rolled  sheet  silver  the  surface  skin 
should  be  polished  off  with  fine  silver  sand,  and  the  plate  washed 
in  distilled  water  before  being  used  ;  as  otherwise  the  silver 
would  be  dissolved  away  from  under  the  skin,  which  would 
han^  as  a  loose  sheet  ready  to  break  away  when  the  plate  was 
moved,  A  plate  of  silver  becomes  soft  and  inelaiitic  by 
repeated  use  as  an  anode,  owing  to  solvent  action  going  on 
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below  the  Burface,  and  to  remedy  this  should  be  heateil  lifter 
being  used  each  time  to  a  red  heat  in  the  flame  of  a  Hpirit  lamp. 

The  following  mode  of  treating  silver  plates  has  been  found  Treatmrnt 
very  BiicceBBfuI.  The  plate  cut  from  the  new  eheet  has  its  of  SUvrr 
comers  first  rounded  and  smoothed,  then  is  polished  with  fine  Plates. 
silver  sand  in  water,  rubbed  on  with  a  soft  clean  pad  ofclulir, 
so  as  to  remove  the  shin  above  referred  to,  and  still  leave  o 
smooth  surface.  A  g-entle  stream  of  clean  water  is  then  run 
over  tlie  surface  from  a  tap  to  remove  tlie  sand,  nest  the  plate 
is  washed,  first  with  clean  soap  and  water,  then  with  water 
alone,  then  immersed  for  a  few  minutes  in  a  boiling  solution  of 
cyanide  of  potassiinn,  and  finally  washed  thoroughly  in  a  stream 
of  clenn  water.  The  plute  is  dried  in  a  current  of  hot  air,  fur 
example  before  a  cleor  tire ;  and  great  care  must  be  taken  in 
handling  it  after  it  has  been  cleaned  not  to  touch  it  with  the 
tingers,  otherwise  the  parts  which  have  been  in  contact  with  the 
skin  will  receive  no  deposit.  Of  counie  the  plate  must  be 
allowed  to  cool  before  it  is  weighed  to  obviate  risk  of  distur- 
bance from  air  currents  in  the  balance  case. 

When  the  silver  deposit  is  to  be  washed  and  weighed,  the 
plates  are  gently  removed  by  easing  the  springs  to  prevent  risk 
of  rubbing  off  metal  by  the  friction  of  the  clips,  then  dipped 
(gently  in  clean,  recently  distilled  water  contained  in  a  glass 
vessel,  so  that  any  small  crystals  which  may  fall  from  the  plate 
may  be  detected.  The  adlierent  nitrate  solution  is  thus  to  a 
Kreat  estent  removed  ;  and  the  plates  are  then  laid  in  the 
bottom  of  u  shallow  glass  tray  containing  clean  distilled  water, 
and  washed  by  gently  tilting  one  side  then  the  other  of  the 
tray  so  as  to  make  the  water  flow  gently  over  their  surfaces. 
Then  they  are  washed  in  a  second  tray  in  the  same  wsy,  and 
allowed  to  soak  for  a  quarter  of  an  hour  before  being  dried. 

To  dry  the  plates  one  corner  is  laid  on  a  pod  of  blotting- 
paper  and  the  greater  part  of  the  water  drained  off.  The  plate 
is  then  dried  by  holding  the  upper  end  in  a  spirit  flame. 

The  electrolysis  of  copper  sulphate  with  copper  anode  and    Eleclro- 
knthode  gives  results  which  for  very  high  accuracy  in  standard-     hsia  o' 
izing  are  but  littie  if  any  inferior  to  those  obtained  with  silver  :     Copper 
for  most  practical  purposes  results  quite  accnrate  enough  can   Sulphide 
be  obtained  with  much  less  experimental  skill  on  the  part  of  the 
operator.     Repeated  experiments  made  in  the  Physical  Labora- 
tory of   the   University  of   Glasgow,   in  connection   with   the 
graduation  of  Sir  W.   Thomson's  standard  instruments,*  have 

*  See  the  Bef.  p.  417  above.  The  remarkable  coucordacce  of 
atandardiiings  mads  at  diOen'nt  times  ii  illustrated  by  results  quoted 
ill  Hr.  Meikla's  paper. 
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shown  that  under  certain  easily  fulfilled  conditions  the  method 
of    standardizing   bj   the   clectrolyais    of   copper    sulphate   it) 
perfetjtly  accurate  and  trustworthy. 
Relation        The  size  of  plates  it  not  of  so  great  importance  na  in  tbe  case 
of  Size  of   of  silver,  but  the  kathode  plate  fot  the  best  resultu  in  long- 
Plata  to     continued   electrolvsea  should   liave   about   64)   cms.   of  active 
Current    surface  or  upwaras  per  ampere.     When  the  current  is  of  amall 
Strength,    density  deponits  are  obtained  wbicli  are  much  more  eolid  find 
ndherent  than  those  of  silver,  and  therefore  iDUcb  more  easily 
dealt  with.    As  in  the  case  of  silver  the  anode  should  be  of  much 
greater  area  tlian  the  oppoaed  aurface  of  the  katliode.     With  a 
density  of  current  of  upwards  of  ^  of  an  ampere  per  eq.  cm. 
the  resistance  at  the  anovle  becomes  variable  aod  veiy  consider- 
able, sometimes  almost  stopping  the  current,  which  after  a  littJe, 
with  evolution  of  gas  at  toe  anode,  regains  nearly  its  former 
strength. 
Effect  of       It  was  found  by  Prof.  T.  Gray  in  the  experiments  above 
State  of    referred  to  that  aatiafactory  and  concordant  results  could   bo 
Solutiou     obtained   with   a   solution    of  any    ordinary   pure   commercial 
•«  to      copper  sulphate  made  with  pare  water,  provid^  the  density  did 
Aoidity.     not  fall  beinw  1-06,  and  the  solutions  were  made  slightly  more 
acid  than  in  tlieir  normal  state.     An  adiiilion  lor  example  of  ^ 
p«r  cent,   of  sulphuric  acid  to  different  solutionfij  which  giive 
results  differing  among  themselves,  brought  thrm  into  conipleie 
accordance.     The  lore  of  weight  which  is  well  known  to  take 
place  when  a  copper  plate  is  left  standing  in  a  copper  sulphate 
j^og,  ^f     solution,  was  also  carefully  investigated.     This  loss  it  wns  found 
Copper     seldom  exceeds  j^  of  a  miJItgrnmme  per  sq.  cm.  per  hour,  or 
p/ate       about  ^^tsg  of  that  nliich  would  be  deposited  by  a  current  of 
Standing    one   ampere   per  50  sq.   cms.      When    the    current  density  is 
in  Copper  smaller  than  tois  the  loss  is  nearly  the  ssme  as  when  no  current 
Sulphate,   flows.     Tbe  effect  seemed  to  have  a  minimum  for  a  density  of 
solution  between   I'lO  and  t'15,  and  seemed  for  this  density  to 
be  rather  retarded  than  the  reverse  by  the  addition  of  a  small 
percentage  of  free  acid. 
Treatment       '^^  kathode  plate  having  been  cut  and  rounded  at  the  corners 
of  Copper  i«  polished  with  silver  aatid  in  the  eome  manner  as  the  silver 
Plates,      plate.     It  is  then  placed  in  the  cell  and  a  thin  coating  of  copper 
deposited  over  it,  while  the  current  (if  a  large  current  is  to  be 
used)   is  adjusted  to  its  proper  etrength  by  [ilacing  resistance  in 
the  circuit     The  plate  is  tl i en  removed,  vraahed  in  clean  water 
and  dried  before  a  clear  Are  without  being  sensibly  healed.   Any 
defect  in  tbe  first  cleaning  will  be  shown  by  the  deposit,  and  if 
no  such  defect  is  shown,  tbe  plate  ia  wciglied  and  replaced  in 
the  cell  for  the  coutinun^on  of    the  electrolysis.    If   feeble 
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current*  tre  to  ho  uaed  ttiin  preliminary  adjustment  is  IiardI; 
ncceaaary,  as  it  is  preferable  then  to  use  a  larger  numl>eT  of  cella 
than  are  absolutely  aeceaaarj  to  produce  the  current,  and  bring 
down  the  current  to  the  necessary  streneth  by  adding  an  amount 
of  resistance  which  uan  be  easily  enough  estimated. 


I 


Is 


i  II 


'II 
ll 


Aft^r  the  cleotrQlysia  the  plates  are  carefully  removed  and  at 
ODoe  dipped  in  oidinary  (not  De.cessarily  disiilled)  cloan  water, 
coDtaining  two  or  three  drops  of  sulphuric  acid  per  litre,  then 
washed  in  a  tray  like  the  silver  platos.  The  plates  are  thon 
rinsed  in  clean  water  without  acid,  and  dried  first  in  a  clean  pad 
ot  whits  blotting  paper,  and  then  before  a  tire  or  oier  a  spirit 
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lamp.  If  thifl  is  carefully  done  and  the  deposit  be  fairly  good 
no  copper  will  be  lost  and  there  will  be  no  gain  of  weight  by 
oxidation.  The  platoa  may  be  weighed  after  having  been 
allowed  to  cool  down  to  the  ordinary  temperature. 

The  anode  plates  are  treated  in  a  similar  luannet  (except  aa 
regards  the  drying  in  a  blotting-pad,  which  might  cause  loss  of 
silver)  without  Iohs  of  copper,  or  gain  by  oxidation,  but  owing 
to  loM  of  weight  iu  the  solulion  £c.,  they  give  much  less 
satisfactory  results  than  do  the  kathode  plates. 

The  arrangement  of  the  circuit  for  electrolytic  experiments 
consists  of  a  battery  of  tray  DaniellB,  or  other  constant  cells, 
joined  in  series  with  the  electrolytic  cells  to  be  used,  a  sensitive 
galvanometer,  and  a  rheostat  (or  other  readily  variable  resis- 
tance) by  which  the  current  is  to  be  regulated.  The  current  is 
adjusted  so  that  a  convenient  deflection  is  obtained,  which  is 
restored  by  slightly  turning  the  rheostat  in  the  proper  direction, 
if  any  allcmtion  takes  place.  The  conduct  of  an  experiment 
will  be  understood  from  the  description  of  the  proceBS  of  stan- 
dardizing given  below. 

From  Lord  Rayleigh's  result  for  the  electro-chemical  equiva- 
lent of  silver  (see  p.  416  above),  namely  that  a  coulomb  deposits 
"0011179  gramme  of  silvor,  very  nearly.  Professor  T,  Gray  has 
determined  by  comparison  the  electro- chemical  equivalent  of 
copper,  and  found  it  to  be  very  approximately  0003267  (or  for 
practicnl  purposes  '0003290)  at  ordinary  temperatures,  and  with 
a  current  density  of  one  ampere  per  50  sq.  cms.  of  active  surface 
of  kathode.  This  number  can  be  corrected  for  other  current 
densities  by  the  dotted  curve  given  in  Fig.  100. 

The  results  from  which  this  cui've  has  been  plotted  are  given 
in  the  following  Table. 


Electio- 
Cheniical 
Equiva- 
lents  for 
Different 
Currant 
Densities. 


AniouiitofdaiKMlt 

Amount  of  depodt 

3 

■3534 

•3534 

S 

■8630 

■3629 

11 

■3528 

■3530 

18-5 

■3526 

■3527 

86 

■3524 

■3621 

73 

•3603 

■3602 
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The  effect  of  variation  of  temperature  *  on  the  amount  of 
copper  HepoBited  ban  been  found  by  Mr.  A.  W.  Meikle  to  be  very 
slight  at  ordinary  temperatures;  for  a  chnn(;e  from  12°  C.  to 

28°  C.  it  ifl  a  diminution  for  o  given  size  of  plate  of  only  ^  per 

At  tenipemtureB  risini;  above  20°  C.  the  effect  of  variation  of  Qradua-' 

sii:e  of  plate  becomea  more  and  more  important.  tion  of 

The  application  of  electrolysis  to  the  standardizing  of  instni-  Standard 

ments  will  now  bo  iiluatrated  by  a  short  account  of  its  applicalion  ■"!' 

to  the  determination  of  the  proper  weights  for  use  in  Sir  William  gf?  j   ,/ 

Thomson's   standard   purrent   balances  described   above.      The  i^.j„"' 


arrangement  of  apparatus  is  shown  in  Fig.  101,  which  may  be 
taken  as  a  plan  of  the  atandardizing  table  with  ioBtruments  in 
position.  CCCCCC  are  siT  of  the  Electric  Power  Storage 
Co. '8  secondary  cells,  shown  joined  in  series,  by  being  connected 


*  See  Ret.  p.  117  aboTC. 
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to  a  BBries  of  mercury  cups,  «,«, , ,  .  which  are  connected  MroBB 
hy  thiol:  copper  rods  as  indicateii  by  the  full  and  dotted  lims. 
(These  cups  are  on  a  vulcHDJte  base,  and  have  boItomG  of  thick 
copper  to  ensure  contait.)  When  however  currents  of  great 
strength  are  required  for  the  Krnduation  of  low  resistance 
instrumenta,  theso  cups  aro  joined  in  parallel  by  two  rods  of 
copper  which  hnve  teeth  at  the  proper  dietance  apart  to  fit  into 
the  cups,  60  as  to  join  all  io  eacli  row  together.  The  battery 
fully  charged  and  thus  joined  in  parallel  will  maintain  u  current 
of  200  amperes  for  10  hours. 


Arrange-  The  terminal  cups  of  the  commutating  board  are  shown  joined 
meat  of    to  a  distributing  Doard   provided  with  cups,    1,   2,  .  .  .  1^,   by 

Apparatus  which  the  battery  is  put  in  series  with  a  rheosUt  K,  in  parallel 
arc  with  a  set  of  conductance  bars  D,  a  galvanometer  G,  a  pair 
of  large  electrolytic  cells  joined  |)y  n  movable  cup  M,  and 
linally  the  balance  £  to  he  standardized.    The  conductance  bars 

Conilnct-    are  constructed  as  shown  in  Fig.  102,     Bods  of  ;platinoid  of 

nnce  Rara.  thickness  according  to  the  conductance  required  ure  bent  intii 
f-shape  BH  shown,  and  the  limbs  held  at  proper  distances  apart 
by  wooden  blocks  at  intervals,  or  by  a  atrip  of  wood  runnini; 
niong  their  whole  length,  according  as  the  rode  are  thick  or  thin. 
Tlio  length  of  rod  in  eacli  U  is  about  4  metres,  and  the  thickness 
IB  chosen  such  that  one  or  two    volts  difference  of  poteiitini 
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produces  very  little  heAting  of  tb9  wire.  Tfae  trouglis,  (I  (Fij];. 
9)4),  are  made  with  bottoms  of  tliick  copper  and  contain  mercury 
in  which  the  ends  of  the  rods  (or  thick  copper  pieces  soldered  to 
the  wires  if  thin)  rest  pressed  down  by  tlieir  own  weight.  The 
different  Ui  beg^inning  from  one  side  are  graduated  ho  ub  to  have 
condnctances  nearly  in  the  ratios  1:1:2:4,  &c.,  so  that  the 
total  conductance  in  the  set  may  be  iacressed  at  will  by  a  step 
equal  to  the  lowest  coDductauce  (aiuce  each  conductance  is  that 
amount  greater  than  the  eum  of  all  that  precede  it  in  the  serieK). 
When  any  bar  is  not  in  line  its  lower  ends  are  lill«d  out  of  the 
troughs  as  shown  in  the  Figure.  Tlie  rheostat,  which  has  a 
least  conductance  rather  lena  than  that  of  the  smallest  bar, 
furnishee  an  auxiliary  variable  bar  by  which  tiie  condoctance 
can  be  gradually  altered.  Its  wire  is  of  strnuded  copper  and 
can  carry  10  amperes  witLout  damage. 

The  current  balance  has  previously  had  its  scale  graduated   Detenni- 
and  attached  as  described  above,  and  it  remains  only  to  show    nation  of 
how  the  constant  of  the  instrument  is  determined,  or  in  otiier    Constant 
words  the  weight  which  placed  on  ihe  beam  will  enable  the         of 
current  to  be  obtnined  from  its  indications  in  the  manner  h Ire ody    Balance. 
described  (p.  409).     A  chosen  Hrhitrary  counlerpDise  weight  is 
placed  in  the  trough,  and   another,  which   then  juet  brings  the 
beam  to  the  sighted  poaition  without  current  when  at  the  zero 
of  the  scale,  is  placed  on  Ihe  beam  with  tlie  index  at  some 
division  near  the   rifiht-liand  end  so  that  n  current  of,  say,  10 
amperes  (more  or  less  according  to  the  instrunisDt)  is  required  p^^ 
to  bring  the  beam  to  the  sighted  poaition.    The  electrolytic  tells  'J^,."". 
ure  then  arranged  to  give  about  500  sq.  eras,  of  kathode  Guifuce,      lyBiH. 
and  are  joined  up  with  a  condiictsnee  Sufficient  to  give  nearly 
the  required  current     The  balance  will  Qome  nearly  to  siero,  and 
is  brought  to  zero  exactly  by  adjuating  the  current  by  means 
of   the   rheostat.      These  adjustments  having  been    made,  Che 
kathode  plates  are  removed,  washed,  weighed,  and  replaced.    At 
AD   iDStant  observed  on  an  accurate  time-keeper  the  circuit  is 
dosed,  and  any  deviation  of  the  current  corrected  by  means  of 
the  rheostat     The  current  is  brought  to  its  correct  value  in  from 
tive  to  ten  seconds,  and  hence  in  an  electrolysis  of  say  an  hour 
(the  usual  duration  of  an  experiment)  the  error  due  tu  its  deviu- 
tion  from  the  final  constant  value  for  this  abort  varinble  period 
is  quite  imperceptible.     Any  variations  of  the  current  strength 
are  observed  on  the  instrument  itself,  or  if  (which  rarely  happens) 
that  is  not  sensitive  enough,  on  a  more  aenaitive  galvanometer 
G  (Fig.  101),  which  is  introduced  when  required,  and  kept  out  of 
circuit   at  other  times.      Any  sufBciently  sensitive  instrument 
which  con  have  its  (not  necessaiiiy  known)  constant  changed  by 
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any  required  amount  by  varying  the  field  at  tlie  needle,  or  by 
usinjf  «n  inatrument  provided  wiili  two  parallel  cnils  with  tlie 
nesille  midway  between  them,  and  arranged  to  permit  the 
distSDCe  of  the  coih  apart  to  be  altered  at  pleaiiure,  is  convenient 
for  this  purpose. 

Cftkala-        The  electrolysiB  having  thus  been  carried  on  and  completed, 

tiou  of  tlie  circuit  is  broken,  and  the  plates  washed  and  weighed.  The 
Beam  and  current  is  calculati^d  from  the   result  by  dividing  the  gain   of 

Counter-  copper  on  the  kiithoda  eipreaaed  in  grammes,  by  the  electro- 
poiBB       chemical  equivalent  of  copper  {■0003287,  or,  as  explained  above, 

WeigUta  the  proper  value  for  the  density  of  current),  and  the  result  by 
the  Diiiober  of  seconds  during  which  the  electrolysia  baa  lasted. 
Let  C  be  tlj«  current  for  the  position  of  the  weight  on  the  beam 
as  given  by  the  table  of  doubled  square  roots,  Wi,  icj,  the  cor- 
responding counterpoise  and  beam  weights  respectively,  O  the 
current  given  by  the  elaetrotysia,  a\,  w'j  the  counterpoise 
weight  aDd  beam  weight  applied,  then  we  have 

C"  ""  »',rf,  +  »',</, 

where  i^i,  ^  are  constants.  But  »i/i0,  >=  w'l/t^i  i  bence  this 
equatJOQ  gives 


Thus  Wy  u,  are  found  by  multiplying  tlie  ratio  CjC*  by  a'j,  w', 

respectively,  and  the  detenu i nation  is  coniplete. 

Arrange-       When  a  very  strong  or  a  very  weak  current  is  required,  as  in 

ment  for    the  graduation  of  «  hektoampere  or  a  centianipere  balance,  it  is 

Strmig  or    desirable  in  the  former  case  to  allow  the  whole  current  to  flow 

Weak      through  the  instrument,  and  only  a  convenient  part  through  the 

Cmrents.   electrolytic  cell,  and  in  the   latter  case  to  use  a  consideral-ly 

greater  current  through  tl  e  electrolytic  cell  than   through  the 

instrument.      The  current  must  therefore  be  divided  in   both 

these  cases  into  two  parts  whose  ratio  is  accurately  known,  and 

this  may  be  done  by  the  conductance  bridge  shown  in  Fig.  100. 

A  set  of  parallel  straight  wires  of  platinoid   are  each  soldered 

at  one  end  to  a  thick  terminal  bar  ot  copper  b,  and  have  soldered 

to  tbeui  at  the  other  ends  thick  terminal  pieces  of  copper  by 

which  they  can  be  connected  in  twogroupsbymeiins  of  mercury 

troughs  b^,  i^    In  the  figure  they  are  shown  in  two  groups  of 

10  and  1  respectively. 

The  wires  are  adjusted  so  that  when  they  are  in  position  tliey 
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hftre  all  precisely  the  xame  reeistuiice.  Between  the  troughs 
bi,  i(,  a  seneitive  reflecting-  galvanometer  (see  Vol.  I.  p  307)  //  ie 
joined  wliicli  indicates  no  current  when  6^,  i,  are  at  the  HDtne 
Ijotential.  The  electrolytic  cells  E,  £",  uad  the  inHtrument  6 
to  be  atandardlzeilj  are  placed  aa  ebown  in  the  Ggnre  when  ths 


standardizing  current  Tniiat  he  greater  than  that  vrliich  the  cells 
can  carry,  and  the  posiliona  shown  ore  interchanged  when  the 
reverse  is  the  case,  The  currente  are  adjusted  to  balance  in 
both  cases  by  the  rheoBtats  R,  K.  The  currents  are  of  course 
in  the  ratio  of  the  conductances  of  the  groups  r,  r"  of  the  wires 
of  the  bridge. 


DETERMINA  TION  OF  ELECTROMOTIVE  FORCES  OF  CELLS 
AND  GRADUATION  OF  VOLTMETERS 

When  a  cnrrent  known  in  absolute  measure  flows  through  a 
known  resistance  the  difference  of  potential  between  the  termi- 
nals of  the  resistance  is  also  known.     By  means  of  this  known 
difference  of  potential,  which  may  be  varied  at  pleasure,  a  volt- 
meter may  be  frrodiiated.     A  voltmeter  of  any  type  is  an  instni-    Potantinl 
ntent,  the  resistance  of  which  is  so  high  that  the  attachment  of  Measuring 
its  terminals  to  two  points  in  a  conductor  carrying  a  current      Instni- 
does  not  perceptibly  change  the  difference  of  potential  fonnerly    ments  or 
existing  between  these  points.     Of  course  every  absohite  galva-      Volt- 
nometer,  electrodynamometer,   or   standard    baler  ""■ 

differences   o£  potenti'il,   foi 
difference  of  potential  betwei 
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from  Ohm's  law  j  but  the  convenience  oE  a  voltmeter  especiallj- 
made  with  a,  high  reaiBtance  coil  is  that  its  terminals  may  bu 
upplied  at  any  two  points  in  a  working  circuit,  and  the  difference 
of  potential,  thus  culculnted  as  eiiattng  between  these  two  points 
while  the  terminals  are  in  contact,  may,  in  most  cases,  be  taken 
as  the  actual  difference  of  potential  whiuh  exists  between  the 
same  points  when  nothing  but  the  ordinary  conductor  connects 
them.  For,  let  ^  be  tliis  actual  difference  of  potential  in  volts, 
let  r  ohms  be  the  equivalent  resistance  of  the  whole  circuit 
between  the  two  points  and  R  ohms  the  rexistance  of  the  volt- 
meter. Thtn(Vol.  I.  p.  161)  by  the  application  of  R,  Tisdimin-  ■ 
ished  in  the  ratio  of  Rto  Jt-\-  r,  and  therefore  the  difference  of 
potential  between  the  euda  of  the  coil  is  now  FR/{R  +  r). 
Hence  by  Olim's  'law  wa  have  for  the  current  through  the 
galvanometer  the  value  F/li{l  +r/Rj.  If  r  be  only  a  small 
fraction  of  R,  r/R  is  inappreciable,  and  the  difference  of  potential 
calculated  from  the  e(]uatioa  C  =  F/S  will  be  nearly  enough  the 
true  value.  So  far,  it  is  to  be  observed,  r  is  the  equivalent 
resistance  between  the  two  points,  and  the  result  stated  holds, 
however  the  electromotive  force  may  have  its  seat  in  the  circuit, 
if  only  S  be  great  in. comparison  with  r.  If,  however,  either  of 
the  two  parts  of  the  circuit  between  the  two  points  in  question 
have  a  resistance  r'  small  in  comparison  with  £,  then,  as  can  be 
easily  proved,  tlio  value  of  the  difference  of  potential  between 
the  terminals  uf  r  is  practically  unchanged  by  the  addition  of  if 
as  a  derived  circuit. 

The  voltmeter  has  its  terminals  attached  to  those  of  the  resist- 
ance throu);h  which  the  current  is  flowing;  or,  if  the  standard 
measuring  instrument  is  sensitive  enough,  the  measured  current 
is  sent  through  the  voltmeter  itself;  and  readings  of  needle  or 
Other  indicator  are  taken.  In  either  cose  the  readings  are  pro- 
ponionol  to  the  difference  of  potential  between  the  terminals  of 
the  instrument,  but  in  the  former  arrangement  the  difference  of 
potential  is  equal,  in  volts,  to  the  current  in  amperes  flowing 
through  the  resistance  multiplied  by  the  value  of  the  resistance 
in  ohnia,  in  the  latter  the  difference  of  potential  is  equal  to  the 
measured  current  through  the  voltmeter  into  the  resistance 
between  its  terminals. 

If  the  scale  of  the  instrument  does  not  follow  any  known  law, 
it  is  necessary  to  determine  hy  direct  experiment  the  electro- 
motive force  corresponding  to  different  deflections  and  thus,  so 
to  speak,  culibrate  the  instrument.  To  do  tliis  the  most  con- 
venient plan  is  to  divide  the  scale  accurately  into  equal  divisions 
and  to  number  these  from  zero  at  the  position  of  equilibrium 
with  no  current.     Then  the  current  measured  by  the  standard 
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galvanometer  is  vnriod  conveniently  by  introducing  realstance 
into  Iho  circuit  by  n  rheostat,  and  the  deflaction  observed  for 
xeverul  riiSurent  values.  Tho  corresponding  differences  of 
potential  are  then  plotted  on  squared  paper  as  ordinates  for 
which   the  number  of  divisions  of  the  deflections  are  iha  corre- 


ir  any  chosen  abscissa  will  be  the  difference  of  potential 

for  that  deflectiun. 

For  verifying-  the  accuracy  of  the  graduation  of  the  potential 
ins tnimenls  when  performed  by  either  of  these  methods,  or  for 
actually  perforiniug  Lhe  ;;raduation  when  other  metliods  are  not 
convenient,  some  form  of  vultaio  cell  of  known  electromotive 
force  may  be  used. 

As  the  result   of  many  carefnl   experiments   made  by   Lord      Clark's 
Rayleigh  and  others,  it  lias  been  found   that  the  most  reliable    Standard 
standard  cell   is  that  proposed  by   Mr.  Laiinier  Clark.     When        CelL 
certain  precautions  are  taken  in  its  preparation  the  electromotive 
foreea  of  different  specimena  are  veir  neurly  the  same,  and 
remain  conatant  for  a  long  time  provided  care  is  taken  to  prevent 
more  than  a  very  feeble  current  from  ever  passing  through 

The  cell  may  be  made  in  a  reliable  and  handy  form  in  the     Mode  ot 
following  wa^i'which  includes  the  precautions  that  Lord  Ray-  Setting  up 
lei^h's  expenence  *  has  shown  to  be  necessary.     The  vessel  is  a      Clark 
weighing  tube,   or   for  small   sizes  merely   a  test-tube,  with  a      Cells. 
platinum  wire  sealed  through  the  bottom,  and  resta  on  a  suitable 
stand   as   shown   (Fig.    104).      This   wire   makes  contact  with 
mercury,  which  occupiea  the  iKAtom  of  the  cell  and  forms  one  of 
the  plates.    The  mercury  must  be  pure,  and  it  is  desirable  to 
ensure  its  beinjr  eo  by  redistilling  in  vacuo  good  clean  commer- 
cial mercury.     Un  tlie  mercury  rests  a  paste  made  by  adding  to 
ISO  grammes  of  mercnrous  sulphate  5  ^rainmea  of  zinc  carbo- 
nate, and  sutScient  saturated  zinc  sulpiiats  solution  to  give  a 
stiff  pasty  consistency. 

Tlie  sine  sulphate  solution  should  be  mads  from  purs  zinc 
sulphate  dissolved  under  gentle  heat  in  distilled  water  so  as  to 

*  See  Lord  Rajleigh  and  Mrs.  Sidgwick'g  paper  On  tfu  EUctro- 
Chenital  Eipiivalejit  iff  Silver  already  rited  (Phil.  Traiu.  Part  IL 
1S84),  also  Lord  R-tvUigh  on  the  Clark  Cell  aa  a  Standard  of  BlatTii- 
motive  Poraa  [Fkil.  Trant.  Part  II.  I88G).  These  papers  contain 
particulan  of  the  method  of  dc(«miinin|(  ths  rlectromotive  force  of 
Clark  Calls,  and  the  latter  aspccially  details  of  the  mode  of  eonstruct- 
ing  them,  of  which  an  abstract  is  given  below  in  thn  tett. 
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make  a  saturated  solution,  and,  ajter  having  beeD  allowed  to 
Btand  for  some  time  to  precipitate  any  iron  which  may  have  been 
preaent  in  tlie  sulphate,  filtered  in  fi  wann  place  into  a  stock 
oottle.  When  requirtd  the  solution  is  gently  warmed,  and  drawii 
off  by  a  siphon  from  just  above  the  crj-Btale  at  the  bottom.  The 
paste  is  made  by  plaring  the  mercuroua  sulphate  and  ^inc  caibo- 
nate  in  a  mortar  and  rubbing  in  the  zinc  eulphale  at  intervals 
during  two  or  three  days,  to  give  time  for  all  carbonic  acid  to 
pass  off. 


Fio.  104 

A  rod  of  what  is  called  "redistilled  zinc ''resting  in  the  paste, 
end  held  upright  in  the  vessel  by  a  notched  ring  of  cork,  fonns 
the  other  plate.  The  zinc  is  cleaned  before  putting  it  in  position 
by  dipping  it  in  sulphuric  acid  and  then  washing  it  in  distilled 
water.  Connection  with  it  is  made  by  a  guttn-pereha-covered 
copper  wire  soldered  to  it,  mid  passed  up  through  a  cork  which 
closes  the  cell  and  nearly  fills  tlic  upper  part  of  it  so  that  very 
little  air  is  included.  The  cork  is  flush  with  the  top  of  the  tube, 
and  the  edges  of  the  tube  and  the  whole  upper  surface  of  the 
cork  is  covered  with  marine  glue  to  seal  up  the  cell. 

A  cell  tluis  made,  if  used  with  only  the  feeblest  currents,  never 
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of  temperature   K.M.F.   of 


ture  f  C.  given  according  to  Lurd  Rayleigli  and  Mrs.  Sidgwick'e 
decerminatiou  (if  1  B.A.  unit  =  -9866  ohm)  by  the  equation 

£=  l-4345;i--0OO77{/-I5)}      ....     (64) 


and  the  method  of  using  tlie  cell  for  purposes  of  graduation,  E.H.F.  at 
will  bo  uiideretood  from  Pig.  93.  (For  conveuienoe  Fig.  93  Clark  Cell 
it!  here  repeated.)    Two  Leclanchd  cella  M,  and  two  roBiatanca 


Fia.  106. 

boxes  JV,  0,  were  joioed  in  circuit.  At  two  points  in  0  were 
attached  two  wires  in  one  of  wtiicli  wag  placed  the  Clark  cell  i*, 
which  was  to  be  tested.  These  wirea  formed  with  a  resiatance 
S  a  derived  branch  of  the  circuit  of  M  including  a  mercury 
reversing  key  Q,  a  Thomson  reflectiDg  galvanometer  T,  and  a 
resistance  S  of  1000  ohms. 

In  the  earlier  experiments  tlie  galvanometer  had  in  its  coils  a 
resistance  of  about  200  ohms,  but  in  luter  determinations  it  was 
provided  with  a  coil  containing  b  much  greater  length  of  wire,  so 
tiiat  a  higher  sensibility  was  obtained. 

The  other  arrangeinenta  connected  with  tlie  circuit  are  the 
battery  A,  the  voltameters,  and  the  current  weigher  as  described 
above  (p.  S98).  Oue  extremity  of  A  was  connected  to  earth 
at£. 

The  main  current  from  A  after  traversing  the  voltameters  and     PogRen- 
current  weigher  passes  through  the  resistance  R  back  to  A.     To      dorTE 
prevent  undue  heating  by  ttie  electrolysing  current,  which  was  Compensa- 
about  J  anipere.the  reeiatance  S  was  constructed  of  bare  german        *">" 
silver  wire  wrapped  round  a  frame  of  two  parallel  ebonite  rods    Method, 
kept  apart  by  wooden  bars,  and  was  provided  with  stout  copper 
terminals  which  rested  on  the  copper  bottoms  of  cups  If,  K  filled 
with  mercury.     The   resistance  R   was   4-00699   B.A.   units   nt 
iTb  C.     This  was  corrected  for  ihe  difierence  between  17^6  C, 
and  the  temperature  of  the  atmosphere,  and  also  for  healing  pro- 
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duced  by  the  current.  It  was  found  tliat  a  norrecting  factor 
1-00041  had  to  be  applied  to  take  account  of  the  latter  effect. 

In  the  firat  determinations  the  huttery  M  was  not  used  and  the 
electromotive  force  of  P  was  balanced  by  the  difference  of  poten- 
tial eiiatiiig  between  ita  terminals  H  and  K,  The  adjustment  to 
balance  was  made  by  placing  a  high  reeiatance-box  in  multiple 
arc  across  R,  between  H  and  K,  and  unplugging  reeietance  until 
with  the  current  flowing  through  the  voltameters,  no  current 
passed  tbrcufth  T  when  the  derived  circuit  was  thrown  in  fur 
a  moment. 

The  diSerence  of  potential  between  ^aud  £"  was  then  obtained 
from  the  resistance  of  the  double  arc  now  constituting  R,  and  the 
absolute  value  of  the  current  given  by  the  electrolysiu.  The 
value  of  the  cuirent  at  the  instant  when  P  w^  balanced  could  be 
obtained  from  the  curves  (Fig.  91)  showing  the  results  of  the  two 
current  weighings ;  and  thus  several  determinations  of  electro- 
raotive  force  could  be  made  in  a  short  time. 

In  later  determinations  the  balance  was  finally  adjusted  by  in- 
cluding in  the  derived  circuit  with  P  a  part  of  the  electromotive 
force  of  the  pair  of  Leclanch^  cells.  An  independent  comparison 
of  the  electromotive  force  of  the  Lecln.ichis  with  that  of  the 
Clark  cell,  was  made  by  balancing  the  Clark  cell,  in  the  manner 
just  described,  by  the  difierence  of  potential  between  two  points 
of  a  resistance  in  circuit  with  the  Leclauch^.     This  enabled  the 

Eirt   of    the   balancing   electromotive    force    supplied    by   the 
eclnnch^s  to  be  found  from  the  known  resistunce  intercepted 
terminals  of  the  derived   circuit   and   the   whole 


Carhart 1-434  volts 

Eahle  (Zeitsclirifl:  fQr  Instrumentenkunde).  1'434I     „ 
GlazebrookandSkinner,Proc.R.t).H(1892)  1-4342    „ 

Gradua-         Standard  cells  of  known  electromotive  force  being  available 
tion  of     jjjgy  jji^y  |jg  ^g^  fjjj,  ^^^  gTaduatioo  of  voltmeters  by  the  same 
Voltmeter  compensation  method.     A  circuit  is  made  of  a  battery  A  (Fig, 
Standard    ^^^^  °^  storage  or  Dnniell's  cells,  in  eeriea  with  resistances  R,  S, 
Cells.       ■"**  *''*  voltmeter  G  to  be  graduated.     A  battery  of  a  suitable 
number  of  standard  cells  has  its  terminals  applied  at  the  ex- 
tremities of  the  variable  resistance  R,  and  its  circuit  contains  a 
sensitive  galvanometer  D,  and  a  key  K.    R  or  S  is  adjusted  until 
no  current  flows  through  D  when  tliekey  K  is  tapped  downforaa 
instant.    When  this  is  the  case  the  electromotive  force  of  C  is 
balanced  by  the  difference  of  potential  at  the  two  ends  of  R  pro- 
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ducedby  J,  Hencethedifferenceof  potential  in  volts  then  eiiating 
belw«eti  the  terminals  of  G  is  given  (for  a  Clark's  cell  at  16°  C.) 
by  the  eqnatioQ 

r- 1-4345  I (65) 

By  ihiB  method,  which  is  nn  application  of  Poggeodorff'B 
method  of  comparing  the  electromotive  forces  of  batteries, 
balance  is  obtained  when  no  carrent  is  flowing  through  the 
standard  cell,  and  disturbance  from  polarization  is  altogetlier 
avoided.     It    has    been    fuund    very   easy    and    convenient    in 

Some  form  of  Daniell's  cell  is  easily  set  up,  and  though  less  Rsonlt's 
reliable  is  convenient  for  use  as  a  standard  when  Clark  cells  are  Standard 
not  available.  A  well-known  form  is  Baoolfs,  which  has  the  zinc    DanUll. 


Fig.  106. 


and  copper  solutions  in  separate  vessels  connected  by  a  tube  filled 
with  zinc  sulphate  and  tied  over  the  ends  with  bladdsr.  This, 
when  made  with  a  plate  of  pure  zinc  amalgamated  with  mercury 
and  a  plate  of  electrolytieally  deposited  copper,  was  found  by 
Lord  Bayleigh  to  have  an  electromotive  force  of  approximately 
'7T03  of  that  of  a  Clark  cell. 

A   standard   Daniell's    cell    has    been   proposed    by   Sir   W.  Thomson's 
Thomson,  which  consists  of  a  zinc  piate  resting  at  the  bottom  of    Stnudnrd 
a  glass  vessel  in  a  stratum  of  aaturated  zinc  salphate,  and  a  copper    Danif'l' 
plnte  in  a  solution  of  copper  sulphate  of  density  I  02,  which  tiss 
been  BO  gently  formed  in  the  stratum  of  zinc  sulphate  as  to  leave 
F  F  2 
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a  clear  surface  of  Bcparation.  The  copper  sulphate  aoliition  h 
introduced  by  nieiLQB  of  a  g)asa  tube  dipping  down  into  the 
liquid  and  tenninating  in  a  fine  point,  which  is  bent  into  q  hori- 
zontal direction  bo  db  to  deliver  the  liquid  wilh  bh  little  disturb- 
ance as  pnsHihle.  This  tube  is  connected  by  a  piece  of  india- 
rubber  tuhiag  with  a  funnel,  by  the  raising  or  towering  of  which 
the  sulphate  of  copper  can  be  run  into  or  run  out  of  the  cell.  By 
this  means  the  sulpnate  of  copper  is  run  in  when  the  cell  is  to  be 
used,  and  at  once  removed  when  the  cell  is  no  longer  wanted.  , 
The  BolutionB  should  he  kept  in  stock  bottles  and  the  cell  set  up 
fresh  when  wanted. 

Method  of      The  standard  Daniell's  cell  is  very  convtiniently  used  along 
Using      with  a  Daaiell's  batl«ry  in  the  manner  represented    in    the 

Standard   diagram  (Fig.  107).     C  is  the  standard  cell,  and  B  a  battery  of 


from  30  to  40  small  gravity  Daniells.*'  A  circuit  ia  formed  of  a 
resistance  box,  the  galvanometer  G  to  he  graduated,  and  the 
battery  B  joined  in  series  with  the  standard  cell  C.  A  sensitive 
galvanometer  D,  which  may  be  a  reflecting  galvanometer,  or  any 


*  These  can  be  ven' easily  made  by  using  large  preservo-potB  as  cou- 
taining  vessels,  and  placing  at  the  bottom  of  rach  a  capjicr  disc  of  from 
three  to  three  and  a  aalf  inches  in  diameter,  in  a  stratum  of  saturated 
copper  salpkate  solution,  and  a  grating  or  plate  of  zinc  a  little  below 
the  mouth  of  the  vessel  immersed  Id  a  solution  of  zinc  sulphate,  of 
density  1'2.  The  copper  sulphate  may  be  kept  saturated  by  crystals 
dropped  into  a  glss?  tube  pnssing  down  through  a  hole  in  the  zinc  plate 
to  tne  copper.  A  copper  wire  well  covered  with  gutta  percha  should 
be  used  na  the  electrode  of  the  copjier  plate. 
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very  Bcnaitive  galvanometer  of  low  reaistance,  haa  one  terminal 
attached  at  a  point  M  between  the  battery  and  the  standard  cell, 
and  the  other  terminal  through  the  key  iT  to  an  intermediate 
terminal  L  of  the  resistance  boi.  The  resistancea  in  the  box,  on 
tho  two  aides  of  i,  are  ndjusted  until  no  current  flows  through 
the  galvanometer  D,  when  the  key  K\a  depressed. 

Let  R  be  the  resiatance  in  the  hoi  to  the  right  of  L,  f  the  E^,  F.  ol 
reaiatance  of  the  cal!  C,  and  G  the  resiatance  of  the  galvanometer.    ™"*''  ^ 
Then  if  V  be  the  difference  of  potential,  in  volta,  between  the       *^"- 
tcnninala  of  the  galvanometer, 

v  =  \m    •?— (66) 

In  practice  a  resistance  of  from  300  to  400  uhma  is  generally 
re<tuir«dforii.  The  electromotiveforceof  the  standard  cell  waa 
determined  by  Prof.  T.  Gray  ami  found  to  be  1'072  volts  at 
ordinary  temperature.  A  determination  of  the  electromotive 
force  of  tlie  same  cell  has  also  been  mode  by  Lord  Bayleigb,  who 
found  it  to  be  -743  of  a  Clark  cell,  the  electromotive  force  of 
which  was  r4642  E.A.  volts,  nearly,  at  15°,  This  would  give 
very  api'roiiniately  1068  true  volls  for  the  Danicll  cell.  It  was 
taken  as  1'072  volta,  as,  notwithstanding  the  large  battery  in  the 
circuit]  llic  total  resiatance  is  ho  great  that  there  is  very  little 
polarization.  This  method  in  fact  is  peculiarly  well  adapted  for 
the  Daniell'a  cell,  as  the  slight  current  flowing  tlirough  serves  to 
keep  itJ<  pliiles  in  a  conatimt  and  fresh  state.  It  is  known  as 
Liinisdun's  and  aluo  as  Bussclia'a  method  of  comparing  electro- 
motive forces. 

The  difference  of  potential,  the  magnitude  of  which  is  thus 
obtained,  is  chosen  such  as  to  give  a  convenient  deflection  on  the 
instrument  to  be  graduated.* 
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CHAPTER  Vin 

MEASUREMENT  OF  INDUCTANCES 

Compari-   The  subject   of    the    experimental    determination   ot 
Ind^tioB-  coefficients  of  induction,  or,  as  they  are  now  called, 
Coeffi-     itiduciances,  with  one  another,  with  known  resistances, 
lodnct-    ^^(1  ^vi^h  electrostatic  capacities,  has  attracted  much 
*""*"■     attention  during  the  last  fifteen  years.     This  is  a  con- 
sequence mainly,  on  the  one  hand,  of  the  efforts  that 
liave  been  made  to  obtain  a  more  accurate  determination 
of  the  ohm,  and  of  the  ratio  of  the  electromagnetic  to 
the  electrostatic  unit  of  quantity  of  electricity ;  and  on 
the  other  of  the  vastly  increased  importance  given  to 
induction  in  electrical  theory  and  practice  by  the  enor- 
mous development  which  has  lately  taken  place  in  the 
use   of    dynamos  and   especially   of   alternate-current 
machines. 

In  what  follows  an  attempt  is  made  to  describe  the 
various  methods  of  comparison  which  have  been  devised, 
giving  in  each  case  a  fairly  full  accouut  of  the  theory 
of  the  method,  and,  if  possible,  an  illustration  of  the 
solution  obtained  by  one  or  more  examples  of  actual 
experiments.  We  shall  use  Mr.  Oliver  Heaviside's 
term  "  inductance  "  to  signify  what  is  generally  denoted 
by  "  coefficient  of  induction,"  distinguishing  where 
necessary  between  mutual  vnductaTux  and  self-^jutiict- 
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ance;  but  as  s^lf-inductioQ  is  relatively  more  important, 
and  is  much  more  frequently  referred  to  than  mutual 
induction,  we  shall,  where  no  ambiguity  is  likely  to 
arise,  use  the  single  word  "  inductance  "  in  the  sense  of 
"  coefficient  of  self-induction." 

It  is  convenient  to  consider  in  the  first  place  some  points  of  Gi'neral 
general  theory  which  are  of  importance  in  this  connection.  The  Tlieory  of 
equations  of  varying  carrenta  in  any  conductor,  or  circuit  of  Netvork 
conductors,  are  obtuinable from  the  eleotrokinetic  eneigy  and  the  of  Con- 
disBipation  function,  when  these  are  Itnown,  if  only  elect rokinetic  ductors. 
phenomena  are  in  question,  or  from  these  two  expressions,  to-  Carrying 
^{Bther  with  that  of  the  electroBtatio  energy,  if,  as  will  ba  the  ^aryiiig 
case  ineome  of  the  proMema  in  the  present  Chapter,  eieotrosUtic  ''"'"'>"■ 
phenomena  have  also  to  be  taken  into  account, 

liquations  of  curreota  have  been  obtained  above  (p.  160)  by     Self  at 
oonaideriDg  an  assemblage  of  complete  circuita  as  a  dynamical     Moiual 
Rystem ;  but  similar  equations  are  obtainable  in  precisely  the     Induct- 
same  way  for  the  currents  in  the  individual  conductore  of  a     *"?*  ? 
network,  prov  ded  that  instead  of  resistances,  inductaocea  and    C^     j." 
eloctromolive  forcea  in  circuita,  the  resistances,  induutanGea,  self     '^  "^    "" 
and  mutual,  of  the  conductors,  and  tho  impressed  differences  of 
potentiala  between  their  terminals  are  used.    The  only  dithculty 
IS  as  to  the  meaning  of  the  self-inductance  of  a  conductor  joining- 
two  points  in  a  circuit,  or  the  mutual  inductance  of  two  such 
conductors  iu  the  same  or  different  circuits.     But  all  such  ques- 
tions are  resolved  by  adopting  some  proper  mode  of  calculating 
inductance  [for  example  Neumann's  formula  pp.  129, 171]  which 
enables  the  inductance  of  a  conductor  to  be  found  as  tliat  of 
a  part  of  a  circuit,  in  the  aenae  that  when  the  inductances  of 
the  parts   are   calculated   in   tliia   way   they   give   the   proper 
value  of  the  electro- kinetic  energy  of  the  circuit  or  circuits 
for  any  possible  arrangement  of  currents.      A  case  in  point  is 
that  of  two  or  more  toils  joined  ia  multiple  arc   between  two 
points  AB.      The  inductances   for   these    conductors   are  very 
approximately  those  obtained  by  regarding  the  coila  as  made  up  uf 
so  many  complete  circuits  given  in  dimenaiona  and  position  by 
the  turns  of  wire.     In  auch  cases  the  flux  of  magnetic  induction 
through  the  part  of  the  ciicult  considered  ie  definite  and  calcu- 
lable, and  different  methods  lead  to  the  same  result     But  there 
are  other  cases,  for  example  that  of  a  Hertzian  vibrator,  in  which 
different  processes  lead  to  distinctly  different  values  of  the  self- 
inductance-of  the  app^uatua  (see  Cljap,  XIV,  below). 
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Mftitweirs       The  difficulty  hore  indic&ted  is  aToided  by  a  device  adopted 

Cycle-      by  Maxwell,     A  network  ia  made  up  of  a  series  of  meshes  or 

Method  of  "ceils,''  in  which  each  individual  oondiiotar,  except  those  form- 

a  Network.  i„g  t],g  outer  edge  of  the  network,  is  common  to  two  meshes. 

Mttswell  supposetT  a  current  tv  circulate  round  each  mesh  in  the 

same  direction,  ao  that  the  actual  current  in  each  couductor  was 

the  difference    of   the  currents   round,  two   adjoining   meshes. 

ThuH  each  mesh  is  a  cloued  circuit  with  i\M  own  current  in  it,  and 

the  self   and  mutual   inductances   of  the  system  arc  perfectly 

delinite,  being'   those  due  to   tlie  various   closed   circuits   each 

supposed  to  carry  unit  current. 

Electro-     ^   Taking  the  former  method  first  let  L,  L^, .  .  denote  the  self- 

kmetio      inductances   of   tlie   different   homogeneous   conductors   of   the 

and  Eltc-    gygtg^  Buppoaed  linear  ^i,  fp  .  .  .  .  ,  the  currents  in  them,  M,f, 

EneraiM    ^' '  ■  •  '  ^^^  mutual  inductances  of  the  conductors  indicated 

and  Dissi-  ^y  ^^^  suffixes,  then  as  at  p.  185  the  electrokinetic  energy  is' 

jiatioQ  "  Bi^en  by 
Function.         _     . 

r=i(t,^i'+2ir„^,^,+...-l-V,'+2jf,^tfi+...)  .  (1) 

The  dissipation  function  is 

F=ilStyi'' (2) 

where  Rt  denotes  tlie  resiatnnce  of  the  conductor  in  which  the 
current  is  ft.  If  E  be  the  electrostatic  energy  due  to  the  charge 
of  condensers 

E-isc.r„ (3) 

where  Cm  is  the  capaciiy  of  a  typical  condenser  of  the  system 
changed  to  a  difference  of  potential  Fm  between  its  coating. 

The  effect  of  tlie  eleclrostatic  capacity  of  the  conductors  con- 
cerned is  something  quite  sensible,  and  may  in  certain  cases 
be  allowed  for.  Whdn  it  can  be  expressed,  the  part  of  the 
electrostatic  energy  which  depends  on  the  capacity  oC  the  con- 
ductor*, enables  the  terms  in  (6)  below  to  be  calculated. 

By  tliis  expression,  also,  when  it  can  be  calculated  for  the 

different  parts  of  the  conductors,  the  electrostatic  capacities  of 

the  connecting  wires  can  be  taken  into  account.     In  such  cases, 

however,  the  capacity  can  in  general  only  be  roughly  estimated. 

Equation        Bringing  then  into  the  account  the  electrostatic  energy  re- 

of  Current  garded  as  potential  energy,  wo  have  to  add  to  the  electrokinetic 

in  a  Single  applied  force  corresponding  to  the  current  ^ii  the  electrostatic 

Conduo.    force  -  3E/3?*-'     Thiie  if  Ft  denote  the  difference  of  potential 
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tiiitween  the  tenninala  of  the  conductor  in  which  the  current  i 
fi  the  typical  equation  of  current  iB 


d9T 

It  9fk ' 


Writing  down  the  eqaalion  of  thia  type  for  the 
homogeneous  conductors  taken  in  order  round  a  circui 
work,  and  adding  both  sides  of  the  equations,  we  get 


+■•— (fe- 


where  E  is  the  total  internal  applied  electromotive  force  in  tlie 
circuit,  since  we  know  that  the  latter  is  the  buiu  of  the  differ- 
ences of  potential  between  the  terminals  of  tlie  successive 
homo^neons   conductors   forming   it.     This   equation   may   be 


s(W,+  i5>*i  +  **)-*-S^- 


(6) 


in  which  the  Bummations  are  taken  for  all  the  conductors  of  the 
oircnit  considered. 

This  equation  may  be  taken  as  the  most  general  form  of  the 
so-called  "second  law"  which  KirchhofT  first  explicitly  stated 
for  steady  curreuts  in  a  system  of  linear  conduclorj.  It  wilt  be 
of  constant  use  in  what  follows. 

The  principle  of  continuity,  commonly  called  KirchholTs  first 
law,  is  generally  assumed  for  variable  currents,  and  it  is  also 
usual  to  assume,  as  has  been  done  above,  that  at  any  instant  the 
magnetic  force  at  any  pointdue  to  a  varying  current  in  a  circuit 
is  tlie  same  as  would  be  produced  bj^  a  steady  current  equal  in 
intensity  to  that  which  exists  in  the  circuit  at  that  instant  The 
hitter  assumption  is  justified,  for  points  which  are  near  the 
circuit,  by  the  theory,  confirmed  now  by  Mperiment,  of  propa- 
gation of  electromagnetic  action. 

It  does  not  seem  to  have  been  noticed  that  the  principle  of 
continuity  for  a  linear  circuit  can  be  deduced  from  the  law  of 
magnetic  force  as  follows.  Let  three  wires  meet  at  a  point  O, 
then  according  to  the  principle  of  continuity  tlie  rate  of  flou- 
f  rora  the  point  mu^t  be  exactly  oqaaS  at  any  instant  to  the  rnte 


Principle 
of  Con- 
tinuity for 

VaryiuB 

Currents 
derived 

from  Ijiw 
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of  flow  to  the  point  at  the  aame  instant.  Let  0  be  taken  as  the 
centre  of  a  small  sphere,  and  let  the  wires  paaa  tlirough  the 
surface  of  the  sphere  at  A,  B,  C  (Fiff.  108).  Let  a  piUi  be  drawn 
round  the  wire  A  on  the  apliere,  then  carried  to  B,  then  to  C 
nearly  round  it,  cjid  finally  back  to  the  point  of  starting  from  A, 
so  that  a  closed  path  is  traced  on  the  sphere,  conHixtinj^  of  three 
nearly  closed  curves  described  in  tlia  same  direction  round 
A,  B,  C,  and  an  inlinitely  nearly  closed  ^ath  A',  B',  O,  not 
embracing  any  of  the  conductors.  A  magnetlo  pole  carried  round 
the  complete  path  will  have  no  work  done  on  it  on  the  whole, 
since  the  path  does  not  really  Hurround  any  conductor ;  in  other 
words,  it  could  be  shrunk  to  a  point,  without  cutting  through  the 
conductor,  and  Uie  work  done  in  carrying  a  pole  round  the 
infinitely  nearly  closed  path  A',  B',  O  also  vanishes.     [To  see 


FiQ.  103, 


this  it  is  only  necessary  to  conceive  the  path  opened  out  into 
an  open  loop,  slipped  back  l>eyond  tlie  centre  of  tlie  sphere  and 
then  shrunk  up. J  But  if  y,,  yg,  y,,  be  tlie  currents  in  the  wires 
at  A,  B,  C,  all  reckoned  as  inflowing,  or  all  as  outflowing,  the 
work  done  on  the  pole  in  tlie  three  paths  closely  surrounding  the 
wires  Is  4n(y,  -|-  -y,  -(.  y,),  and  thus  iiinst  ho  zero,  since  the  work 
done  round  A'  B'  (?  is  zero.     Hence  we  have 

4"(yi  +  ys  +  y^=o 
or 

v.+r.+y.=o (7) 


that  is  the  total  carrent  arriving  at  or  flowing  away  from  the 
point  at  any  instant  is  zero.  The  same  thing  can  obviously  be 
proved  in  the  same  way  for  any  number  of  conductors  raeetii^  at 
a  point. 

iteturning  to  the  dynamical  equations  of  currents,  the  equations 
for  Maxwell's  method  of  meshes,  each  carrying  its  own  current, 
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«re  easily  written  How n.   The  quantities  of  electricity  which  liovo   Theory  of 
flowed  round  the  different  mealies  from  any  era  of  reckoning  up   Maiwell's 
to  the  instant  under  consideration  become  the  generalised  con-     Jp^^   ' 
ductora,  and  their  time-rates  of  variation,  or  the  currenU  at  that    Method, 
instant,  the  corresponding  velocities.     If  then  Z,,  Zj,... denote 
the  H elf- inductances  of  the  different  meshes,  each  regarded  as  a 
separate  circuit,  in  which  currents  y,,  yp...flow,  Mj^  jtf«,...the 
mutual  inductancea  of  the  pairs  of  meshes   indicated   by  the 
Buffiies,  we  have 

r  =  i  (Z,^,»  +  a-tfi,^,^,  +  ■  ■  ■)    ....    {8) 

Again,  if  ^t  denote  the  resistance  of  a  conductor  which  adjoins 
two  mesiies  distinguished  hy  the  suffixes  j  and  k, 


F'-l^SikiSi-VK)* 


These  two  equations  with  (3)  above  enable  the  equiitions  of  Equation 
currents  for  the  different  meshes  to  be  written  down.    They  are         of 
thus  of  tlie  type  Comnts. 


00) 


where  ^  is  the  electromotive  force  in  the  circuit  indicated  by  the 

This  method  avoids  the  necessity  for  an  explicit  reference  to    Compari- 
tlieprincipleof  continuity,  inasmuch  as  liiis  principle  is  assumed   son  of  the 
in  tlie  statetuent  of  the  method,  and  it  is  convenient  for  the        Two 
systematic  working  out  of  a  complicated  system  ;  but  with  the    Methods, 
electrokinetic  energy  expressed  in  the  above  form,  which  is  the 
strictly  accurate  one   when  tlie  generalised  velocities  ore  the 
mesh-  or  cycle-currents,  it  is  not  convenient  for  the  derivation 
of  equations  from  which  tlie  inductances  of  given  conductors  are 
to  be  obtained.     In  these  opplications,  however,  it  is  usual  to 
modify  the  form  of  the  electrokinetic  energy  by  writing  it 

r-4sfti(»-*)=  +  2Jfii«i-)(*i-«l.  .  (11) 

where  Zft  is  the  self -inductance  of  the  conductor  common  to  the 
two  cycles  indicnted  by  the  suffixes,  and  M(jjtXtoi}  the  mutual  in- 
ductance between  that  conductor,  and  the  conductor  common  to 
the  two  meshes  indicated  by  the  suffixes  /m.  But  this  merely 
amounts  to  using  tlie  first  method  after  all.  In  general  it  is 
quite  easy  to  write  down  the  equations  for  the  different  conduc- 
tors from  (4)  for  the  first  method,  applying  the  principle  of 
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continuity  mentally ;  and  se  only  one  symbol  is  required  for  the 
cuireot  in  each  conductor,  the  first  method  bas  tbe  advantage  of 
greater  brevity  of  ezpreasion. 

The  coniparisoD  of  inductances  comprises  iive  problems 
with  which  we  shall  deal  in  succession :  the  comparison 
(1)  of  two  mutual  inductances,  (2)  of  two  self-induct- 
ances, (3)  of  a  mutual  inductance  with  a  self-inductance, 

(4)  of  a  mutual  or  self-inductance  with  a  resistance, 

(5)  of  a  mutual  or  self-inductance  with  an  electrostatic 
capacity. 

Of  the  first  problem  the  following  solution  has  been 
given  by  Clerk  Maxwell.     Let  A^,  A^,  (Fig.  109)  be 


the  two  coils,  the  mutual  inductance  Mg^  between  which 
is  to  be  compared  with  that  between  two  other  coils 
A^,  A^.  A-y  and  A^,  A^  and  A^  are  placed  opposite  one 
another  at  the  required  distance  in  the  case  of  each 
pair,  A  circuit  is  made  up  of  A^,  A^,  a  battery  and  a 
make-and- break  key  K;  while  A^,  A^  are  joined  up  as 
a  secondary  circuit  to  which  the  fonner  is  the  primary, 
and  a  branch  containing  a  galvanometer  is  made  to  join 
two  points  P,  Q,  on  this  latter  circuit. 
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The  reaistancea  E^,  Ji^  of  the  coils  ^j,  A^  respectively,  ^''o  "f 

with  aoy  additioEal  resistance  included  with  the  coil  in  aucee 

each  case  up  to  FQ,  are  adjusted  by  adding  resistaoce  obtained 

coils  from  boxes,  UDtil  there  is  no  curreot  through  the  of  Two 

galvanometer  when   the  battery   circuit    is  made   or  ^^ 
broken,  and  are  then  compared  by  means  of  a  Wheat- 
stone's  bridge  or  other  convenient  method.     We  have 
then 


M„ 


(12) 


To  increase  the  sensibility  of  this  and  similar  methods, 
some  arrangement  such  as  Ayrton  and  Perry's  secohra- 
meter,  described  below,  for  successively  making  and 
breaking  the  battery  circuit,  and  sending  the  successive 
integral  flows  through  the  galvanometer  in  the  same 
direction,  must  be  adopted. 

To  prove  the  condition  (12)  let  Z|,  Z(  be  the  self-inductanceR  Theory  of 
of  the  coils  J,,  A,,  L  the  self- inductance  of  the  battery  circuit.  Method. 
and  r  tbkt  of  the  galvanometer.  Then  if  «  be  the  battery 
carrent  at  any  instant,  r,  y,  the  carrentti  in  the  same  direction 
roand  ^„  At,  respectively,  the  current  through  the  galvanometer 
is  i  -f,  and  the  electrokinetic  energy  of  the  system  is  given  by 
the  equation 

T-^i  (£»»  +  Z,i>  +  Z^  +  r(i-#)»  +  2Jf„ii  +  23r„i^l  .  (13) 


/■-i{fl»*-|-Ai*-|-fl,j'  +  (?(i-^)'}.    .    .     (14) 

ipressed  electromotive  forces  cnrreapondinK  to  i,  i, 

ibaveby(4) 

dtii'^di'  '  S  8>  "•■  a>  °  ■ 
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Eiiuations   Hence  by  (13)  and  (14) 
of  Ciir. 
rente.  L,£+r{i -jfj  +  X„ii  + ltrl+ G  (i-^)-'0 

i,j-r(*-^)+iy„»  +  J,y-G(i-j')=o, 

or,  integrating  and  writing  t  fori -^,  and  taking  account  of  the 

fuct  that  X,  y,  i,  ^j  i,  are  initially  zero,  we  obtain  two  equations 
whicli  maybe  wntten 

Elimtnatiti);  y  between  theae  we  obtain  an  equation  of  tbe 

where  J,  B,  C,  D,  B  are  constants. 

DeiluctioQ  Soon  after  completion  of  the  primary  circuit  the  current  in 

qf  Condi-  the  secondary  will  have  died  out.    Then  the  last  equation 

tion  for  no  becomes 

'ntsgral  C/ =  iv (16) 

meter-      where  y  is  the  steady  current  in  the  primary.     By  inspection  of 

Current.    (]5)  it  is  easy  to  see  tliat 

C=.«,(fl,+ (?)  +  «.(?,  E=M^R.,~MaR,. 
Thns  (IR)  becomes,  since  «■■«— y 


J^(A+e)-t 


{16') 


Hence  if  «(=j^-y)  =  0, 

£-1 <"' 

the  relation  stated  above. 

It  is  to  be  noticed  that  if  3=0  at  each  constant,  and  this 
relation  be  fultilled,  D=(i,  that  is  by  (15J 
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Tliua  the  ratio  Ss/Bi  ia  also  the  ratio  of  the  aelf-inductances, 
if  tlie  arraDgementH  be  Biich  that  no  current  whatever  pusaes  in 
either  direction  tlirough  the  gnlvanonietcr. 

It  is  sometimes  important,  as  Lord  Kayleigh  lias  pointed  out,* 
that  this  laat  oonditiou,  and  in  other  cases  a  similar  one  if  it 
exist,  should  be  fulfilled  in  order  that  the  method  may  be  an 
absolutely  null  one.  Very  frequently  unless  the  galvanometer- 
needle  IB  of  very  long  period  it  shows  considerable  uneasiDess 
even  if  the  condition  for  zero  integral  current  is  fulfilled.  The 
fulRlineiit  of  (18)  or  a  corresponjling  condition  may  be  brought 
about  by  the  insertion  of  self-inductance  in  addition  to  that 
associated  with  the  conductors  employed  es  resistoacea. 

The  experiment  may  be  arranged  with  a  derived  ComMii- 
brauch  on  both  the  primary  and  the  secondary  circuit,  "MotnaT" 
as  shown  in  Fig.  110,  and  the  galvanometer  in  the    In<inii'- 


circuit  of  one  of  the  coils  as  A^.     Let  the  resistance  of  Modifica. 
the  coil  Aj  and  connections  to  the  right  of  AB  be  R^,  Maxwell 
the  resistance  to  the  left  of  AB  £,,  the  rrsistances    """'"'■ 
similarly  to  right  and  left  of  CD  E^,  .Hj  (iJ,  including 
the  resistance  of  the  galvanometer),  the  resistance  of  the 
derived  branch  on  the  priinary.B,  of  the  derived  branch 
on  the  secondary  S. 

•  British  Aosociation  Report,  1888. 
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Ratio  of  With  this  arrangement  when  no  current  through  the 
BiiMK  in  galvanometer  is  produced  on  depressing  or  raising  the 
■^V*^  battery  key  the  relation 


(19) 


holds.  Thus  the  mutual  inductances  are  opposite  in 
sign,  that  is  the  coils  must  be  joined  up  so  that  the 
induced  electromotive  forces  in  the  secondary  circuit  are 
opposed.  In  the  test  therefore  the  coils  are  joined  up 
in  this  way,  and  the  resistances  are  adjusted  until  no 
deflection  of  the  galvanometer  needle  is  produced  by 
making  or  breaking  the  battery  circuit. 
r  If  jS  ^  00 ,  that  is  if  there  is  no  derived  branch  on  the 
primary,  the  relation  (19)  becomes 


(20) 


In  this  case,  since  numerically 3f,j  >J/js.  the  galvano- 
meter must  be  placed  on  that  side  of  CD  on  which  the 
induction  is  the  weaker. 

If  £  =  CO,  that  is  if  there  is  no  derived  branch  on  the 
secondary, 

M,^     B  +  M^ ^^^' 

If,  for  the  coils  in  the  positions  of  Fig.  110,  M^^>M^^ 

numerically,  (21)  becomes  -  M^JM^i  =  Ji/{B  +  B^). 

Theory  of       Lot  s  be  the  current  at  any  inetant  thronRh  the  battery,  and 

Method,     tlierefore  through  J,,  i'  th<t  current  at  the  eame  instant  through 

Jf,  then  the  current  in  jiB  is  ■  -  »',    Denoting  now  by  i^  L„  L, 

the  inductances  tii  the  tlirce  p&rts  into  which  the  primary  circuit 
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i)  divided,  namely  ^,,  J„  and  the  der 

inductance  of  tlie  denved  brancli  CD, 

i'=i  \w  +  ^3^  +  i'  (f  -y)«  +;.,»'» + z,»,«  +  i  (i  -  i')» 

+  S.V„«.r  +  2.V„i^.  .  .  .  (22) 
i-  =  ^{R^i^  +  B^f  '\- S{i-iy Jf  R,*'  +  R^u-*  +  R{u-u')^  (23) 
where  i,  j  denote  m  before  Uie  cutrcDts  in  ^(,  Af. 


Tlio  eqautiona  of  currents  obtained  from  these  and  integrated 
over  any  interval  from  an  instant  just  before  the  contact  was 
made  or  broken,  with  attention  to  tliefact  that  the  initial  values 
of  the  variablo  quantities  are  all  zero,  give  e<]uations  which  can 
1)0  written  in  tho  form 

,  ,  .  (S-l)     Integral 

Elimination  off  from  these  givea  an  equation  of  tlie  form 

Ji  +  J!fi  +  Cx=Dk  +  !/»•  +  Ea  +  B.'u\ 

If  the  currents  have  become  steady  this  reduces  to  Integml 

CuiTeut 

(It  =  iy  +  B'y',  throngh 

Galvano- 

where  X  is  the  time-integral  of  the  current  which  has  passed     meter : 

through  the  galvanameter,  and  y,  y'  are  the  steady  currents  in 

the  battery  and  the  coil  J^.    Hence  y'-yRJiR  +  R^,  and 

''-{'*  "'ifh)" ""' 

Now  by  (24) 


C=  (A, +  «)(«, +  5) -5' 
Ji=-M^S,  £*--.¥,»  (tf3  +  .V). 


Mence  (25)  becomes 


M^S(R  +  Ri\  +  ,T/,2  R  (R,  +  S) 

■'"  "(fi.+jfj;(B,+  S){Hi  +  s)-'S'»;  ^ " 
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If  r^O  tliia  gives  at  once 

for  Zero  -  5/    ~  ■■-»  ,    » (2C' 

Value.  -"is      ">  ("  +  ^i) 

the  conditioD  (19)  above  for  no  integral  current  Ihrougli  the 
gdlvanometur. 

AyrtoD        Aa  stftted  abovA,  the  eengibih'ty  of  these  methodB  may  he 
and        greatly  increased  by  using  successive  revereuU  of  the  battery 
Perry's     curreiit,  with  a  proper  arrangement  for  com  mutating  the  inductive 
Secohm-    flows  through  tne  galvanometer.     An  excellent  contrivance  for 
meter,     this  puipoae  has  been  provided  by  Professors  Ayrton  and  Perry 
in  the  Seeohmraeter.     This   is   an    arrangement  of  two  rotary 
commutators,  worked  by  the  same  spindle,  one  for  periodically 
interchanging  the  points  to  which  the  galvanometer  terminals 
are  attached,  the  otlier  for  reversing  the  battery  circuit.     Each  of 
these  commutators,  as  will  be  seen  from  the  diagrammatic  aketches 
(Fig.  112)  showing  the  mode  of  using  the  instrument,  consists  of 
four  brushes  pressing  on  a  cylindrical  surface  made  up  of  two 
nearly   semi  cylindrical   inetal   pieces    separated    by  insulating 
material.    The  relative  times  of  reversal  bv  the  two  commuta- 
tors can  be  adjusted  to  suit  the  purpose  for  wliich  it  is  to  be  used. 
The.  spindle  can  be  driven  by  a  handle  or  hy  any  convenient 
small  motor.     For  a  given  speed  of  driving,  two  speeds  of  the 
commutators  can  be  arranged  for.    With  one  there  are  rather 
more  than  eight,  and  with  the  other  twenty-four,  reversals 
effected  by  each  for  one  turn  of  the  handle  or  driving  pulley. 
The  speed  of  the  driving  handle  or  pulley  is  governed  oy  a  fly- 
Use  of  For  example,  the  instrument  can  be  applied  to  the  comparison 
RecoUm-    of  two  mutual  inductances  hy  the  niethotis  just  descrihecl.     The 
meter  for   battery  commetator  is  arranged  to  reverae  the  battery  circuit  at 
Coiupari-    on  instant  when  the  galvanometer  circuit  on  the  secondary  is 
son  of      complete.     An  Induction-flow  takes  place  through  the  instrument 
Mutual      unless  the   proper  adjustment  of  resistances  has  alread}'  been 
Induct-     made.    After  the  battery  currant  has  reached  its  steady  value, 
ancea,       ^-^^  galvanometer  terminals   are   reversed   by   tlie   commutator 
preparatory  to  a  eecond  reversal  of  the  battery.     The  flow  due  to 
induction  in  this  second  case  thus  takes  place  through  the 
instrument  in  the  same  direction  ae  before,  and  so  on  as  the 
commutator  revolves.     If  the  period  of  rotation  is  small  in  com- 
parison with  that  of  osi^illation  of  the  needle,  the  result  is  to  give 
a  steady  deflection  equal  to  that  which  would  be  produced  by  n 
current  equal  to  itq,  where  n  is  the  number  of  revereala  of  the 
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battery  per  Bscond,  and  q  the  quaotity  o£  electricity  which  passes 
At  each  of  them. 

The  Benmbility  therefore  increases  with  the  speed  of  rotation  ; 
but  in  the  preseat  application,  as  in  all  others  m  which  only  the 
integral  Jhw  through  the  galvanoiaeter, taken  over  the  interval  of 
variation  of  battery  current,  rauishes  for  certain  experimental  • 

aiiangementa,  the  speed  must  not  be  ho  great  as  to  prevent  the 
battery  current  from  reaching  its  steady  value  between  each  pair 
of  reversals.  In  coses  in  which  the  method  is  really  "  null "  the 
speed  may  be  made  as  high  as  is  thought  deairahle. 

H.  Briflouin*  has  carried  out  some  careful  comparisons  of  U.  Bril- 
mutual  inductances  by  these  methods.  He  used  (!)  a  derived  lonin'a 
branch  on  the  primary,  (2)  a  derived  branch  on  the  secondary  Experi- 
(with  in  each  of  these  cases  the  galwiameteT  in  series  with  one  «*•>**■ 
of  the  coils  in  the  secondary),  (3)  the  ^Ivanometer  in  the  de- 
rived branch  on  tiie  secondary.  We  give  here  a  short  account 
of  experiments  (1)  and  (3). 

The  derived  branch  in  (1)  was  made  up  of  a  resistance  box  Artaogs- 
reading  to  fractions  of  an  ohm.  As  its  coils  were  not  wound  ment  of 
double  it  was  placed  at  a  distance  from  the  rest  of  the  apparatus.  Apparatng 

The  galvanometer  used  had  a  resistaace  of  900  ohms  and  was      with 
on  astatic  needle  mirror  instrument.  It  was  provided  with  a  damp-  _^^"J** 
ing  vane  of  wire  gauze,  and  was  enclosed  in  a  case  to  shield  off  Bmnoh  on 
ail  currents.     The  observations  were  made  in  the  ordinary  way    "iwary. 
by  means  of  a  telescope  and  attached  scale  placed  at  a  distance 
of  1  metre  from  the  mirror. 

The  connecting  wires  were  carried  along  side  by  side  to  reduce 
their  external  action  as  nearly  as  possible  to  zero. 

As  the  galvanometer  was  not  sensitive  enough  to  enable    Botating 
measurements  to  be  made  satisfactorily  with  a  single  make  or    Commit* 
break,  a  rotating  cummutator  driven  by  a  Gramme  motor  was       tator. 
arranged,  so  that  in  each  turn  it  (1)  connected  the  galvanometer 
with  the  secondary  circuit,  (2)  closed  the  primary  circuit,  (3) 
short  circuited  the  galvanometer,  (4)  opened  the  primary. 

The  secondary  circuit  was  kept  closed  permanently  and  the 
galvanometer  received  only  the  transient  current  at  each  closing 
of  the  primary.  About  10  impulses  weregiven  to  the  needle  per 
second,  and  a  permanent  deflection  was  thus  produced. 

The  coils  used  were  first  a  pair  consisting  of  an  exterior  coil    Deaerip- 
madeofacobleof  twenty  insulated  wires  lightly  twisted  together,  ^V.""  "^ 
surrounding  an  internal  bobbin  of  somewhat  thick  wire.    The  ""''  ""■"' 
mutual  inductance  between  the  internal  bobbin  and  each  of  the      pand. 
twenty  strends  of  the  other  was  the  same,  if  say.    A  commutator 

■   Thiiet  Prii^ntia  d  U 
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enabled  any  number  j)  of  the  stranda  to  be  opposed  to  the  rest, 
so  thnt  the  coefficient  of  induction  between  tbe  two  bobbins  was 
reduced  to  (20  -  2p)X.  The  wires  however  being  kept  in  eeries 
the  ri'sistance  did  ngt  vary. 

The  maximum  tniitual  inductance  of  these  coils  will  be  denoted 
by  .V„. 

In  experiments  (1)  of  which  results  are  yuoted  below  a  pair  of 
coils  was  used  of  mutnal  inductance  intermediate  (for  the 
positions  adopted)  between  the  iniiximuin  and  minimum  induct- 
ances of  the  apparatus  juat  described.  We  shall  denote  the 
niutuul  inductance  of  these  coils  by  M^. 

A  pair  of  coils  used  in  experiments  (3)  conaieted  of  a  very 
uarefully  wound  liobbin  nf  thick  wire  19  cms.  long,  and  10  cms. 
in  internal,  12  cms.  in  external  diameter,  placed  concentrically 
with  a.  small  coil  of  length  47  cms.  and  internal  and  external 
dinmeiers  1  cm.,  6  cms.  respectively.  The  latter  bobbin  could 
be  turned  round  through  any  required  angle  by  means  of  an 
index  and  divided  circle.  The  external  coil  being  long,  the  two 
coilahad  a  coefficient  of  mutual  induction  proportional  to  the 
cosine  of  the  inclinaljon  o£  the  axes. 

The  coefficient  of  induction  betweeii  these  coils  in  any  given 
relative  positions  will  be  denoted  by  3I'„. 
if  The  following  are  the  results  of  five  experiments  made  with 
different  fractions  i  of  .V,i,  and  no  derived  branch  on  the 
secondary.  The  ratio  of  tlie  coefficients  comes  out  as  shown  in 
(21)  in  terms  of  the  resistance  Jt  at  the  shunt  on  the  primary, 
and  Jtj  the  resistance  of  the  coil  J^  in  Fig  109,  A,  was  corrected 
to  agreement  at  the  temperature  of  experiment  with  the  box 
from  which  R  was  taken. 


15='C.  68ft±01  1-671  1-671 

U-2„  91-6±0-l  I       1-500  1-666      I 

U-7„  138-9±0-l  I       1-338  1-672      t 

14-fl„  139-2  +  0'l  1-330  1-662 

14-2,,  137-6±01  1-333  1666 

Mean  1-607       i 
A  set  of  experiments  was  also  made  with  the  same  arrunge- 
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lueiit,  and  at  one  temperature  12°'SC.  with  AM^^<]^„.  Tlie 
ratio  in  this  case  cornea  out  in  terms  of  the  resiitance  B,  of  the 
coil  ^4  and  any  non-inductive  resistance  !□  Beries  wttli  it,  and 
the  resistance  S  of  the  derired  brancli.  B^  was  that  ot  the 
bobbin  J^^,  together  with  a  resiatnncc  seven  times  as  great, 
making  ^4- 18-49  olims  in  oil. 
The  results  are  given  in  the  tabic. 


11 

J/i, 

1         Jt 

~JC+  A, 

~  Mm 

01 

369 

■1663 

1-663 

0-2 

1      935 

■336 

i-680 

0-2' 

1      9-33 

■33.1 

1-675 

01+  0-2 

18-62 

■5017 

1-672 

01  +  02' 

■     18-70 

■5028 

1676 

0-2  +  0'2- 

1     37  S 

■669 

1^«72 

0-1  +  0  2  +  0-2' 

'     92-7 

-8336 

1-667 

0-5 

1  "' 

-8334 

1-667 

These  results  give  by  addition  for  tlie  values  1,  '9,  '6,  of  i 
used  in  the  former  set  of  experiments 

jyVJfH-!  1-670,  93r,j/J/i.=l'604,  ■8J/,^3f„=  1-334 
which  closely  agree  with  the  values  of  (A+^)/if,  then  found. 

A  set  of  experiments  was  alio  made  with  the  galvanometer 
included  in  a  derived  branch  on  the  secondary  according  ti 
arrangement  of  which  the  theory  is  f^ven  above  p.  445.  Iilnin-drg 

The  gulvanonieter  was  a  very  sensitive  astatic  instrument  of  Jiethoil. 
the  Thomson  pattern  with  a  coil  o£  7,000  ohms  resistance.  The 
coils,  which  were  the  two  pairs  alieady  described,  were  at 
distances  of  only  about  2}  metres  from  the  galvanometer,  but 
were  placed  in  such  positions  that  the  direct  action  of  each  on 
the  needle  was  nero.  They  could  be  turned  through  10°  from 
these  positions  without  producing  any  sensible  action.  The 
induced  currents  in  the  small  bobbin  of  the  second  pair  of  coils, 
was  found  to  produce  no  direct  efEect  upon  the  needle  in  any 
position  iu  which  the  bobbin  was  used. 

All  the  joining  wires  had  their  outgoing  and  return  parts 
together  and  were  carefully  insulated. 

The  primary  circuit  contained  a  battery  of  10  Dariiell's  cells ;  Uethod  of 
and  the  rotating  commutator  was  not  employed,  as  the  galvnn-     Eiperi- 
ometer  was  sufficiently  sensitive  to  show  a  single  inipulse  when    nienttD^, 
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the  integral  current  throu)(li  it  was  not  zero.  For  tlie  final 
adjustment  the  deflecliona  were  amplified  by  closing  and  opening 
tlie  circuit  when  the  needle  wns  passing  through  zero  alternately 
in  oppofiite  directions.  Any  want  of  perfect  adjuatment  mani- 
fested itself  hy  the  aggregate  efiect  of  tne  succesGive  exceedingly 
small  impulses  thus  given,  since  these  all  tended  to  increase  the 
kinetic  energy  of  the  needle. 

But  for  balance  in  these  oircurastaccea  it  is  necessary  that  the 
I  effects  oa  the  needle-system  of  completing  the  circuit  and  of 
breaking  the  circuit  should  both  he  zero,  it  was  found  at  first 
that,  while  making  the  circuit  produced  no  effect,  breaking  it 
always  produced  a  slight  impulse.  This  IL  Brillouin  traced  to 
inductive  action  between  the  coila  and  the  metallic  vane  attached 
to  the  needles  for  the  purpose  of  damping.  This  induction 
depended  on  the  law  of  variation  of  the  induced  current  in  tlie 
coils  and  took  place  notwithstanding  the  fact  that  the  integral 
current  at  break  was  zero  a»  well  as  that  make.  By  placing  a 
condenser  across  tlie  primary  circuit  and  Ihe  make  and  break 
key,  the  law  of  varialion  of  the  current  could  he  altered  ;  and  it 
was  found  that  a  corresponding  change  took  place  in  the  deflec- 
tion. The  electromagnetic  action  between  the  induced  currents 
in  the  vane  nnd  the  inducing  current  in  the  coils  clearly  ought 
to  cause  such  effects  as  those  observed. 

It  was  found  tliat  thia  action  had  a  maximum  for  any  position 
of  the  needles  when  the  capacity  of  the  coudenser  was  -25  micro- 
farad, and  that  when  the  name  -was  quite  symmetrically  placed 
relatively  to  the  coils  the  effect  always  vaniebed.  A  condenser 
of  thia  capacity  was  therefore  applied,  and  the  position  of  the 
needles  adjusted  by  the  directing  magnet  until  the  effect  was 
zero.  The  experiment  was  then  made,  and  the  method  of 
multiplication  used  for  the  deflections,  with  certainty  tliat  the 
effect  of  make  was  exactly  equal  and  opposite  to  that  of  break. 

By  {12)  above  we  have 


M\,     Ji, 

Krsnlta  of      In  the  esperiments  made  Jt^viae  constant  andK974'2  ohms, 

Experi-     while  £,  was  made  up  of  a  constant  part  ii^  1264-1  ohms,  and 

ments.     a  vnriahle  part  r.    Tne  results  of  one  set  of  experiments  are 

given  in  the  table.    The  fourth  column  is  calcntaled  by  taking 

the  fraction  A  of  the  sura  of  the  results  in  column  3,  end  indicates 

the  closeness  of  agreement  of  the  results. 
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A-'Aj 

j 

-V'h 

■Vm 

(Mean  value  from 

last  col.). 

1     0-1 

191  ±0  5 

1-493  ±-001 

1-491 

■     0-2 

1639  ±3 

2-960+ -003 

2-981 

0-2' 

1640  ±3 

2-981  ±-003 

2-981 

0-5 

&9S4  +  3 

-«0±-003 

7-4S2 

The  following  method  of  comparing  two  self-indue-   Compitr[. 
tances  ia  due  to  Clerk  Maxwell"     The  two  coils  the  Tivo"seIf- 
indiictances,  Zj,  ij,  of  which  are  to  be  compared  are    Induei- 
placed  in  adjacent  branchee,  AC,  AD,  of  a  Whealatone 
bridge  (Fig.  Ill),  and  balance  is  obtained  for  steady 


currents  by  properly  adjusting  the  (non-inductive) 
resistances  B,  S  of  the  branches  CB,  DB.  If  the  resist- 
ances of  the  branches  AC,  AD  be  /*,  Q  respectively. 


*  Et.  find  Mag.  Vol,  ii.  p.  367.     <aeconJ  Etlition.) 
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and  the  inductances  of  the  branches  CB,  Dli  are 
negligible,  the  relation  fulfilled  when  the  balance  is  i 

attained  is,  as  we  know,  PS^f-  QE.  If  besides  this  the 
relation 

i;-f (27)      • 

be  fulfilled,  there  will  be  also  balance  for  transient 
currents,  and  no  deflection  of  the  needle  will  be  pro- 
duced when,  the  galvanometer  branch  CD  being  com- 
plete, the  battery  circuit  is  made  or  broken.  Or  the 
coils  may  be  placed  in  AC,  CB  so  that  Z^  is  associated 
with  P  and  £j  with  R ;  then  balance  is  ohtaineii 
when 

t-l (-•> 

A  secohmmeter  may  be  nsed,  as  shown  in  Fig.  112  to 
increase  the  sensibility.    Balance  for  induction  cur-  j 

rents  is  simply  tested  for  by  rotating  the  commutators. 
The  arrangement  of  the  apparatus  will  be  obvious  from 
the  diagram. 

Theory  of  Tg  prove  (27)  and  (27')  we  write  down  by  (6)  tbe  eqaatioDs  of 
Method,  currents  of  the  circuits  JCDJ,  CBDC,  putting  r,  G,  for  the  self- 
inductance  »nd  resistance  of  tlie  galvanometer,  Zj,  L^,  for  the 
inductances  of  the  brancheB  CH,DB,  i  for  the  current  in  AC,  y 
for  that  from  C  to  D,  and  *  for  that  in  tlie  battery  nt  nny 
insUnt.     The  equatinns  are  by  (6) 

E.iuatioua   j^^.  +  ;y  +  rj*  -|-  g)  -  £,  (»  -  .r)  -  Q  {i  -  ;■)  -.0  \ 

Cairenta.  U'-!'')+Sii'y)-ki'-£+y)-S{i-*+^)-r^- G^^gI  ^'- ' 

Integrated  over  the  whole  period  of  variation  of  currentn  the£e  . 

equations  become,  aince  there  is  finally  eero  current  in  C7J,  } 
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prior  ■     •     (29) 

wliere  g,  g,  u  dtsni>te  tlie  quantities  of  electricity  wbicli  have 
flowed  tliroiigh  AC,  CD,  dad  the  bftttetv,  reBpectively,  in  the 
interval  of  integmtioQ,  y  denotes  the  stenay  cnrreat  tlirough  the 
battery,  and  for  Die  elendy  current  in  tlie  brnnoh  AC  has  been 
put  ite  value  v^/Cf+l?). 


Fio.  iia. 

Rlimination  of  r  from  (39)  gives 


^^htJl_ 


.\0(P+Q+H+S)  +  {P-lrq){R  +  S)\ 
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Hence  in  order  that;  may  be  z«ro  we  muet  ha 

™ 

^-(M-|)=» 

....     (31) 

or  if  Z„X,  be  negligible 

h-P 

....     (310 

the  relation  stated  above. 

Condition 
for  Zero 

through 
G»It«i.o- 

meter. 

It  ia  to  be  noticed  thnt  if  I,  bo  negligible  in 
the  other  inductniiceB,  and  P  be  finite,  balnnc 
if  ihe  resistances  §,  R,  S  are  such  that 

^  +  i     ^'.0. 

compnmon  with 
will  l>e  obtnined 

....     (31-) 

This  result  ivill  bo  of  uBQ  in  connection  with  ttie  oompsHson  of 

ft  mutual  inductance  with  a  self-inductnnce. 

Sensibility       We  may  now  shortly  ioveatigate  the  sensibility  of  the  arrange- 

of        ment.    If  r  ha  the  resistance  of  the  battery -branch  AB,  tlie 

ArraDge-    resistance  of  the  whule  circuit  for  steady  currents  is  evidently 

ment      r  +  Pqi{P  +  0)  +  RSl{R  +  S),  or  since  PS-  QR,  r  +  S(P  +  R)l 

(R+Sj.     If  ff  be  the  electromotive  force  of  the  battery 

y  =  mr  +  S{P  +  Xjl(R  +  S)}. 

Thns  (30)  faeuonies  with  a  little  reduction 

-J  ■      Vg  +  *     s) 

('■  +  -  +  '('  +  f)}{"(>+f)  +  K'  +  J)) 

If  the  ratio  RISi^P/Q)  be  taken  as  fixed,  and  Pand  G  given, 
R  is  to  be  taken  so  that  the  denomiaator,  D  sny,  of  this  expres- 
sion for  y  may  be  a  minimum.     Denoting  R/S  by  p,  we  have 


Culcnlating  dD/iR  from  this  and  eqnatiDg  it  to  zero  we 


(33) 
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If  tlie  condition   (31),  and  tlia   relntion   ZjZt-ijIj— 0,  are  Conilitioni 

fiilfilleii,  the  difference  of  potential  between  V  and  £)  ia  always  that 

■   zero  and  therefore  not  only  Ja  there  no  integral  flow  from  C  to  i),  Galvano- 

h«t  the  current  at  eacli  instant  is  zero.     ThiB  may  be  seen  na  jne«r 

followB.     Assuming   that   the   difference    of   potential    at   iiny  ,^ 

inatant  ia  zero,  there  will  be  no  current  through  the  galvanometer.  "]„„„ 

Hence  2,./ 

7„J  +  W=4(ii-i)  +  (2{*-i), 
and 

£^  +  JU=Z,{u-i)  +  S(.i-J). 

Eliminating  »  froiti  tliese  equations  we  get  the  relation 

which  muat  hold  for  ali  Taluea  o£  i,  dijdt,  d^^jdP.     Hence  we 
niuBt  have  in  the  first  place, 

the  condition  for  balance  in  tho  caae  of  steady  currents. 

Equating  the  coefBcient  of  dijdl  to  zero,  and  using  the  relation 
^Jt=P,?weget 

p     q     R^  s 

which  is  the  condition  [(31)]  that  there  should  be  no  integral 
flow  through  the  galvanometer  at  make  (or  break)  of  the  battery 
circuit. 
Lastly,  equating  the  coefficient  of  iPx/dfi  to  zero,  we  find 

J^L,~LiL,=0 (34) 

which  shows  that  if  C  and  I)  are  kept  at  one  potential  always,      Use  of 
the  inductances  of  the  brandies  of  tbe  bridge  must  fulfil  a  rela-  Tele{)hoiie 
tion  precisely  similar  to  that  fulfilled  by  the  reaistaDces  when         m 
there  is  balance  for  steady  currents.    Tlie  relations  (31)  and  (34)     Wheat- 
mnat  be  fulfilled  by  the  inductances  in  order  that  a  telephone     S,'°j*  ' 
may  be  used  in  a  Wheatatone's  bridge.     When  the  teieiihooo     Bridge, 
was  first  introduced  it  was  thought  by  many  experimenters  that 
by  using  a  telephone  nnd  intermittent  currents  the  Wheatatone's 
bridge  method  of  testing  could  be  matle  ranch  more  sensitive. 
As  a  matter  of  fact  there  can  be  silence  in  a  telephone  subati- 
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tuted  for  a  galt^anometer  in  a  WheMslone's  bridge,  only  if  the 
inductances  are  balanced  as  well  hb  the  resialancea  hy  being 
made  to  fulfil  the  relation  (34). 

If  Z,,  Z^,  are  negligibly  imall  each  term  of  (34)  vanishea,  and 
the  only  condition  to  be  fulfilled  by  the  inductances  is  then  (31) 
which  takes  the  form 

Tbe  converse  proposition  however  tliat  if  this  condition,  or 
in  the  more  general  case  (31)  and  (34),  be  fulfilled,  the  current 
through  the  galvanometer  is  always  zero  is  not  proved.  But 
if  the  points  CD,  are  not  joined  by  a  wire,  and  tlie  conditions 
be  fulfilled,  C7>will,  it  has  just  been  shown,  be  at  the  same 
~  potential  during  the  whole  interval  of  variation  of  the  currents. 
Hence,  if  ut  any  instant  during  that  interval  a  conductor,  of  any 
resistance  and  inductance,  be  suppoaed  applied  between  C  and 
D,  no  current  would  start  in  it,  since  there  would  be  no  differ- 
ence of  potential  between  its  extremities.  Thus,  with  fulfilment 
of  the  condition,  varying  flow  in  the  network,  with  zero  current 
in  CJ),  is  physically  possible,  and  is  the  solution  o£  the  problem, 
otherwise  there  would  be  more  than  one  solution,  and  this  we 
know  to  be  impossible  if  the  currents  can  be  regarded  as  a 
ilynamical  system. 

*'?tli''"  la  the  practice  of  the  method  the  battery  key  is 
Metb(H].  depressed  first,  then  the  galvaoometer  key,  aad  balance 
is  obtained  in  the  ordinary  way  for  steady  currents. 
Then  a  test  of  balance  is  made  for  variable  currents  by 
putting  dowa  the  galvanometer  key  first  and  observing 
whether  there  is  any  sudden  deflection  to  one  side  or 
the  other  when  the  battery  key  is  depressed. 

If  there  is,  the  resistances  R,  S  ate  unaltered,  and 
balance  for  steady  currents  restored  by  adding  non- 
inductive  resistance  to  the  coils  in  AC,  AD.  Then 
a  test  is  made  for  an  induction  deflection  as  before,  and 
if  necessary  a  further  change  in  S,  S  is  made,  and  so  on. 
Bnlance  for  steady  currents  is,  at  each  step  of  the 
adjustment,  obtained  before  o  test  for  the  variable  cur- 
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rente  ia  made,  and  thus  confusion  between  a  transient 
and  a  steady  deflectitio  is  avoided. 

The  repeated  adjustmenta  necessary  in  this  method    Niven' 
reader  it  trouhlesome  ia  the  above  form.    The  following 
modification  of  it,  due  to  Prof.  C.  Niven,*  overcomes  ^"f  *'^ 
this  difficulty.     One  of  the  coils  say  that  of  inductance 
L  and  resistance  P  is  made  one  arm  of  a  Wheatstone 
bridge  (Fig.  113),  and  balance  is  obtained  with  resist- 


of 


ances  (^ ,  S,,  S  which  form  the  other  three  branches. 
The  other  coil  of  inductance  L'  and  resistance  Q  is  then 
inserted  at  FJ),  and  balance  is  restored  by  inserting  a 
Don-inductive  resistance  P  at  MC.  Non-inductive 
resistance  K,  is  then  inserted  between  E  and  F  until 
there  is  no  induction  current  in  the  galvanometer,  when 
patting  down  the  battery  key  produces  no  current 
through  the  previously  completed  circuit  of  the  galvano- 
meter.    When  this  is  the  case 


•  Phil.  Hag.  Sept  18S7. 


(35) 
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t  Let  at  anj-  instant  i  be  the  current  through  the  batteiy,  i  t)ie 
current  from  J  to  £,  f  that  from  C  ia  D,  i  that  from  £  lo  F, 

■  then  the  other  currente  are,  ia  SCi-i,  in  FJ)  i  ~  ± +  i,  in  CB 
£-if-i,mDSi  -  i'  +  y  +  '-  We  get  then  by  (6)  from  tho 
three  circuits  AEFA,  ECDFE,  CBDC,  tho  following  equations  of 
currents  in  which  r,  G,  denote  respectively  the  inductance  and 
resistance  of  the  bruocn  CD. 

U-\-Pi  +  Ki-qin~i)~Q 

It(.i-^-i)~S{i-i  +  ^  +  i)-rii-Gy:^0. 

Integrating  these  from  an  instant  just  before  closing  the 
circuit  of  the  battery  ts  the  steady  state,  denoting  the  steady 
currents  in  AE  andt  he  battery  by  ii  and  y  respectively,  and 
remembering  that  the  adjustments  have  been  supposed  so  made 
that  the  steady  currents  in  EF,CD,  are  zero,  we  get 

0»+{F'  +  Q)x~{q  +  P'-\-K)z~Qv¥L{y-i)  J-     .     (36) 
-  (.G  +  It  +  S)9  +  iR  +  S):t-{R  +  S)z-Ku  ) 

Hence  if  A  denote  thedeterminantof  this  system  of  equations, 

■  we  get  by  elimination  of  x  aud^  . 

\Q'u-Li..  P+q,    K  I 

ij'=   «''  +  -fCy-i.),    P'+C -(i"  +  <2  +  A-)  I 

\su,  S  +  S,  -{R  +  S)  I 

a  Expanding  this  determinant  (Qrst  simplifying  it  by  adding 
the  second  column  to  the  third),  remembering  that  since 
■P/C  -  -?"/«  =  JIIS.  the  relations  (JE  +  &■)§■-  (-P  +  Q')f>\ 
{i^+Q)S={R  +  S)q,  hold,  and  putting  (y  -  T,)/i.  ••  R/S, 
f,  -  y.V{/f  +  S)  we  find 

(37) 


Aj'=r  1(A"  +  -P  +  C)  BV'KSLl . 


If  the  ri^ht  hand  side  be  zero,  and,  as  will  ffeueraliy  be  the  case, 
the  determinant  A  does  not  vanish,  y  must  be  zero.  Hence  in 
order  that  there  may  be  no  integral  current  through  the 
galvanometer,  it  is  necessary  and  sufficient  that  as  stateain  (35) 

L  _{K+P-^-q)R 
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If  r  denote  the  resiatnnce  ot  the  baltery  braacli  AB,  we  eosil)'  Arrange- 
see,  taking  neconot  of  tlie  relfttiona  f/^  —  P'l^  —  BfS,  tliatthe  ment  of 
teeistanceof  the  whole  circuit  for  etesdyc  d.;j„  *„ 


»■  +  -«{«  +  «'+  S)!{R  +  S), 
and  that 

Hence  putting  S  for  the  electromotive  force  of  tlie  batterj-  we 
huve  y  =  i7(f  +  R{K+  §  +  C')/(fi+  5),  and  instead  of  (36) 


1  Jr(A+5)+J?{$+^+5):  !C5+7r(G+7e+A-) 

in  which  ria  written  for  qjf  Kqi{K-\-F-^  <f) 

It  i>  denote  the  denominator  in  this  expresBion,  then  in  order 
that  the  Brrangement  may  be  as  iiensitive  as  possible  DIR  must 
be  iLiade  a  minimum.  For  simplicity  let  P  =  Q',  P'  ■>  Q,  R  =  S. 
Then  S  is  to  be  so  chonen  that  i)/5  shall  be  a  mimmum.  This 
by  the  ordinary  method  is  found  to  be  the  case  wlien 


J2r+Q  +  (nGir 
G  +  2«' 


a  -i-  9.11-  '■    ' 


This  comparison  may  also  be  effected  by  means  of  a   Compari- 

diSerential  galvanometer.     The  two  coils  of  inductances  ^  <iVo 

L,,  La  and  resistances .£,,  R„  are  joined  as  shown  in  the    laduct- 
,.  .  ,  ...  ,.         ,,  .  ,     ances  by 

diagram  with  non-inductive  adjastable  resistances,  and    DilTereii- 

balance  is  obtained  for  steady  currents  without  the  n,^^ 
cross-conductor  of  resistance  S.  It  is  plain  that  if,  as  muim. 
we  suppose,  the  resistance  of  each  coil  of  the  galvano- 
meter is  the  same  (fi).  and  their  effects  on  the  needle 
are  equal  for  equal  currents,  the  additional  resistances 
R\,  f  J  (including  connections)  must  be  equal  to  ifj,  R^ 
respectively.     If  ^  be  the  electromotive  force  and  r  the 
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resistaDce  of  the  battery  the  stetuly  current  in  each  coil 


The  cross  conductor  is  then  applied  at  the  points  of 
junction  P,  Q,  and  the  balance  for  steady  currents  is  again 
tested  and  if  found  to  be  disturbed  is  restored  by  slightly 


shifting  one  or  both  of  the  contacts  P,  Q.  The  resistance 
jS  is  then  adjusted  until  there  is  no  deflection  of  the 
needle  on  depression  of  the  battery  key.  When  this 
adjustment  has  been  niade  the  relation  is  fulfilled 

z,  _  2i^,  +  s 

L~~    S  ■     • 


(40) 


[  If  i,  ^,  b«  tlie  ciirrouts  frciu  P,  Q,  reepectiveiy,  to  tlie  gal- 
VQDOtneler,  z  that  from  P  to  Q  through  the  ciobb- connect] on,  the 
current  arriving-  from  the  battery  is  i  +  i  at  P,  aiid  y  —  i  at 
Q.  Hence  if  r  be  the  inductance  of  each  galvanometer  coil,  JU 
tKeir  mutual  inductance,  aud  thu  inductances  of  other  parts  of ' 
ttie  circuitB  bo  negligible,  the  equations  of  currentB  fur  tlio 
circuits  JP6EA,  AQGFJ,  AP<iA  ore  by  (6) 
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ri^+m  +  £,  (*  +  ir)  +  (fl,  +  ffi  +  ff)  i  +  r  (f  +  *)  +  fiji  =  A'  EquationB 

of 
C^+.Jfir  +  L^  +  (.R,  +  S^  +  a)f  +  r(i+f)  -  ff^-S  Current.. 

/.,  (i  +  i-)  +  Si+S,  (i+  i)^ff,(j-i)=0. 

Integrating  the  Srst  two  of  theia  equations  over  the  rise  of 
the  current  in  each  circuit  from  zero  to  the  itendy  value  y,  and 
subtracting  the  second  integral  from  the  first  we  get  aince 

[T-i-li)7  +  i^i  +  ^  +  O)(r-y)  +  (H,  +  S-^^  =  0  .     (*1) 
Also  the  third  equation  integrated  givex 

Z,y  +  je,Ci-V)+(2-ffi  +  .?)^  =  0   .     .     .     .     (42) 

Substituting  in  (41)  the  value  of  z 
(or  T-f  we  obtain 

(2fl,  +  S 


'     SR,i^+^  +  S{Ii,  +  B, 

:+e)' 

Ino 

rder 

tlint  this  may  be  zero  ne  miwt  liiti 
i,      2if,  +  S 

'* 

L,           S 

The 

gives 

vail 

lie   EHB,  +  Rt+G  +  ir)  substituted  for  y  in 
(2R,  +  S)Lt-SZ, 

!2^(ff,+G)+5(A,+/f,+G)KJi,+^+G'+2r) 


The  resistances  if],  Ji^  are  fixed,  and  in  practice  G  also  is 
given.  If  the  galvanometer  is  too  sensitive  tlie  mn^etic  fiel<l 
at  the  needlea  may  be  inoreased  in  intensity,  oi'  the  coils  raajr  be 
shunted  provided  the  shunt  is  precisely  the  same  in  inductance 
(if  any)  and  resistance  in  botli  cases.  The  flow  through  each 
coil  will,  it  S'  be  the  resistance  of  the  shunt,  be  simply 
{a— y)  S'I(G  +  S),  as  it  would  be  if  the  galynnometer  coils  and 
shunt  had  no  inductance. 

Maxwell  has  also  given  the  followiog  method  of  com- 
paring the  muttial  inductance  M  of  two  coils  with  the 
self-inductance  of  one  of  tbem.     One  of  these  coils,  Cj, 
_  VOL.  ri.  H  H 
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Compkri-  of  ioductance  X,  (>  M)  is  included  in  the  branch  AG 
XniuMl  (J"'?- 115)  of  a  Wheatstone  bridge,  and  the  other  coil. 
Induct-    c^  of  the  pair  is  joined  up  with  the  battery  in   the 

Two  coUs  branch  AB.    The  galvanometer  is  in  the  branch  CD. 

^l^^'  Let  P.  Q,S.S  he  the  resistances  of  the  branches  AC, 
■nee  of  AD,  CB,  DB,  and  let  balance  be  obtained  for  steady 
thBin.      currents  so  that  BS  =  QB.     Then  if  the  coils  be  properly 


placed  the  ratio  PIQ=S/S  can  be  so  adjusted  that  there 
IB  no  VBiying  current  through  the  galvanometer,  and  the 
relation 

(46) 


A-^(i.f)  =  -3r(i4D 


is  fulfilled  if  the  inductances  of  the  other  branches  are 
negligible,  or  are  balanced  in  the  manner  described 
below. 

In  order  that  the  bridge  may  be  balanced  for  both 
steady  and  varying  currents,  the  coils  must  be  so  placed 
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that  the  ioductive  actions  in  the  branch  AG  are  opposed,  AroidaiicB 
and  the  resistances  adjusted  until  do  deflectioD  is  pro-  SacoesalTe 
duced  on  depressing  or  raising  the  battery  key.     After    *'^^*J" 
each  alteration  of  the  ratio  PjQ  or  BjS  balance  for  steady  Shunting 
currents  must  be  restored  before  testing   for  varying        "  ' 
currents.     To  avoid  the  repeated  adjustments  necessary 
in  this  process,  a  non-inductive  coil  is  joined  between 
A  and  B,  and  varied  in  resistance  until  no  deSection  is 
obtained  on  depressing  or  raising  the  battery  key  after 
the   galvanometer  circuit   has   been   completed.     The 
presence  of  this  coil  does  not  affect  the  balance  for 
steady  currents,  so  that  when  PS  has  once  been  made 
equal  to  QR,  this  adjustment  is  not  disturbed.     Now  if 
W  be  the  resistance  supplied  by  this  coil  and  E  the 
point  in  it  at  the  potential  of  C,  D,  it  is  divided  into 
two  parts  AE,  EB  by  the  point  E  the  resistances  of 
which  are   Q»'  I  (Q +SlStF/ (Q+ S).     Since   if  we 
please  E  may  be  taken  as  in  contact  with  J)  the  former 
of  these  may  be  regarded  as  a  shunt  on  AD,  bringing 
it  down  to  the  resistance  Q W/(Q  +  S+{y),  which  gives 
by  (46)  the  relation 

.  '-— "(i-f  *^-  •  ■  m 

It  will  be  noticed  that  there  is  want  of  generality  of  B^ouin's 
application  in  this  method,  inasmach  as  both  (46)  and  cation  of 
(47)  require  that  L>lif.     It  baa  been  pointed  out  by    i^eihod. 
M.  Brillouin  that  the  method  is  made  perfectly  general, 
and  the  relation  between  Z  and  Jf  simplilied  by  putting 
the  coil   C,  in  Uie  shunt  branch  between  A  and  B. 
Balance  for  steady  currents  is  first  obtained,  and  then 
HH  2 
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the  total  resiatance  W  of  the  shunt  braach  ia  altered 
UDtil  balance  is  also  obtained  on  making  or  breaking 
the  battery  circuit.  The  relation  between  L  and  M  is 
then 

L--^-"^^  M  ....     (48) 

It  is  of  great  importance  in  this  method  that  the 

inductances  of  the  other  branches  of  the  bridge  should 

be  as  nearly  as  possible  zero,  as  sensible  inductance  of 

unknown  amount  unallowed  for   may   very   seriously 

affect  the  accuracy  of  the  result  obtained.     The  coils 

used  for  balance  should  therefore  be  as  nearly  as  possible 

non-inductive. 

Eiimina-       It  is  shown  below  that  if  the  branches  AD,  OB,  DB 

Unknowu  have  inductances  L^  L^  L^  the  complete  condition  for 

Indnct-    balance  when  the  battery  key  is  depressed  or  raiseil, 

Bridge !    is 

Mf+Z,-p(|^  +  |»-^)  =  0.     .     (49) 

where  k  denotes  the  factor  1  +  P/Q  +  (P  +  R)l  W,  or 
simply  (J'+  E)/  W,  according  as  the  coil  Cj  is  placed  in 
the  battery  circuit  or  in  its  shunt  AJEB.  Now  we  may 
begin  by  arranging  so  that  Xg,  L^,  L^  shall  be  large  in 
comparison  with  Ly  This  may  be  done  by  arranging 
a  finite  and  as  nearly  as  possible  non-inductive  resistance 
P  in  AC  greater  than  that  of  the  coil  C,,  while  inductive 
coils  are  included  in  the  other  three  branches.  Balance 
for  steady  as  well  as  for.  varying  currents  is  then 
obtained  for  this  arrangement,  and  we  know  that  then 
by  (31") 
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hi-h" w 

This  operation  without  some  special  appliance  will 
involve  successive  adjustments  to  balance  for  steady 
currents  at  every  alteration  of  the  resistances,  but  this 
may  be  avoided  by  nsing  for  one  of  the  coils,  say  that 
in  DB,  a.  coil  of  variable  inductance  such  as  two  coils 
joined  in  aeries,  one  of  which  is  within  the  other  and 
capable  of  being  turned  round  to  any  angle  of  inclina- 
tion of  the  axes.  The  self-inductance  of  such  a  pair  of 
coils  is  made  up  of  two  parts,  the  sum  of  the  self- 
inductances  of  the  component  parts,  and  twice  the 
mutual  inductance  between  them.  The  latter  part  can 
be  varied  by  varying  the  positions  of  the  coils ;  and  by 
this  means  when  once  balance  for  steady  currents  has 
been  obtained,  that  for  varying  currents  may  be  obtained 
also  without  altering  the  resistances  of  the  branches. 

This  done,  C^  may  be  included  in  AC  (thus  making 
X,  finite)  and  balance  for  steady  currents  restored  by 
adjusting  P  to  its  former  value.  Balance  for  transient 
currents  is  then  made  by  varying  W,  and  we  have 
accurately  L  =  k}f,  since  Xj,  L^,  L^,  Q,  It,  S  have  not 
been  altered. 

A    different    method  of  correction    was    employed   by   M,   '   Bril- 
Brillonin,     If  the  coils  of  a  reaintaDce  box  made  of  wire  doubled     lonin'a 
in  itaelf  before  being  wound  have  identical  dimenBions  and  be    Method> 
made  of  wire  of  the  same  specific  conductivity,  but  differ  only 
in  length  and  diameter  of  wire,  and  moreover  be,  aa  of  course 
they  generally    are,    without  mutual  inductance  of  sensible 
amount,  the  ratio  of  the  small  residual  inductance  of  any  coile 
which  may  be  used  from  the  box  to  their  resistance  will  be 
approximately  the  same.    This  was  found  to  be  the  case  for  a 
resistance  box  nsed  by  Brillouin    in    his  investigations,  and 
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ftccordinRly  thia  bus  vms  used  to  give  IJJt.  Balance  both  for 
Bleady  ond  vBiyinf;  currents  having  first  been  obtftioed  with 
oerlaiu  valuaa  of  P,  Q,  R,  S,  W,  and  i„  Lf,  It,  Z*,  a  resist- 
uioe  r  of  inappreciabfe  laductdDce  was  added  to  P,  aad  the 
balances  restorcMl  by  varying  R  nod  y  to  new  values  ff  and  JT'. 
The  equations  were  then 

P  Q      H  '^  S 

if  a  +  Lx      A     ^,^'4  =  0 
_   P  +  r         Q   '  R'  '^  S 

which  Binco  LilS=l'3lIi:  gave 

L,^\{k--k)ll~l^M (51) 

A  geneml  iavestigation  given  by  M.  Briilouin  shows 
tliat  iQ  order  that  this  comparison  may  be  carried  out 
with  all  the  exactness  of  which  the  method  is  capable, 
the  galvanometer  ought,  if  used  without  a  commutator 
giving  a  steady  deflection,  to  be  from  100  times  to 
1000  times  as  sensitive  for  transient  as  for  steady  cur- 
rents. Thus  to  obtain  a  suflBciently  great  galvanometer 
deflection,  ^  rapidly  rotating  conimutating  arrangement, 
such  as  Ayrton  and  Perry's  Secohmmeter  (p.  457  above), 
muse  be  employod,  if  very  high  accuracy  is  aimed  at. 

Theory  of  Referring  to  Fig.  116  let  the  indiittances  of  AC,  AV,  CB,  DB, 
.Hetitod.  ABB,a.nA  the  galvanometer  branch  CD,  be  denoted  by  i„  £,, 
Lj,  In,  Lfa  r,  respectively,  and  let  a,  x,  y,  i,  be  tlie  currents  in 
the  batttery,  AC,  CD,  and  the  shunt  branch  AEB  at  eny  in«tant, 
then  inlegratjng  over  the  whole  interval  of  variation  of  currents 
at  "  make  "  of  the  battery  circuit,  and  putting  y,  t^  f,,  i,  for  the 
oorreaponding  values  of  the  steady  curreots,  we  get  for  tite 
int^ral  equations  of  currents  for  the  circuits  ACDA,  CBDC, 
ACSEJ. 
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(P  +  «)»-  +«»+«<- -.lfr  +  i,(y-« 

(«  +  i)^-(e  +  «  +  %+s.-i.(r-j,)-(j,+l,M.+a 
ir  +  RIx  -«,-r..v.-i'y-('i+y».     : 

Bat  eince  the  resistaoce  of  the  bridge  network  is 

S(P  +  «y(K  +  S),    (7  -4)«.-  »"(«  +  «)W  (?  +  n 

and  tlierefore 

i. ^+J^ „ 

Again  (y— i,— ilVij=P/§  which  gives 

Sabatituliiig  them  values  of  i.,  i.,  in  (52)  and  elimiDatiiig 
3f  nnf)  z,  we  aee  that  Bines  PS^QR,  the  coefficient  of  u  identi- 
cally vanteheB,  and  we  find  after  easy  redactiona 

y  P3J 


P+Q 

where  A  denotes  the  determinant 

1  0,    P+Q.        Q     \ 

-[G  +  R+S),    R  +  S,         S     I 

j  ~R,    P  +  R,     -W    t 

If  the  coil  CLisincIudedin  the  Blmnt  branch  ^?£,  the  term  ir 
volviDg  ^in  the  firat  and  third  equation  of  (52)  ii 

of  My.     Hence  in  the  value  otf  given  by  (63)  we  nave  only  to    rormain 
multiply  Mby  it/y  to  Snd  the  proper  relation  for  this  case.    Bat    for  ^ril- 

Vt  =  -liP  +  R)I{S{P  +  R)+  W{R  +5)1.  ^3*' 
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The  multiplier  of  Jf  in  the  numerator  of  the  secoatl  fractioo 
>n  the  light  of  (53)  thereforu  becomea 


(^^: 


..^tKV 


Bince  FIR=Q/3. 

In  order  that  f  may  vaDish  the  necessary  and  sufficient  con 
ditjon  is  thaa 


)  of  MiiiweH'fl  arrnngement;  or 

?  tlie 


in  Brillouiii's  modification. 

It  ie  therefore  necesBsry  in  order  that  no  error  of 
magnitude  may  enter  into  the  results  that  L^  L^  L,  t 
either  negligible  or  capable  of  approziraale  eatiuiation. 
latter  ia  toe  case  the  correcting  t«rm  can  be  at  once  found  from 
(64)  or  (54'). 

jjo,^  We  may  investigate  tlie  most  seniiitive  urraugemeDt  of  the 

Sensitire    bridge  for  this  comparison.     This  we  shall  do  by  (a)  finding  the 

Amnge-    value  of  Ji  for  a  given  value,  p,  of  the  ratio  F/Q,  and  a  given 

meat  of     galvanometer,  (A)  finding  the  proper  resistance  of  a  galvanometer 

Bridge :     bobbin  of  given  sliape  and  dimensions  for  use  with  the  bridge. 

Let  r  be  the  reeistance  of  the  battery  (and  the  coil  if  included 

between  A   snd  B),  then,  if   W  be  supposed   infinite  for   the 

present,  the  resistanoe  ot  the  circuit  is  r  -(-  S{P  +  R)I{R  +  !i)- 

Hence  if  E  be  the  electromotive  force  ol   the   battery   we  have 

y  =  5(5  4-  S)/jr(«  +  S)  +  S{P  +  m-    Hence  (63)  becomes 

'~  I     IP  \  0  4-  11      ■      '     ' 

ir(p  +  l)  +  P  +  fi|  JC  (J  +  1  j+ P^^t-'j 
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The  condidoD  that  the  denominiktnr  of  this  espreeeion  may  b« 
a  niiniinam  is  easily  found  in  the  ordimtry  way,  and  is 

^.gi-|rO,  +  l)  +  J|, 

Sp  +  fO.+  l)  '    ' 

ThiH  gives  the  best  value  of  S  for  use  with  a  given  galvancv    {!)  With 
meter.     If  however  there  is  n  choice  of  galvanometer-bobbins  of      given 
the  same  volaine  and  arrangement  of  wire  but  of  different  re-    Qalvano- 
sistaoce,  0,  then  for  a  given  current  the  galvanometer  effect     ft^.''. 
produced  by  each  bobbin  varies  as  \'G,  provided  the  thickneas      g!m;Ul 
of  the  insulating  coating  he  in  a  constant  ratio  to  the  diameter    q][|^„,o. 
of  the  wire,  or  be  so  small  aa  to  be  negligible.     Thus  in  order  to      meter, 
find  the  condition  for  a  maximum  we  have  to  substitute  for  the 
denominator  [B  say)  of  the  expreaBioa  on  the  right  of  (5n)  a  new 
dsncminator  jy  =  DI-JQ.     Thus,  calculating  dWliQ  and  equat- 
ing to  zero,  we  find  in  addition  to  (56)  the  condition 


p  +  1  J'R 


(57) 


These  give  for  R  the  quadratic 

%IP-\-PR-P{r(p-\-\)  +  F\  =  0 (58) 

This  has  two  real  roots,  one  positive,  the  other  negative.  Tlie 
former  is  therefore  the  required  value  of  R  and  substituted  in 
(57)  gives  the  value  of  Q. 

A  good  practical  example  is  that  in  which  one  of  the  two  coiht 
lias  a  comparatively  small  resistance,  as  for  example  the  primary 
of  a  Ruhiiikorff  induction  coil.  If  this  be  put  iu  the  battery 
circuit,  and  the  cells  have  a  low  internal  resistance,  r  may  be 
pnt  equal  to  zero,  and  we  have  then 


These  results  are  not  affected  in  the  least  by  the  introductiOQ 
of  the  wire  of  resistance  W,  since  we  should  then  have  instead 
of  ft  5,  fiaiply,  Qir/(q  +  S+W),  SWUQ  +  S+V')  reapec- 
tivelyt  and  p  wonld  have  the  value 

P(Q  +  S+W)iqW-RlQ  +  3+ir)l3W, 
BO  that  (56)  and  (57)  would  not  be  altered. 
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Pncticftl       The  following  are  Bamplea  of  resulta  obtained  by  M.  BrilloniD 

Example  jn  experimenta  made  with  t#o  coaxial  and  conceDtnc  coils  of 

oj  the  following  din 


Afean 

No.  of 

DiameUr. 

Length. 

Tumt. 

Larg«  bobbin. 

...10-9  cm* 

48  5 

3263 1  i 

n  fourlayera 

Small       „      . 

...  498  „ 

48-5 

3272/ 

in  eacb  case. 

ValueofJf  calculated  (without  allowinK  for  thicknees  of  layere) 
4-79  X  10  C.G.S. 

In  all  the  experitnenta  here  c^uoted  the  coil  (7,  was  placed  in 
the  battery  circuit  &■  shown  in  Fig.  116. 


Q 

M 

S 

r 

' 

117-7S 
117  72 
117-73 
2.16 
587-4 

100 
1000 
10000 
100 
200 

100 
1000 

lOOOU 
200 
1000 

81-886 

420±-S 

3806  ±10 

68-86  ±05 

91-79  ±04 

4-669  ±-002 
4-i;61±-002 
4658±-005 
4-661  ±-002 
4-659  ±-002 

A  aeries  of  eight  experiments  from  which  these  results  are 
selected  gave  a  mean  valne  of  ilr=4-6596. 

Four  other  experiments  made  with  R  and  S,  1000  ohms  and 
10000  ohms  respeotivsly,  and  with  values  of  Q,  1176-3,  1176-3, 
11C6,  1164-8  ohmB,  gave  redultH  agreeing  very  well  with  one 
another,  but  furnishing  a  somewhat  diSeront  mean  value  of  i, 
namely  4-6S97. 

Two  experiments  in  which  these  mean  values  of  i  were 
respectively  used  to  find  L/M,  gave 


379  6J  1000      1000 
3786       1000    lOOOO 

ir- 

i' 

-l,IM 

61.1-2  ±6 
394-5  ±5 

4'662±-004 
4-594  ±  0O4 

4-661  ±-003 

4-660  ±-005 

.,.„..^C 
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A  rapidly  routine  commutator  was  used  ub  described  above 
lake   and  break  the  batUry  circuit  b *"  ■ ""' 


sensibility  by  JfivioK  a  steady  deflection  of  the  galvanometer 
when  the  condition  for  balance  was  not  fulKlled. 

The  mutual  inductance  if  of  two  coils  may  be  com-  jjutna] 
pared  with  the  self-inductance  X  of  a  third  coU  by  the  i^^-jj^ 
following  method,  which  is  also  due  to  Prof.  C.Niven.*  Two  Coils 
One  of  the  mutually  acting  coils  is  included  in  the  ^i'^ 
battery  branch  A£,  Fig.  116.  of  a  Wheatstone  bri(^,    l^n-lnct^ 

Third. 


the  other  is  placed  as  a  shunt  across  the  galvanometer 
branch  CD.  Balance  is  first  obtained  for  steady  cur- 
rents, then  the  resistance,  S",  of  the  shunt  is  altered 
until  there  is  no  deflection  of  the  needle  at  make  and 
break  of  the  battery  circuit.    Then 

Jf-'-oW-     ■•••.■     (60) 


We  shall  denote  by  P,  Q,  Jt,  S,  G,  hi  before,  the  resiaUncee  Theoiy  of 
of  the  four  branches  of  tbe  bridge  and  the  galranonieter,  by  Method. 
S',  L',  the  resistance  iind  inductance  of  the  coil  shunting  tbe 

falvanometer  branch,  by  r  the  inductance  of  the  galvanometer, 
y  i,  i,  ^,  i  the  currents  at  any  instant  through  the  battery,  the 
branch  AC,  the  galvanometer,  and  S',  and  by  y  the  steady  cur- 


•  WW.  J/a?.,  Sept.  1887. 
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rent  through  the  battery.  Prom  the  galvanometer  circuits 
ACDA,  CBDC,  vfe  get  tlie  integral  equatione  of  currents 

in  which  the  inductances  of  the  galvanometer  and  the  coil 
which  shunts  the  branch  CD  do  not  appear,  since  there  is  no 
ateadj  current  from  C  to  J)  and  the  inductaucea  of  tlie  other 
branches  are  supposed  negligible. 

The  difference  of  potential  between  C  and  D  is 

rj/+Gf-  m  +  Vi  +  S'z. 

TIlis  integrated  yielda 

which  converts  the  second  equation  of  currents  just  found  into 


Flow  put  for  i*  and  using  the  relation  FS=QS,  ^ 

through 

Galvano-  ,,(i'  +  §)»     rn 

meter.  *       -^r      -  ''H 

{P+qi'p  +  q+6[i  +  1  +  ^+ ? 

I/(P  +  ^),  where  f  is  th 

eluding  coil  and  connections 

,.s i 

{f+«+e(i+^+af«)){r(p+(j)+(;(p+*)j 

Condition      The  necemaiy  and  eut&cient  condition  tliat  y  may  be  z 
of  Zeto     tlius 
InJWl  L       (f  +  «)■ 


(63) 
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whicL  is  (60).  Henoe  nhen  ttie  resisUncei)  are  so  ndjiisted  ttiat 
there  is  no  integral  transient  current  in  the  galvanometer  branch 
the  inductancea  have  tliig  ratio. 

It  is  clear  ttiat  since  i>  is  fixed  the  value  of  5' depends  on  that  Mo»t 
chosen  for  Q.  To  a  certain  extent  iS"  is  fixed  and  therefore  also  SeniitiTa 
Q,  since  jS'  cannot  he  less  than  the  resistance  of  the  coil  and  Anange- 
eonnections  used  across  CR  If  P  and  0  be  supposed  both  m«.nt  °f 
given,  the  beet  value  of  B  to  choose  woiUd  he  given  by  the  Bridge. 
equation 

■»_         {<iP  +  r[P+q))GPS-  .    . 

GQ^S'  +  P+Qj  +  QS'il'+Q)-    ■     ■     ^    ' 

The  following  example  is  given  by  Prof.  Niven.    The  field    Example 
magnets  of  an  old  dynamo  of  the  LadS  pattern  were  joined  up         of 
in  AC,  and  their  self-inductance  wBsconipnred  with  the  mutual     Method. 
inductauce  of  a   pair  of  experimental  coils.     The  resistiince  of 
that  one  of  these  coils  which  was  placed  in  CD  was  lO'S  oliins, 
the  resistance  F  of  ^(7  was  1'79  ohms,  M  was  made  equal  lu  P, 
and  Q  was  chosen   1000  ohms,  so  that   .^  was   iilso  1000  ohms. 
It  was  found  that  for  balance  an   additional  resistance  of  167 
ohms  was  required,  making  S'  177'5  otima.    Thus 

(1001-79)' 


.V      1000  X  177'5 

The  foUowiag  method  of  determiQing  a  self-iaduct-   Compari- 
ance   in   absolute   measure,  by   comparing   it   with  a     injact- 
resistaace,   has   beeu  used   by  Lord   Rayleigh  in  hia  *''5?^'* 
determination  of  the  absolute  value  of  the  B.A.  unit     ance; 
of  reaistance.*     Tbe  method  is  originuUy  due  to  Clerk  i),i]''[fi,> 
Maxwell,  and  is  described  in  his  paper  on  "  A  Dynamical    Methmi. 
Theory  of  the  Electromagnetic  Field. "f     Four  resist- 
ances, P,  Q,  JR,  S,  are  joined  as  four  branches   of  a 
Wheatstone  bridge,  as  shown  in  Fig.  119.     The  branch 
AC  has  self-inductance  Z,  but  none  of  the  others  in- 

•  PkU.  Tram.  S.  S.,  Part  II.,  1882. 

+  Phil.  Tt-atu.  Ji.  S. ,  vol.  civ.,  1365 ;  oi  Clerk  Maxwell's  ColkcUd 
Paper),  vol.  i.,  p.  547. 
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(luctance  of  any  kind.  A  battery  ia  placed  in  the  branch 
AB,  and  a  ballistic  galvaaometer  in  the  branch  CD. 

Balance  for  steady  currents  is  first  obtained  by  de- 
pressing the  battery  key  Ki,  and  a  second  or  so  after- 
wards the  key  ATj.  Then  K^  is  depressed  first,  and  the 
angular  deflection  0^,  produced  by  putting  down  K^,  is 
observed. 


The  balance  for  steady  ciirrents  is  now  disturbed  by 
altering  the  resistance  /*  to  /•  +  SP,  or  C  to  Q  +  SQ. 
We  shall  suppose  that  the  latter  change  is  made.  The 
deflection  0^,  produced  by  the  steady  current  which  now 
flows  through  the  galvanometer  when  both  keys  are 
put  down,  is  read  off  and  noted. 

If  *„  z„  be  the  steady  currents  which  flow  through 
the  branches  AC,  AD  respectively,  after  Q  is  changed 
to  Q  +  &Q,  and  T  be  the  period  of  oscillation  of  the 
needle,  then  it  is  shown  below  that,  subjei^t  to  correction 
for  damping, 

j;_8«i  ^^jSil-.  ....    (65) 

The  ratio  zji:,  can  be  found  as  described  below,  and 
thus  L  can  be  calculated. 
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The  secohmmeter  can  be  applied  to  increase  the 
sensibility  of  this  method,  and  the  nrrongement  of  tlie 
apparatUB  is  shown  in  Fig.  118.  BC  denotes  the  battery 
commutator,  GO  the  galvanotneter  commutator.  The 
arrows  show  the  direction  of  rotation  of  each  as  seen 
from  its  side  of  the  instrtimeot.     After  the  bridge  has 


been  balanced  for  steady  currents,  the  instiniment  is 
rotated  -at  a  speed  determiceJ  by  a  speed-measurer,  and 
makes  say  n  reversals  per  second.  Let  the  steady  de- 
flection of  the  galvanometer  needle  be  8^,  then  the 
uniform  current  equivalent  to  that  producing  the  deflec- 
tion is  ^tan  d,/&,  where  H  is  the  field  intensity  acting 
on  the  needle,  and  0  is  the  constant  of  the  galvano- 
meter, supposed  to  be  a  tangent  instrument. 
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Tbe  Becohmmeter  is  now  stopped,  and  a  stecidj 
current  through  the  galvanometer  is  produced  by  alter- 
ing ^  to  §  +  BQ.  Then  it  will  be  seen  from  the  inves- 
tigation below,  that 

I  =  »g  -P  tan  g,  I 
n    Q  tan  f  J 


(65') 


if  the  deflections  are  small. 

M^th'd        ^y  ^''*  balancing  for  steady  currents,  then  altering 

bv        Q   by   a    convenient  amount   BQ,    and    rotating    the 

mete™     commutators  at  a  proper  speed,  the  induction  current 

may  be  made  to  balance  that  due  to  the  disturbance 

of  balance  so  that  no  deflection  is  produced.     When 

this  is  the  case 

J  _,BQP  e^ 

n   Q   e *•       ' 

if  the  angular  deflections  are  small.  Here  &  is  a  co- 
eflicient  depending  on  the  relative  positions  of  the 
galvanometer  and  battery  commutators,  and  may  be 
determined  once  for  all  by  determining  the  other  quan- 
tities for  a  known  self-inductance  L.  The  galvanometer 
must  not  be  reversed  exactly  or  very  nearly  midway 
between  two  reversals  of  the  battery,  as  the  more  nearly 
this  arrangement  ia  made,  the  smaller  must  be  the  value 
of  k  and  the  greater  BQ.PjQ  for  the  necessary  balance. 

Theorf  of      Tlie  integral  transient  current  tliroDgh  the  galvanometer  is 

Method,    easily  found  as  follows.    Let  i,  i,  ■  bo  the  currents  in  AG, 

through  the  galvanometer,  and  through  the  battery,  at  any 

instant,  r,  0,  the  self-inductance  and  resistance  of  tlie  galvano- 
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meter,  then  from  the  circuite  ACDA^  CBDC  (Pig.  117)  we  get 
the  eqaations  of  currents 

Zi  +  W  +  ry  +  ff/-C(<-*)=0 

R{i-i)'S{i-i-\-i)-rji-Gi"Q. 

These  integral Ptl  over  Ihe  whole  interval  of  varintion  give  Integral  of 
with  i,  put  for  the  steady  current  in  AC,  Varying 

(87) 


G(l+|)+P(.  +  |) 


TliUB  the  flow  through  the  galvanometer  is  the  aame  as  that 
due  to  an  electromotive  impulse,  Lii  in  AC,  acting  independently 
of  the  batteiy  branch  AB.  For,  any  electromotive  force  r,thne 
acting,  would  give  a  current  through  the  galvanometer  of 
amount 


R+S 


s  (.+?)+/(.- 


Tlie  indnotaoce  of  the  galvanometer  would  not  affect  thia  result, 
and  ia  therefore  not  introduced.  TIiub,  if  we  put  for  the  integral 
of  «  the  value  Li,,  we  get  the  result  slated  aoove. 

Now  if  i,  denote  the  steady  current  through  the  branch  Al), 
the  steady  currents  through  the  galvanometer  and  the  other 
branches  of  the  bridge  satisfy  the  equations  (obtained  from  tlio 
circuits  ACDA,  CBDA,  and  the  circuit  ACBA,  through  the 
battery), 

Pi,+GS,-qi,- 


Bi,-(,G+R+S)f,-Si,-0^. 
(P+R+r)i,-Rj,+ri.=  E\ 


(68) 


where  (^  denotes  any  value  of  the  resistance  of  the  branch  AD, 
r  the  reaiatBDce  and  Ji  the  electromotive  force  of  the  batter}-. 
TOL.  IL  II 
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Steady     Putting  Q'-Q  +  iQ,  and  using  the  relation  SP~QR,  \ 
Cumnt    from  tbese  equations 

Ssl  ...,m 


where  A  is  the  determinant  of  the  system  of  eqnatioDS  (68). 

But  eliminating ^j,  jiti  wofiDdfor  the  steady  current  ii  through 
the  branch  AD 

GR  +  PiG±R±S) 


G+UG+R+^ 


It  may  be  noticed  that  an  electromotive  force  i,iQ  in  JB, 
acting  aa  if  the  buttery  branch  did  not  exist,  would  produce 
through  the  galvanometer  a  steady  current  of  amount 


which  is  nearly  the  same  thing  as  i,  if  iQ  be  small.  It  is  to  he 
carefully  noticed  here  that  i,  is  the  current  in  the  branch  JD 
after  the  resistance  Q  has  been  altered  to  §  +  8Q. 

By  tho  tlieory  of  the  ballistic  galvanometer  (p.  392  above)  j*  is 
given  by  the  equation 

subject  to  a  correction  for  damping.    Also 
*,=ft8nfl. 


Eiprewton  so  that  j^/^.-ii./i^Q-  Tsin  ifl./n-  tan  9^  m 
for  L  in 
TaraH  ot  I,    T  Binja, 

which  is  equation  (65). 
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la  Lord  Ruyleigh's  experiments  the  b&ttery  current  was      Lord 
reversed  to  produce  the  induction-flow  througli  the  galvano-  Rayleigb's 
meter;  bo  that  taking  (he  deflection  produced  by  revetsul  in    Expen- 
each  case  we  must  use  the  ratio  iil'iit  in  the  aboye  formula     nients. 
fori. 

Lord  Rayleigh  used  for  S  and  3  two  coils  of  ten  units  each    Arrange- 
taken  from  a  resistance   box,  while  P  was  a  copper  coil  of  re-     ment  of 
sietance   rather    less    than    24    ohms,   and    inductance   L   to      Coile. 
be   determined.     A    coil    of    S4    units   taken    from    the  name 
resistance  box  with  a  coil  of  753  units  (which  was  taken  from 
nn  auxiliary  box)  placed   in   multiple  arc  with  it.  balanced  P. 
The  rcfiiaUnce  P  was  thue  24  X  753/777=23  25869,  in  units  of 

Q  was  altered  by  substituting  853  units  from  the  auxiliary     Mode  of 
box  for  the  753   units  used   in  multiple  arc  with   the  coll  of    Alteiiug 
24   units.     Thus    Q   was   made   23-34322   units,  and  therefore         Q. 
dOwas  -08453  unit 

Tiie  battery  current  was  reversed  by  a  key  placed  in  AB 
while  the  galvanometer  branch  was  kept  closed.  Observations 
of  dj,  9j  were  taken  by  means  of  telescope  snd  scale  in  the 
ordinary  manner;  and  were  made  as  rapidly  as  possible,  by 
properly  manipulating  the  key,  and  opening  and  closing  the 
galvanometer  Dr«nch  so  as  to  stop  the  inductive  deflections 
afterthe  throw  had  been  observed.  The  ob sex verbimself  damped 
the  vibrations  of  the  needle  by  exciting  temporarily  at  proper 
times  a  current  in  a  coil  for  the  purpose. 

The  induction  throw  was  taken  without  waiting  for  the  needle  Method  of 
to  come  perfectly  to  rest,  or  arranging  for  perftct  balance  for  Observing 
steady  currents.  The  amplitude  of  free  swing  was  obtained  by  Induction 
observing  two  succfseive  elongations  with  the  needle  fairly  Dvflectiou 
quiet.  Then  the  battery  current  wss  reversed  as  the  needle  by  Hsver- 
paaaed  through  the  position  of  equilibrium,  and  it  was  noted  "'^  "^ 
whether  the  induction  threw  was  with  or  against  the  direction  B»tt*ry- 
of  free  motion,  and  the  fonr  elongations  after  reversal  were 
observed. 

After  reversal  tho  aero  for  steady  flow  had  of  course  shifted  Correction 
owing  to  imperfect  balance,  but  the  change  gave  a  means  of  of  Throw 
correcting  the  induction  throw.    Let  a  be  double  the  true  arc  for  Change 
of  deflection  due  to  induction,  a^  the  range  of  vibration   from     "t  Zeio. 
side  to  side  just  before  reversal,  and  b  the  arc  through  which 
the  zero   had  shifted,  then  at  the  moment  after  reversal  the 
velocity  which  the  needle  had  in  consequence  of  free  swing  wns 
numerically  n-Og/T,  in  aonsequencu  of  induction  najT,  and  the 
displaoement  from  the  new  zero  was  6.    The  velocity  was  thus 

Il2 
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K?'-) 


wbore  4  auA  a  are  consUntr.    Then 


lb    in  A        /2ir  ,       \ 


=         J,  008*-  y 

when  ^=0.    Thus 

Again  when  t=0,  *=b,  nod  therefore 

A  sine—-*. 
Hence  we  huve 

This  repreiente  b  vibration  of  which  the  amplitude 

A=-J{ia  +  a^)'  +  b* 
or,  if  £  be  imall, 

BO  tliat 

Carrectfld  where  J  Wfts  theobBerved   arc  of  deSection.     Tlie  correction 
Valas  of    given  by  the  laat  term  was  very  Binall,    iA  was  the  arc  between 
Indnction  the  two  turning  points  imniediately  following  the  reversal.    As 
Dbnection.  g  check  readings  of  the  two  following  turning  points  were  also 
taken.     The  new  zero  was  obtained  from  two  succeasive  elonga- 
tions of  the  needle  which  were  observed  after  Iha  needle  had 
nearly  come  to  rest  in  its  new  position. 

The  next  time  the  needle  passed  through  the  ecjuilibrinm  posi- 
tion an  induction  throw  in  the  opposite  directiun  to  the  last 
was  taken,  and  the  four  immediately  following  elongations 
observed. 
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Readinge  were  then  taken  as  quickly  ns  poesibk  of  tire  slendy  OllBcrvi- 

current  dettection  produced  by  (^hanging  the  coil  of  763  units  tionsof 

(o  853  nnite.     Resdings  of  three  or  four  suceeBsive  el  on  got  ions  Steady 

were  taken   as  Boon  aa  the  mnpliludeB  liad   [leoome  njoderate.  Current 

Then  llie  galvanometer  branch  CD  waa  opened,  and  llie  battery  DeHection. 
current  was  reversed  while  the  needle  was  pntBing  over  io  the 
other  aide  of  zero.     Wlien  the  needle  had  awung  over,  the 
galvanometer  contact  was  restored,  then  four  elongatio 


wo  poeilioTiB  of  ec 

Quo  to  the  Bleady  cui 

}9  to  S3'3432-2  units. 

made  for  the  effect  v 

jversing  without  chiinging  Q. 


«K«in  observed.     The  a 

brium  waa  tbue  twice  the  defiectii 

produced  by  changing  §  from  23-! 

A  correction  of  courae  had  to   I 
would  have  been   produced  by  n 

Tliia  waa  obtained  from  the  observations  of  flie  effect  of  imper- 
fect balance  made  before  each  induction  tlirow;  and  any  pro- 
greBsive  change  due  to  alteration  of  temperature  was  got  rid  of 
by  using  the  inenn  of  audi  obaervations  made  before  and  after 
a  change  from  T53  to  853  units. 

The  following  is  a  epeciinen  aetof  obaervationB.  In  the  table 
E.  P.  atande  for  "equilibrium  position,"  and  L  T,  for  "induclion 
throw," 


Time  of 
Ob«r«.ti™, 

aittery  Key. 

n»dlnei  OD  Bcile,  and  D'  llectioni  Id 

3  h.  36  ni. 
3  h.  38  m. 

Left. 
Right 

E,  P.  264-4~i 
I.T.  246  6  (Res.  753 
K.  P.  262-5  [  unite. 
I.T.  2,6-9 J- 

3  b.  40  m. 

Right. 

E-P-^82-3     g^_e63 

3  h.  41  m. 

Left. 

E.  P.  344  7      """^ 

3  h.  44  m. 
3  h.  45  m. 

Left 
Right 

E.  P.  264-41 

I.T.  245-7  (Res.  763 

E.  P.  263-1  (    units. 
I.T.  216-G) 
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RednetioQ  In  th©  first  set  o£  thesa  reaults  tSie  difference  1'9  between 
ofReaults  264 '4  &nd  262'5  wBsdue  toiinperfectionof  bnlance,  in  tlieseconil 
of  Obior-  aet  the  difference  was  1-3.  The  mean  of  these,  IS,  subtracted 
vatioDS,  from  162-4  gave  160-8  as  thq  deflection  prodnced  by  replacing 
753  units  by  653  end  reversing,  corrected  for  imperfection  of 

Thus  the  ratio  of  the  two  deflections  obtained  from  this 
specimen  sot  of  ob8ervation8waB245-9/I60-8— 1-629.  Twosets, 
each  of  four  similar  observiitions,  the  second  set  made  with  the 
galvanometer  reversed,  gave  each  the  mean  Talus  1'5310  for  thia 
ratio,  HO  that  reversing  the  galvanometer  produced  no  effect. 

Culling  2)  the  digtance  of  the  mirror  from  the  scale,  2^^  the 
induction  deflootion,  25  the  deflsction  produced  by  reversing 
the  battery  current  when  balance  is  disturbed  by  the  addition  of 
100  units  tu  the  7S3,  all  three  quantities  being  expressed  in 
terms  of  the  same  unit  of  length,  we  have 

tan2fl,=4,  tan2fl,=  | 

which  give  by  Bucceaaive  approximation 


ir  since  ^=122-5,  5- 


Correction      Separate  determinations  of  the  logarithmic  decrement  gave 

of  Indue-  x=-0U2,  and  the  period  T  was  found  to  be  23  3S6  seconds, 

n  n^'       Since  the  effect  of  damping  was  to  diminish  the  distances  from 

uenection   ^^^^  ^^  ^^^  g^.^^.  ^^^  second  elongations  by  the  fractions  JX,  fX 

of  their  proper  amount,  the  difference  between  these  distances 

can  be  corrected    by  multiplying  by  the  fsctor  1  4"  ^'     It   is 

sufficient  to  apply  this  factor  to  the  vulue  of  2  sin  Jfj/tan  6^ 

Thus  the  equation  for  L  becomes 


=»«?,^. 


The  resistance  of  the  galvanometer  was  80  units,  and  cal- 
culation showed  that  the  current  through  it  might  be  neglected 
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in  estimatinj;  tlie  ratio  ii/it.  The  rteisUnceof  the b&tter; being 
low,  the  difference  of  potential  between  A  and  B  waa  taken  as 
given.     Calling  it  V  we  have 

i,-  r/(10  +  23-£6869),  i.=  r/(10  +  23-34322), 


it     10  +  23-34322 

Uaing  then  these  data  with  the  value  ■08453  %  '987  ohm,  or 
■08453  X  987  x  10*  C.  G.  S.  for  8$  ohuinad  by  regarding  1  B.  A. 
unit  as  "987  ohm,  we  get 


i-.8-4028xlO" 
n  ordinary  electromagnetic  C.Q-.S.  unite,  that  it 


At  the  temperature  of  the  room  the  resistances  given  liy  the 
boiea  were  not  eiaotly  multiples  of  the  B.  A.  unit,  and  the 
resistance  of  853  uoita  had  to  be  increased  by  fully  one  part  in 


a  thouaand  to  give  the  necessary  correction.    Tliua  3Q  v 
greater  than  the  value  given  ahose  by  this  fraction.     Thus 
tinally 

/.-24052xl0»,incms. 

Cdculation  from  the  speciBcation  of  tlie  coil  gave 

i=2400xl0',  incms. 

about  1  in  500  leas.    In  Lord  Kayleigh's  jiictgm^nt  the  former 
value  was  jnst  as  likely  to  be  correct. 

A   self-inductaace  may  also  be  compared  with  a  Jouhert's 
resistance  by  the  following  method  due  to  M.  Joubert.  y^^g 
A  circuit  is  made  up  of  the  coil  the  inductance  of  which      Self- 
is  to  be  determined,  and  a  non-inductive  resistance,      ^q^,  ' 
An  alternating  machine  giving  a  suitable  electromo- 
tive  force  as  nearly  aa  possible  following   the  simple 
harmonic  law  is  included,  and  the  mean  square  of 
the  di6ference  of  potential  between  the  terminals  is 

'  See  neit  Chapter. 
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compared  by  means  of  ao  electrometer  with  that 
existing  between  the  terminals  of  the  non-inductive 
resistance.  Denoting  the  mean  squarea  of  these  dif- 
ferences, respectively,  by  K,  ,  V^ ,  and  the  resistances 
of  the  corresponding  coils  by  Ji^,  S^,  we  have 

|-^^' ('») 

where  nssitrjT,  T  being  the  complete  period  of  the 
alternating  current.     Tliis  equation  gives 

The  value  of  n  can  be  found  of  course  from  the 
speed  of  the  machine,  and  the  number  of  altematious 
in  each  turn. 

To  find  the  ratio  K,  /  V^  the  electrometer  must  be 
used  idiostatically  as  explained  in  Vol.  I.  p.  209,  that 
is,  one  terminal  is  connected  to  one  pair  of  quadrants  if 
the  instrument  is  a  quadrant  electrometer ;  or  to  the 
stationary  electrified  system  which  acts  on  the  movable 
system  or  indicator,  while  the  other  terminal  is  attached 
to  the  needle  or  indicator.  Then  the  mean  square  of 
the  difference  of  potential  between  the  terminals  will 
be  proportional  to  the  deflection  if  small,  or  if  the  needle 
is  brought  back  to  a  sighted  zero  position,  will  be  pro- 
portional to  the  couple  required  to  keep  it  in  that 
position.  Sir  William  Thomson's  multicellular  elec- 
trostatic voltmeter  '  is  well  adapted  for  this  measure- 
ment, 

*  See  the  Aathor'a  SmalUr  Treatise,  p   142. 
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To  prove  the  formulas  stated  above  let  r  ba  the  part  of  tUe  ^'"ry^ 
resistance  wbicli   does  not  depend  on  tba   coils   used  for  the    Method, 
comparison,  A'sinnl,  Ibe  elect: oinotive  force  in  the  circuit  nt 
any  instanl,  and  i  the  current  at  tliat  instant.     Then  it  L  +  L' 
is  the  total  inductance  iQ  the  circuit 

(,L  +  L')ii+[R,  +  fii  +  r)i-^Eaini,t. 

The  part  Lii  +  A,i  is  the  difference  of  poteotial  then  eiisling 
between  the  tenniiiale  of  the  coil  that  is  being  tested,  S^  is  ihnt 
between  the  terminals  of  the  non-inductive  coil.  We  may  wrile, 
therefore,  if  c^,  Cg,  be  constiints 

M+Jtii-fiBiniit  I 


(72) 


if^=r,8in»i  J 
Tlie  complete  solution  of  the  first  of  these  equi 


n  the  right  dies  out  iu  a  short  time,  and  has  n 
1  if  ihe  innchine  works  regularly,  and  so 


3ult  and  the  second  of  (72) 


>(n/-^). 


^^-_^_;^coB(af-n).=  r,Bin«i 
and  therefore 

e,»C0B»(n*-«)=  -^*^^S iVsi"'"'- 

Hence,  integrating  over  a  con>pIete  period,  we  find 

which  is  (70),  nnd  the  rest  follows  as  above. 

D,s,i,7ert  by  Google 


i90  MEASUREMENT  OF  INDDCTANCES 

Compari-       Maxwell  also  showed  how  to  compare  the  inductance 
or  Self-     of  a  coil  with  the  capacity  of  a  condenser,  and  his  method 
indnct-    jjj^g  since  been  modified  by  various  experimenters  so  as 
Capacity  to  obviate   the    necessity   for  successive   adjustments 
Condenser,  which   it  involves.     As  originally  given   the  method 
consisted  in  placing  the  coil  in  one  branch  of  a  Wheat- 
stone  bridge,  as  LB,  Fig.  119,  while  the  plates  of  the 
condenser  were  attached  directly  at  AC.     Balance  for 
steady  currents  is  first  obtained  and  ia  not  affected  by 
the  condenser ;  then  the  resistances  are  altered  until  no 
inductive  flow  throngh  the  galvanometer  is  produced 
by  making  or  breaking  the  battery  circuit.     If  C  be  the 
capacity  of  the  condenser,  P,  S  the  reststaoces  of  the 
branches  AC,  DB,  the  relation  fulfilled  when  balance 
is  thus  obtained  is 

L  =  PSC. (74) 


Fio.  118. 


Theory  of  ^^  *'  before  P,  Q,  R,  8  donote  the  reBiatanceB  of  AC,  AD, 
Method.  CB,  DB,  L  the  inductance  in  the  branch  BB,  and  put  C  for  the 
cnpacity  of  the  condenser.  Let  further  for  any  inetant  i  denote 
the  current  along  AC,  i  —  i  the  current  charging  lhecoi;denBer, 
^  tlie  currant  from  A  to  D,  and  f,  7  the  potentiala  at  C  and  D. 
Snpponetliat  balance  for  ateady  currents  is  first  obtained  so  that 
PS-=  QR,  then  in  order  Hint  at  the  instant  in  question  £  may  be 
equal  to  ij  the  cundittona 

~"  =  «^ (^5) 


Lj^-irSg''Ri (76) 
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tnuBt  hold.  But  Pi  ii  thediSerenneof  potentin)  between  A  tnd 
C,  and  may  be  taken  as  tliat  betweea  the  platra  of  the  con- 
denser. Hence  the  charge  of  the  condenser  in  CPi,  and  since 
i—i  is  the  rate  of  increase  of  this  charge  we  have 

±-:=CPi=Cqg. 
Thi^  with  (75)  converts  (76)  into 


l^  +  Sj-'lfi  +  IlCQi. 


which  if  f  is  alwsya  to  be  equal  t( 
jf  and  f.     But  FS-  /iQ^O ;  hence 


and  Sand  P  must  be  chosen  so  ns  to  fulfil  this  condition  if  the 
current  through  tlie  galvanometer  is  alwejs  to  be  zero. 

A  series  of  ouccessive  adjustments  is  thus  necessaiy  Blining- 

before  the  proper  values  of  S  and  P,  and  balance  for  jj^ifiw- 

steady  currents  are  obtained.     Mr.  E.  C.  Rimington  *  (ion  of 

has  shown  how  these  adjustments  may  be  avoided  by  ^ 


a  very  simple  modification  of  the  method.  The  balance 
for  steady  currents  having  been  obtained  as  before,  the 
condenser  is  applied  at  two  points  E,  F,in  AG  (Fig.  120), 
including  between  them  a  resistance  f  {<  F)  such  that 


*  Pm.  Uag.  July,  1 


D,s,i,7ert  by  Google 


493  MEASUREMENT  OF  INDUCTANCES 

with  the  inductance  L  in  DB  no  deflection  of  the 
galvanometer  needle  takes  place  when  the  battery  key 
is  depressed  or  raised.  The  resistance  p  may  be  taken 
from  a  roststance  slide  the  whole  (or  variable  part)  of 
which  is  included  in  AG,  or  preferably  two  slitles  in 
series  may  be  used  so  as  to  give  two  adjustable  sliding 
contact  pieces  to  which  to  attach  the  plates  of  the  con- 
denser. The  galvanometer  needle  should  have  sufBcient 
moment  of  inertia  to  enable  the  whole  inductive  action 
to  begin  and  end  before  the  needle  has  sensibly  moved, 
for  the  effect  of  the  condenser  AC,  which  is  chatted  by 
the  current  from  A  to  E,  is  to  delay  the  rise  of  the 
potential  at  C  to  its  final  value  after  the  battery  key 
is  put  down,  while  the  inductance  L  in  DB  produces  a 
similar  effect  on  the  rise  of  the  potential  at  C;  hence 
if  the  needle  were  not  sufSciently  ballistic  it  might 
show  a  deflection  due  to  a  difference  in  the  rate  of 
variation  in  the  two  cases,  although  the  time-integral 
of  the  current  through  the  galvanometer  were  really 
znYo,    The  inductance  is  given  by  the  equation 

L-Cf^ (79) 

Tlieorj  of      Writinf;  down  tli«  equations   of  cnrrents  for  the  circuits 

Modified    ACDA,  CBDC,  putting  i  for  the  current  in  AE  and  FC,  I  for  the 

Method,     current  in  EF,  using  the  same  notation  ss  before  for  the  other 

quantities,   ftnd   integrating  over  the  time  iiitervsl   from  the 

instant  before  completion  of  the  bnttery  circuit  until  the  steady 

state  has  been  attained,  we  find  by  (6) 


(-P+C)'  +Gy=S«+Q^i,      1 

where  y,  i„  denote  the  steady  currents  in  the  battery  and  in 
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tlie  branch  AC.    Solving  for  jr  and  potting  y-*,—i,P/$,  w 


5{G(fi  +  A)  +  {G  +  /i  +  ^(P+«t 


(81) 


Thas  the  neccBsar]' and  sufficient  condition  that  there  sliould  Condition 
be  no  integral  flow  through  the  galvanometer  is  for  Zero 

Intt'gral 

aa  already  atated. 

If  p  =  P  this  gives  the  roBult  already  obtained  for  the  case 
originallv  conaidered  by  Maxwell. 

It  ouglit  to  be  noticed  here  that  preciaelj  the  aame  equation 
m&y  be  obtained  by  integrating,  in  the  aame  way,  over  the 
interval  at  break  froni  the  ateady  state  to  zero  current  in  each 
conductor,  en  that  the  teat  may  be  repeated  at   breaking  the 

We  may  now  investigate  the  moat  aeuaitive  arrangement  of  ULtmi 

the  bridge.     In  general  iS*  is  given  in  magnitude,  ana  j>,  which  SoDBitiTe 

must  of  course  be  leas  than  P,  will  in  moat  caaes  be  aome  con-  Arrange- 

venient  resistance  depending  on  the  apparatus  available,  so  that  ment  of 

P  may  be  regarded  as  given.    Hence  we  have  to  choose  the  Bridge, 
value  of  JI  (and  that  of  Q  will  follow)  ao  that  ^  may  for  Kome 
chosen  value  of  p  be  a  maxitnuro.    By  (81)  and  the  equation 


i,— 


SE 


r{R  +  S)  +  S{P'[-Ii) 

where  E  is  the  electromotive  force  of  the  battery,  and  r  the 
rcsiatance  of  the  battery  and  the  wires  connecting  it  to  A,  B,  we 
get  easily 

, {(yS-lF)E jgjj 

{*('+l)+''{'+5)){'<''  +  '^  +  ''<''+*( 

The  numerator  of  this  expreasion  does  not  vary;  hence  calling 
tlie  denominator  D,  calculating  dDldR,  and  equating  to  zero,  wo 
find  after  reduction 

{G  +  FHr-VS) "■"' 

which  givea  the  best  value  of  R  if  that  of  0  is  given, 
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If  liowever  there  is  B  choice  of  similar  g-alvaiiometer  bobbinaof 
different  reHist&aceB,  then  ne  before  (p.  473)  we  must  substitute 
for  D  a.  valoe  I/  =  U!'Jg,  cilculBte  diy/dG,  and  equate  the 
result  also  to  zero.     Tliie  gives  another  equatioa  for  O  and  R, 

S.^(5  +  « (84) 


From  (83)  and  (H4)  as  aimultaneous  equations  tbe  values  of 
AndM.     Q  and  R  are  to  be  found. 

„~°'.  If  p  is  at  tlie  diBposal  of  the  experimenter  and  can  be  varied 

M  ui™L     ***'  *""*"  ^^^P"'  ^''^  '*^^'  arrangement  is  tliat  for  which  when  y 

MetJuxU     j^  almost  zero  a  given  small  change  in   p  gives  a  maximum 

change  in  y.     Hence  if  possible  we  have  to  arrange  so  lliat 

dyldp  may  oe  a  maiimnm  wheny—O.    The  conditions  for  this 

however  are  so  complicateil  as  to  be  uDserviceabie. 

Professor  Anderson  •  has  also  given  the  foUowiog 
simple  ballistic  method  of  comparing  the  capacity  of  a 
condenser  with  an  inductance.  A  bridge  is  made  up 
as  before  of  four  conductors,  and  a  condenser  and 
galvanometer  are  arranged  as  in  Fig.  121,  so  that  by 


Fio.    121. 


means  of  mercury  cups  the  galvanometer  can  be  con- 
nected either  to  CD  by  the  cups  a,  b,  c,  d,  or  in  aeries 
with   the  condenser  iu  the  branch  AB  by  the  cups 

■  Phil.  Mag.  April,  I8SI. 
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c.  ^i  Bi/-  A  rocking  key  is  conveniently  made  to  effect 
either  of  these  connections  at  a  single  operation.  A 
coil  of  inductance  L  is  placed  in  AG,  all  the  other 
bi-anches  with  the  exception  of  the  galvanometer  are 
destitute  of  inductance. 

Ealance  for  steady  currents  is  first  obtained  with  the 
galvanometer  in  CD.  Then  when  the  key  K  ia  depressed 
or  raised  an  inductive  fiow  of  integral  amount  y  passes 
through  the  galvanometer.  If  x,  is  the  steady  current 
in  DB,  the  value  of  y  is  (p.  481)  given  by 

The  deSectioa  S-^  produced  by  this  is  noted. 

By  means  of  the  rocking  key  the  galvanometer  is 
joined  in  series  with  the  condenser  between  the  points 
A  and  £,  so  that  the  plat«s  of  the  condenser  are  charged 
to  a  difference  of  potential  i,  (Q  +  S).  If  C  be  the 
capacity  of  the  condenser  a  quantity  of  electricity 
C±,  (Q  +  S)  passes  through  the  galvanometer.  The 
resulting  deflection  0^  is  observed. 

We  have  then  by  the  theory  of  the  ballistic  galvano- 
meter and  (85) 

z=.(«.^(«(:.|)..(i+p)™||..  (86, 

The  following  are  the  dotails  of  an  actual  meuaremeut  made  Pnotical 

by  the  antbor  of  the  method.    A  coil  of  mean  radius  209  cme.  EumplB 
wound  with  278  tume  of  wire  in  a  groove  of  breadth  1-894  cma.        of 

and  depth  1'116  ora.,  waa  placed  in  jiC.    The  galvanometer  wae  Method 
an  ordinarj  reflecting  instrument  of  Teeietance  1648  ohme,  with 
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ita  period  made  as  long  as  passible  by  means  of  a  controlling 
magnet.  A  non-inductive  resistance  of  100  olims  whs  added  to 
the  coil,  and  P  and^  were  each  lOohina.  Balance  was  obtained 
bymaking^lSO-Sl  ohmH.  The  mean  results  of  aeveml  readings 
agreeing  well  together  were 

Deflection  due  to  induction.        .        .        43'208  divisions. 
Deflection  duo  to  charge  of  condenser 

of  '&  microfarad       ....        46'125        „ 
Deflection  due  to  charge  of  condenser 

of  -48  microfarad      ....        41-875        „ 

By  interpolation  it  wasfonnd  from  these  results  tbat  a  condenser 
of  '-les?  microfarad  capacity  would  just  give  b  deflection  of 
43-208  diviBions.    Thus  in  C.U.S.  units  • 

i  =  4667 X 10- » X 2 K  150-51 X  (.?29-6  +  15051  +  10) X 10" 

=  '0687  X  10». 


Method        To  deterDiine  a  mutual   ioductance  tbe  method   if- 

Applied   yggj  j(jyg  .   Qjjg  (.Q^] ^  (t ^^  Q f  j|jg  Qiutually  iiiflueiicing 

pare      pair  is  joined  iq  DS  as  before,  the  other,  0^,  has  its 

Inductaneo  tern[»iia!a  joined  to  a  pair  of  mercury  cups  g,  h,  which 

"I"!       are  armnKed  so  that  a  rockioff-key  can  put  the  galvano- 

Capotity. 
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meter  betweea  A  and  B,  or  between  the  cups  g,  h,  so 
as  to  connect  the  terminals  of  the  coil. 

Balance  for  steady  currents  having  been  obtained  as 
before,  the  terminals  of  the  galvanometer  are  comiected 
to  ff,  h,  and  the  battery  circuit  is  completed  or  broken. 
Calling  0g  the  deBection  produced  and  denoting  by 
0^,  dj,  as  before,  the  deflections  obtained  by  operating 
with  the  coil  G,  as  already  described  (p.  495),  we  have 

«.(;(e+«h+ff)||i|.   .   .   (87) 

and 

The  inductive  electromotive  force  at  any  instant  in  the  coil  Theory  of 
0,  is  ifx,  hence  the  integral  electromotive  force  is  Mii.  The  Method, 
wnole  quantity  of  electricity  which  flows  through  tlie  galvano- 
meter is  thuB  Miijir^  -\-  G)  where  rj  is  the  reeiatance  of  the  coil 
C^.  But  the  quantity  of  electricity  which  pasEeBwhen  the  throw 
6^ia  produced  ia  Ct,  ( Q+S).  Hence  we  get  (87),  and  combiniDg 
{B7)  with  (86)  we  get  (88). 

As  an  ezaniple  Professor  Anderson   givea  the  following : —    Practical 

S-^-l-003ohm.thereaiBUaceof  the  coil  (7, ;  r,=167'T  ohms,    li^mple 
=  164-8  ohma ;  C=  1  microfarad,  6^,  5,-72  and  6  scale  divisions  oiMethod. 
respectively.     Hence  roughly,  in  COS.  units 

if-10'x2OO6x3S2-5xl44 

-931S864 

Professor  Niven  *  has  shown  how  to  compare  the  Method  by 
inductance  of  a  coil  with  the  capacity  of  a  condenser  P'^*^?' 
by  means  of  a  differential  galvanometer.  A  circuit  ia  Tanometer. 
made  up  as  shown  in  Fig.  123,  of  one  coil  of  the 
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differential  gtilvftnometer,  the  coll  (of  inductance  L  and 
resistance  if,)  to  be  compared,  an  additional  resistance 
in  the  branch  AE  and  the  battery  £.  A  corresponding 
circuit  is  arranged  with  the  other  coil  of  the  galvano 
meter,  a  non-inductive  resistance  R^,  an  additiona' 
resistance  in  the  branch  AF,  and  the  battery  as  before, 
BO  th^t  the  battery  serves  both  circuits  as  shown  in  the 
Figure.  After  balaBce  for  steady  currents  baa  been 
obtained  by  adjusting  the  additional  resistances,  the 


— SBSMSOT- 


NMOBUO  nil   p s. 


condenser  is  joined  across  the  two  branches  AE,  AF, 
and  the  terminals  shifted  until  no  deflection  is  produced 
when  the  battery-key  is  depressed,  or  laised,  the  circuits 
having  been  otherwise  completed  previously,  \^^len 
this  is  the  case  the  following  condition  is  fulfilled 

L  =  G  C^.'*  -  B^^) (89) 

where  K^,  K^  are  the  resistances  from  A  %o  P  and  Q 
respectively  (see  Fig.  123). 

Theory  of  We  Bhall  auppuae  the  coils  of  the  galvanometer  exactly  equal 
Mothod.  for  equal  currentB  in  mngnetie  effect  on  the  needle,  and  that 
eaohiaa  the  same  reHstance  (?.  Clearly,  for  balsnce  withsleadj 
currente,  the  resiatance  of  each  citcuit  must  be  the  name. 
Denoting  therefore  by  R  the  reNistaace  in  each  circuit,  exchiaive 
of  the  battery  resietance,  r,  end  the  rcaietance  G  of  the  galvano- 
meler  coil,  and  putting  E  fur  the  electromotive  force  of  ihe 
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battery,  we  have  for  the  steady  ourrent  y  through  either  of  the 
galvanometer  coils  y  (fi  +  G)  +  Syr  —  ff,  or 

'■-y+f+2, " 

Let  PQ  be  the  points  at  which  the  terminala  of  the  condenser 
are  attached,  Jt'i  denote  the  reaistance  from  A  to  P,  R'\,  thot 
from  P  to  the  nearest  galvanometer  terminal,  R'^  R"^  the 
reHistances  from  A  to  Q,  and  from  Q  to  the  galvanometer,  r  the 
indactance  of  each  galvanometer  coil,  M  their  mutual  inductance 
i  -  i  the  ciiirent  from  ^  to  P,  ^  +  i  that  from  A  to  q,  and  i  the 
current  from  Q  charging  the  condeneer.  The  equations  of  cur- 
rents obtained  from  the  two  circuits  AEGSA,  AFGFA,  are 
(since  fl,  +  if',  +  K\  =  ^,  +  JT,  +  R",  =  It). 

{I  +  r) -r  +  ,Vj;  +  (^  +  G  +  r)i  +  ;#  -  R\i  =  E 

Mx  +  Ts  +  n-\.(R-^0  +  r)i-^  J?V  =  i" 

Integrating  these  from   before  make  to  the  8t«ady  state,    Efftetlve 
putting  y  for  the  steady  current,  nnd  subtracting  we  find  Integral 

Flow 

Biit  the  final  chaise  of  the  condenser  is  C[R't  —  R'iiy  if  C 
denote  its  capacity,  so  that 

e-Cfff.-Ji'Oy. 

Substituting  in  the  last  equation  we  get 


'  <R+  0){R+  &  +  2r)         •    ■    ^    ' 

by  (90). 

If  00  deflection  of  the  galvanometer  needle  takes  place  s 
must  be  equal  to  f,  and  for  this  the  neceasary  end  sufficient 
condition  is 

I  -  Ci^t*  -  R'-*) 

u  already  staled  nbove  in  (89). 

EK  3 
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Hoat  With  regard  to  the  sensibility  of  tho  arrangement  it  is  to  be 

Sensitive    obeerved  that  JZ,  is  given,  being  the  lOBistance  of  the  coil  to  be 

Armnge-    compared,  and  in  general  Q  also  is  given,  bo  that  all  that  can 

ment.       \^  done  to  raake  the  arrangement  sensitive  is  to  keep  down  the 

value  of  the  reaistance  additional  to  R^, 

If  the  resistance  of  the  battery  is  negligible  and  the  galvano- 
meter bobbins  be  a  matter  of  choice,  the  best  arrangement  is  to 
make  the  additional  resistance  as  small  as  possible,  and  make 
0  =  R. 

If  the  galvanometer  coils  be  each  shunted  by  a  wire  of  resis- 
tance iSthe  resistance  of  each  galvanometer  bobbin  will  become 
GSjie  +  S),  which  we  denote  by  0',  and  this,  if  the  inductance 
of  each  shunt  is  the  same,  talces  the  place  of  G  in  (92).  The 
integral  flow  through  the  coils  is  then  .Vz/[(?  -f-  .S^  for  one,  und 
^l{0  +  S)  for  the  other.  Hence  the  total  flow  affecting  the 
needle  is  5(«  -  y)/(e  +  S),  or  {x  -  y)  G'/O.     But  we  now  have 

'  {R  +  G')  (It  -(-  C  -^  2r)   ■  ^     > 

Hence  in  order  that  {x  -  y)  G'lG  niny  be  a  maximum,  wc  must 
make  {R  +  G')  (_R  +  0'  +  SrSfG'  a  inininium.  Differentiating 
with  respect  to  G'  we  And  that  the  condition  for  a 


Thus  if  the  galvanometer  have  a  high  reeistanco  ho  tliat  the 
deflections  are  small,  an  improvement  can  be  effected  by  shunt- 
ing down  each  coil  of  the  instrument  tr'  an  effective  resistance 
given  by  this  equation. 

Anderson's  A  modificatioD  of  Maxwell's  methoti  which  has  the 
Mathctd.  advantage  of  heing  a  Null  method,  and  therefore  of 
permitting  a  telephone  to  be  used  instead  of  a  galvano- 
meter has  been  given  by  Prof,  A.  Anderaon.*  The 
arrangement  of  resistances  is  the  same  as  before,  but 
the  condenser  instead  of  being  placed  between  A  and 
C  is  placed  between  A  and  a  point  £  on  CD  (Fig.  124). 
The  g^vanometer  (or  telephone)  is  supposed  included 
•  Phil.  Mag.  April,  1891. 
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in  the  part  ED  of  CD,  aod  the  resistance,  g  say,  of  CE, 
ia  varied  until  no  deflection  of  the  galvanometer  needle 
is  produced  by  making  or  breaking  the  battery  circuit. 


Let  theresistanceof  £/)b«denotedbjr  £!,  tbe currents  through  Theotj. 
the  gklvanometei  (from  B  to  D)  and  to  the  condeoeer  by  ^,  J,  so 
that  the  current  from  B  lo  C  ia  i-y.  Tlius  from  the  circuita 
JCDJ,  CBDd,  by  integrating  over  trie  interval  of  variation,  and 
using  the  vahie  Qyl{P  +  0)  for  i,  the  steady  current  in  AG,  and 
CPi,  for  the  6nal  charge  t  of  the  condeneer,  we  get  if  the 
inductances  of  the  other  arma  of  tlie  bridge  are  negligible 

p^  (96) 

Eliminating  x  we  6nd 

'    'CJi  +  5)(tf  +  y)  +  (ft  +  J+<?  +  (?)(P+§)  ■    ^™' 
The  value  of  ji  la  zero  if  the  numerator  vaniah,  (hnt  is  If 

L  =  C{R<l-\-g{Gi+S)) (97) 

If  jr=0  we  fall  back  on  Uazwell's  aolution,  vis. 

L=CRQ='CPS. (98) 
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CouditloD  Thnt  thin  ib  the  necessarj'  condition  that  the  inolhod  mny  be 
for  Null  a  null  one  mny  be  seen  in  the  following  manner.  Wlistever  be 
Method,  the  conductor  between  A  and  £* the  difference  of  patential  between 
A  and  E  w  P± -^  g{y-i),  while  that  between  A  and  D  ia 
Q(K-i-i).  If  there  is  nu  difference  of  potential  between  £  and 
2),jl  =  9,  and  we  have  Px-gi=q{i-i-l).  Integrating  from 
juat  before  the  completion  of  the  circuit  to  any  instant  during 
the  interval  of  variation  we  find 

Px-gt=q{n-i-z) (99) 

Also  from  the  hraochea  ECB,  DB  we  get  ia  like  manner 

it(*  +  *)+j*=S(«-^-i)  +  i(--i-  0. 

But  by  (99)  the  last  equation  may  be  written 

Rx-\-{s^R>t-hPi-gt)'^S{,u-x-z).    .     (100) 

Equation  (99)  multiplied  by  S  and  Bubtrat^ttd  from  the  laet 
oiuation  mutlipliod  by  Q  gives,  aince  rb=  QR, 

{qR+ffiq+Syiz-HPi-gi)~0, 

and  aince  Pi-tlC-\-gl,  this  ia 

L  =  C{qR-\-s{q  +  S)) (101) 

That,  oonveraely,  the  difference  of  potential  between  E  and  I) 
is  zero  if  tliia  condition  ia  fulfilled  can  be  seen  as  at  p.  460,  from 
the  consideration  that  otberwiae  there  would  be  more  than  one 
solution  of  the  problem  of  Sow  of  electricity' in  the  given  network 
between  A  and  B. 
HoBt  Beturning  to  (96)  putting  for  y  ita  value 

Sjusitive 
■Arrange-  J/{r  +  ^(P  +  i?)/ (fl  +  5)1 

we  writs  the  equation  in  the  form 

Plcm■^g^(l■^■s)\-L■] 


COUPAEISON  OF  INDUCTANCE  AND  CAPACITY 

Fur  BODutiveneeB  a  given  change  in  g  the  adjuBtulile  redistaDce 
iDUBt  produce  a  maximum  change  in  y  wheo  if  is  nearlj  zero, 
that  is  dfjdg  must  be  n  maximum  when  r=0.  We  may  neglect 
in  all  practical  cases  r,  tlie  ruiiiEtBDce  of  the  battery  so  that  wo 

^      ^ CP(,<i  +  S)S 


S  (P  +  iij 

f 

'h 

lis  equation  mny  be  written 

* 

CE 

Hence  in  order  that  the  denominator  may  be  email  we  must 
take  R  and  g  small  and  P  lur^e,  and  tlierefure  Q  also  lar);e. 

A  method  of  compariog  a  coefficient  of  mutual  indue-  Compari 
tion  with  tbe  capacity  of  a  condenser  has  been  given  by  Mut^ 
Prof.   Carey   Foster."     It  is  based   on   the  following    Iridoct- 

Capacity : 


coosiderationa.  Let  the  two  coils  Cj,  0^  the  mutual 
inductance  for  which  is  required  be  given  in  position 
as  in  Fig.  125,  and  be  joined,  one,  f?^,  through  a  battery, 
a  coil  of  resistance  ^i,  a  make  and  break  key  K,  and 
the  other,  C^  as  a  secondary  circuit  through  a  galvano- 
•  F\a.  Uag.  Feb.  1887. 
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meter  Q,  Then  if  i2j  be  the  resistance  of  the  secondary 
circuit,  M  the  mutual  inductance  of  the  two  coils,  the 
whole  quantity  of  electricity  which  flows  through  the 
secondary  when  a  steady  current  of  strength  7  is  pro- 
duced or  annulled  in  the  primary  is  My/E^. 

Again  if  the  resistance  coil  in  the  circuit  of  C^  have 
ita  terminals  connected  to  a  condenser  of  capacity  C, 
(Fig.  126)  and  the  prtmaiy  circuit  be  made  or  broken 
the  quantity  of  electricity  which  traveraes  the  galvano- 
meter G  is  CB^ry.  Thus  if  the  same  deBection  as  before 
is  obtained  we  have 

M^CR^B^ (104) 


If  however  deflections  are  obtained  indicating  currents 
tv  ff  i>^  ^^^  ^'"'^  cases,  then 

Jlf=  CB.S.'^ (105) 

Final  Now  let  a  combination  of  these  two  arrangements  he 

^ut^  made  as  shown  in  Fig.  127,  including  a  resistance  box 
in  the  secondary  circuit  to  enable  the  resistance  R^  of 
that  circuit  between  the  points  A  and  £,  to  be  varied 
at  pleasure.  Then  let  the  resistances  .R,  (in  the  primary 
between  the  terminals  of  the  condenser),  and  R^  be 
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varied  until  on  making  or  breaking  the  battery  circuit 
no  deflection  is  produced.  When  this  is  the  case  the 
integral  Sow  through  the  galvanometer  due  to  the 
chaiging  of  the  condenser  (that  is  the  charge  of  the 
condenser)  is  exactly  equal  and  opposite  to  that  due  to 
the  induction  current  in  the  secondary  circuit.  Thus 
noticing  that  the  inductance  in  C^  cannot  affect  the 
integral  flow  through  it  we  see  that  CH^y  =  MfjB^ 
or 

M^GR^B^ (106) 


We  can  easily  find  the  most  sensitive  arrangement  for  the      Host 
eiperinieat.     In  the  first  place  it  ia  to  be  noticed  tliut  tho  reaiat-    Sensitive 
BLiCB  (ff,  aay)  other  than  fl,  in  the  primary  circuit  depends  on    ArraiiRe- 
the  priinarycoil  and  the  battery  and  is  to  be  taken  as  fixed.  We       ment. 
shall  regard  the  galvanometer  bobbin  (I)  on  given.  (2)  aaa  malter 
of  choice  from  similar  bobbins  of  diflereat  resiatunoea. 

Let  UB  suppoae  that  the  potential  at  A  is  not  equal  to  that 
at  E.  Then  putting  i,  i  for  the  currents  in  the  primary  and 
secondary,  y  for  the  current  through  the  giUva  no  meter,  r  for 
the  indautanoe  and  G  for  the  resietince  of  the  galvanometer 
bobhin,  we  get  from  the  circuit  AC^EA  (Kig,  127)  the  equation 
i#  +  if«  +  fl/+r^+(?/=0.  Tliiagiveatheintegratequation 

D,s,i,7ert  by  Google 


soe 


llEA3(JfiEMENT  OF  INDUCTANCES 
ave  for  tlie  total. charge  of  the  condeDaer 


Intogral     Furtber 

Flow 

f  hrongh  -*  +  /=•  CR^y. 

Qalvano- 
meter.  Solving  (orj-  from  these  we  find 

'  G  +  J^i 

or  Bince  y=BI{R^  +  R'^  where  E  is  the  electromotive  force  of 
the  battery 

,-g ^^^ZK (107) 

which  givee  the  Bame  condition  as  before  Ihat^  may  be  lero. 

iximum  tlie  value  of  the  denomi- 
Calling  it  D,  and  noting  that 
if,,  if,  only  vary,  and  are  connected  by  the  relation  R^Rf=tMIC 
where  0  is  s  small  quantity  we  find 

i4"'  +  A+(«,.+JfO^'.o 


Conditions 
of  M«ii- 

Eliminating  dBJdR^  we  get  as  the  required  condition  of 

SensibUity. 

^-^         .     .         . 

(108) 

If  the  gnlvanometer  bobbin  ia  nleo  at  our  dispoaal  we 
inatcBii  of  the  value  of  D  found  above  to  nee 

b.™ 

iy=DI-J'u={.R^-^B.\){sfG-^RJ-Jo). 

Thia  gives  in  addition  to  (108) 

^4=»«+--'(.^,-§)-». 

(?-Bj 

(l(P9) 
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TLus  we  hava  in  tlie  Utter  cttie  u  the  coDditiona  for  maximutii 
aensibility 

Ri=St~G (110) 

If  it  can  be  arrangeil  to  mnintain  tlio  two  points  J,  E  alwaya  Condition 
at  the  same  poteatial,  wa  may  use  a   teleplione  instead  of  a        that 

galvanoneter  as  observing  instrument.     To  find  tlie  neceseary  Method 

condition  consider  the  aecondar;  circuit  JC^A.     Since  lliere  ia  i."^']?^! 
no  current  between  A  and  E  we  have  """■ 

But  if  i  be  the  current  paveing  the  condenBer  at  tliis  instant 

we  niuKt  have  (Fig.  127) 

i  +  ±=i, 

and  HO  -i  is  tlie  current  which  charges  the  condenser.    This 


so  that  the  former  equation  becomes 

{tf-i-)S  +  i2  +  £^-0, 

Tlie  charge  of  the  condenser  is  then  (?ff,i,  so  that 
CRji=-  fidt=^{{3f~L)i  +  Lii, 

But  in  any  case  in  which  there  has  been  no  integral  flow 
through  the  galvanometer  durirg  the  riaing  of  llie  current  from 
zero  to  its  steady  value  we  hsTO  aeen  that  CRiRf  =  M.  'Ihua 
the  equation  just  found  becomes 

which  asserts  that  either  M-l,  or  i=i.  The  latter  is  only  triio 
when  the  current  •  in  the  battery  has  attained  its  steady  value  y. 
If  however  M^L  it  will  be  possible  to  make  the  difference  of 
potential  between  A  aad  E  always  zero  and  to  employ  a 
telephone. 
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PracticHi        The  following  reaulta  obtained  in  Prof.  Carey  FosUr'ti  labora- 

Eiunple    tor;    by    Mr.   F.    Womack   illuatrate    tbe    method.      A   amall 

*''[         ioducliMi  coil  was  used  with  fixed  orEmary  and  coniial  secondary 

Method,     capable  of  beini  moved  in  the  direction  of  the  axis  ro   as  to 

alter  the  mutual  inductance  o£  tlie  cuils.     The  dimensiona  etc. 

of   the  coils  were  :— Primary,  length   ll'£  cms.,   mean  radius 

2  cms.,  wire   1-66  ohms  of  No.  20   B.W.G.     Seoonrfory,  length 

10-4  cms.,  inside  radiua  2-56  cma.,  outside  radius  3'63  cmfl,,  wire 

194  olims  of  No.  30  B.W.G.    Two  Qcove's  L-ells  were  used  and 

a  condenser  of  4  926  microfarads  capacity,  witli  a  galvanometer 

of  aboat  135  otims  resistance. 


BeanlU. 


B, 

^1 

+  Ret.  from  Box. 

Jtff,=M/C. 

IS  obms. 

411  ohms. 

6166  X  10" 

441       „ 

6174 

476       „ 

6168 

616      „ 

6192 

561      „ 

6171 

G17      „ 

6170 

6fl4      „ 

0156 

770      „ 

6160 

6174 

6      „ 

1029       „ 

6174 

Mean6I72  4xlO>« 

ThasinC.Q.S.  uniU 

if=4-92«  X  10-"  X  6172  x  10»-3-0403  x  10'. 

Tlie  total  reeistaiice  in  tbe  battery  circuit  was  about 
1-65+ -e+J?,,  or  fl'i =a'25.  Thus  for  greatest  letieibility 
RJR,  -  G/R\  - 136/2  25  =  60. 

Some  very  concordant  results  were  also  obtained  with  a  7 
inch  spark  induction  coiL  The  resietance  of  tbe  primary  was  -278 
ohms  ;  of  the  secondary  7394  ohme.  Une  Qrove's  cell  was  uaed 
with  the  same  condenser  as  before  and  a  galvanometer  of  resist- 
ance 135'6  ohms. 
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«. 

a. 

2-416  X  10*»  C.G.S. 

27  ohmB. 

8944  ohms. 

^8     „ 

8640     „ 

2-419 

29     ,. 

8334     „ 

2-417 

30     ,. 

8044     „ 

2413 

31     „ 

7784     „ 

2413 

32     „ 

7544     „ 

2-414 

Mean  2-415  X  lO^C.Q.S.      1 

Jf  -  4'926  X  10-i»  X  2-415  x  lO"  =  11896  x  10", 
n  C.G.S.  units. 
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CHAPTEE  IX 

UNITS  AND  DIMENSIONS 

In  Volume  I.,  Chapter  III.,  a  short  account  is  given  of 
the  Theory  of  Dimensioas,  with  a  discusaiou  of  Funda- 
meutal  and  Derived  Units  as  far  as  ordinary  dynamical 
and  electrostatic  quantities  are  concerned.  In  the 
present  chapter  the  subject  of  electric  units  is  dealt 
with  from  a  somewhat  different  point  of  view,  and  we 
therefore  begin  with  electrostatic  units,  repeating,  with 
modifications,  a  few  paragraphs  from  the  former  chapter, 
in  order  that  the  discussion  of  electric  and  magnetic 
units  here  given  may  from  that  point  of  view  he 
complete.  For  distinction  here  we  shall,  as  a  rule,  use 
in  the  case  of  those  quantities  which  appear  in  both 
the  electrostatic  and  electromagnetic  systems  of  units 
small  letters  for  quantities  taken  in  electrostatic  measure, 
and  the  corresponding  capitals  of  these  letters  for  the 
same  quantities  taken  in  electrom^netic  measure. 

DERIVED  ELECTEICAL  DNITS. 
I.— Elbctbobtatio  Sibteu. 

Qoantit;       Quantity   of   Electricity   [q\.      In   the   electrostatic 

teidtv^    system  of  units  which  is  convenient  when  electrostatic 

results,  independently  of  their  hearing  on  electromt^- 
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netic  pbeaomena,  are  required,  the  uiiits  of  all  tbe  other 
quantities  are  fouaded  on  the'  foUoving  definition  of 
unit  quantity  of  electricity.  Unit  quanttty  of  electricity 
ts  that  quantity  which,  concentrated  at  a  point  at  unit 
dxeiance  fr&m,  an  equal  and  siviilar  quantity,  also  concen- 
trattd  at  a  point,  is  repelled  vnth  unit  force  when  the 
medium  across  whieh  the  electric  action  is  transmitted  is 
a  certain  standard  insulating  rtiedium.  An  ideal  vacuum 
is  sometimes  takeo  as  standard,  but  we  shall  suppose 
at  present  that  the  medium  is  air  at  temp.  0°  C.  and  at 
standard  atmospheric  pressure.  We  shall  call  this 
simply  air. 

This  definition  is  precisely  similar  to  the  definition 
(p.  516  above)  of  unit  magnetic  pole  which  forms  the 
banis  of  another  system  of  units  called  the  electromag- 
netic system,  of  much  wider  and  more  important  appli- 
cation than  the  electrostatic.  Hence  by  Coulomb's  law 
that  (the  numerical  values  ofj  electric  attractions  and 
repulsions  are  directly  as  the  products  of  the  (numerics 
for  the)  attracting  and  repelling  quantities,  and  inversely 
as  the  second  power  of  tbe  (numeric  for  the)  distance 
between  them,  if  a  quantity  of  positive  electricity  ex- 
pressed by  f  be  placed  at  a  point  distant  L  units  from 
an  equal  quantity  of  electricity,  ^en  tbe  medium  being 
air,   the   numeric   F  for   the   force  between   them   ia 

If  the  medium  across  which  the  electric  action  is 
transmitted  be  some  other  medium  than  air,  the  force 
between  the  charges  ia  numerically  <^jKL*  where  K  is 
the  numerical  measure  of  a  quautity  called  the  electric 
inductive  capacity,  or  usually  the  ^cifie  inductive  capa- 
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■ciiy  of  the  medium.  This  quantity  is  precisely  analo- 
gous to  the  conductivity  of  a  substance  for  beat*'  and 
to  mt^netic  permeability  (see  p.  517  below).  In  the 
ordinary  electrostatic  system  of  units  it  is  defined  (aa 
at  p.  514)  so  aa  to  have  a  dimensional  formtila  1,  that 
is,  to  be  a  mere  numeric. 

But  we  might  proceed  otherwise  and  regard  j^  aa  a 
quantity  of  undetermined  dimensions  as  regards  the 
'  fundamental  units,  but  such  that  g^/ATZ*  has  the  dimen- 
sions of  a  force.  We  may  then,  in  the  absence  of 
special  reasons  for  preferring  one  dimensional  formula 
for  K  to  another,  assign  its  dimen^ons  according  to  any 
convenient  hypothesis.  One  such  hypothesis  is  that 
which  forms  the  basis  of  the  ordinary  electrostatic 
system,  namely,  that  £"  is,  as  regards  the  fundamental 
units,  of  zero  dimensions,  that  is,  has  a  dimensional 
formula  [1].  But  in  the  ordinary  electromagnetic 
system  of  units,  which  has  quite  a  different  derivation 
from  the  electrostatic,  the  dimensional  formula  of  K'ls 
[i-^J^J,  and  the  numerical  value  of  K  depends  on  the 
choice  made  of  fundamental  uoits. 

We  shall  in  what  follows  suppose  the  dimensions  of 
^undetermined,  and  therefore  allow  the  symbol  ^ex- 
pressing it  to  appear  in  the  dimensional  formulas  of  the 
other  quantities.  We  shall  thus  obtain  a  more  general 
electrostatic  system  in  which  the  absolute  dimensions 
of  the  quantities  are  not  settled.  From  this  the  ordinary 
electrostatic  system  is  obtained  by  simply  deleting  K.'f 

'  See  ToL  I.  Cliap.  I.  Sect.  V. 

-(-  Tbia  method  of  proceediog  is  advocated,  and  itaftdrantageB  pointed 
ont,  ty  Prof.  A.  W.  Rucker,  F.R.3,,  in  a  paper  on  the  "Soppressed 
DimensionB  of  Phyeical  Quactitiea,"  Phil.  Mag.,  Feb.  18SB. 
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The  dimensional  formula  of  quaQtity  of  electricity  is 
accordingly  [FUKi]  or  [AfiZiT^^  ATI]. 

SUetrie   Surface   Density  [<r].      The  density  of   an    Electric 
electric  charge  on  a  surface  is  measured  by  the  quantity   Denritj. 
of  electricity  per  unit  of  area.     Therefore  [<r]  is  [ji~^ 
OT  [Mi L-i  T-^  Ki]. 

Electrk  Force  and  Ivienslty  of  EUdric  Field  [/].  ^«otric 
The  electric  force  at  any  point  in  an  electric  field,  or 
the  intensity  of  the  field  at  that  point,  is  the  force  with 
which  a  unit  of  positive  electricity  would  be  acted  on  if 
placed  at  the  point.  Hence  if  the  numeric  for  the 
quantity  of  electricity  at  a  point  P  be  ^,  and  that  of  the 
electric  force  at  that  point  be  /,  the  numeric  F  for  the 
force  on  the  electricity  is  <;/,  and  we  have  the  equation 
f  =  Fq-^.   Therefore  [f]  is  [Fq'^}  or  [M*  i"*  T"'  K-i\ 

Electi-ic  Potential  [v].  The  difference  of  electric  Electric 
potential  between  two  points  is  measured  by  the  work  "'*°'»^ 
which  would  be  done  if  a  unit  of  positive  electricity 
were  placed  at  the  point  of  higher  potential  and  made 
to  pass  by  electric  force  to  the  point  of  lower  potential. 
Hence,  in  transferring  q  units  of  electricity  through  a 
difference  of  potential  expressed  numerically  by  v,  an 
amount  of  work  is  done  for  which  the  numeric  W  is 
equal  to  qv.  We  have  therefore  v  =  B^2~^,  and  hence 
[v]  is  [Ifj-»]  or  [MiLiT-^K-i\ 

Capacity  of  a  Conductor   [c].     The   capacity   of  an    Electro- 
insulated  conductor  is  the  quantity  of  electricity  re-  cA^ity. 
quired   to  charge  the  conductor  to  unit  potential,  all 
other  conductors  in  the  field  being  supposed  at  zero 
potential.  Hence,  denoting  the  numeric  for  the  capacity 
of  a  given  conductor  by  c,  those   for  its  charge   and 
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potential  by  q  and  v,  we  have  c  —  qv'^,  and  for  [c] 
therefore  [yp"^]  is  [££"].  The  unit  of  capacity  has 
therefore  the  same  dimensions  as  the  unit  of  length 
provided  [£"]  =  1 ;  and  the  capacity  of  a  conductor  is 
then  properly  expressed  as  so  many  centimetres. 

The  electrostatic  capacity  of  a  conducting  sphere  is 
in  oi'dinary  electrostatic  units  numerically  equal  to  the 
radius  of  the  sphere.  A  conducting  sphere  of  1  cm. 
radius  has  therefore  1  C.G.S.  unit  of  capacity. 
Specific  ^edjie  Indudite  CapctcUy  [^K\  The  specific  induc- 
CRpacity.  tive  capacity  of  a  dielectric  has  already  been  virtually 
defined  above,  but  it  is  usual  to  define  it  as  the  ratio 
of  the  capacity  of  a  condenser,  the  space  between  the 
plates  of  which  is  filled  with  the  dielectric,  to  the  capa- 
city of  a  precisely  similar  condenser  with  air  as  di- 
electric ;  or,  according  to  Maxwell's  *  Theory  of  Electric 
Displacement,  it  is  defined  aa  the  ratio  of  the  electric 
displacement  produced  in  the  dielectric  to  the  electric 
displacement  produced  !□  air  by  the  same  electric  force. 
Thus  in  the  ordinary  electrostatic  system  of  units  its 
dimensions  are  taken  as  zero,  that  is,  it  is  simply  a 
numerical  coefficient  which  does  not  change  with  the 
units.      Hence    in  the  ordinary  electrostatic   system 

m  - 1. 

This  definition  is  quite  consistent  with  the  former 
as  by  assigning  to  each  medium  according  to  the  former 
definition  its  own  value  of  K,  the  capacities  of  con- 
densers in  which  they  are  used  as  dielectrics  have  the 
ratios  to  one^another  given  by  the  second.     Thus  if  K 

'  El.  and  Mag.,  ToL  I.,  2nd  edition,  p.  154. 
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be  taken  as  the  expression  of  a  physical  property  of  the 
medium,  which  whea  fully  known  would  in  a  natural 
manner  fix  the  dimensions  of  K,  it  will  be  only  neces- 
sary to  multiply  all  the  values  of  K  obtained  on  an 
arbitrary  supposition  (such  as,  for  example,  that  the 
value  for  air  is  unity)  by  the  same  factor  depending  on 
the  units  adopted.  Thb,  in  fact,  is  what  is  done  when 
f  is  taken  in  ordinary  electro mi^netic  units. 

Ulectric  Current  [y'].     An  electric  current  in  a  con-    El««t"o 
,  ,       ,  ,  .  ,  Cutreut 

ducting  wire  is  measured  by  the  quantity  which  passes 

across  a  given  cross-section  per  unit  of  time.     If  ^  be 

the  numeric  for  the  quantity  which  has  passed  in  a  time 

for  which  the  numeric  is  T,  then  denoting  the  numeric 

for  the  current  by  y,  we  have  7  =  j/Z",  and  [7]  is  [gT"-^] 

ot  iiP  L*  T-' Ki]. 

Beaistanee  [r].    By  Ohm's  law  the  resistance  of  a    Re"«»t* 

conductor  is  expressed  1:^  the  ratio  of  the  numeric  v 

for  the  difference  of  potential  between  its  extremities 

to  the  numeric  7  for  the  current  flowing  through  it. 

We    have    therefore  r  =  v/y,    and   [r]    is    [vy~^]   or 

Conductance  (formerly  Conductivity),  The  dimensional  Cundnct- 
formula  of  conductance  is  plainly  [LT~^K].  Hence  in 
the  ordinary  electrostatic  system  its  dimensional  formula 
is  [LT~^],  which  is  that  of  velocity.  Hence  a  conduct- 
ance in  ordinary  electrostatic  C.Q.S,  units  is  properly 
expressed  in  centimetres  per  second.  A  physical  illu»- 
tration  of  this  fact,  dae  to  Sir  William  Thomson,  is 
given  in  Vol.  I.  p.  205, 

L  L  2 
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II.^Electsomaonetic  Stbtek, 


Electro-        Magnetic  Pole  or  Quantity  of  Magnetism  [m] ;  Surface 
System     Density  of  Magnetism-  [«■'] ;  Magnetic  Force  or  Magnetic 


at  Units. 


Field  Intensity  [I] ;  Maymtic  Putential  [  V\ 

The  electromagaetic  system  of  units  is  based  on  the 
unit  magnetic  pole  as  defiued  above  (p.  2).  Tbie 
definition  ia  exactly  the  same  as  that  of  unit  quaotit}' 
of  electricity  on  wbich  the  electrostatic  system  is 
founded ;  and  therefore  the  purely  magnetic  quantities 
here  mentioned,  which  bear  the  same  relations  to  the 
unit  quantity  of  magnetism  that  the  corresponding 
electric  quantities  bear  to  the  chosen  unit  quantity  of 
electricity,  have,  with  the  substitution  of  the  magnetic 
analogue  to  K,  in  the  electromagnetic  system  the  same 
dimensional  formulas  as  those  just  found  for  the  latter 
quantities  iu  the  electrostatic  system. 

Observations  precisely  similar  to  those  made  above 
r^arding  specific  inductive  capacity  apply  here  regard- 
ing its  analogue,  magnetic  inductive  capacity,  or,  as  it 
13  frequently  called,  magnetic  permeability.  The  force 
between  two  poles,  each  of  strength  m  at  distance  Z,  in 
a  medium  of  magnetic  inductive  capacity  ^,  is  numeric- 
ally m^lfiL^,  and  hence  [wi]  =  [i/*  Z'  T-^  /*»].  In  the 
ordinary  electromagnetic  system  iJ.  ia  defined  (see  p.,  517 
below)  so  as  to  be  a  mere  numeric.  We  shall  not  here 
make  this  assumption,  but  allow  (i,  to  appear  in  the 
formulas,  and  its  dimensions  may  be  afterwards 
assigned. 

By  simple  deletion  of  /t  from  the  dtmensioual  for- 
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mnlas  they  becomo  those  for  the  ordinary  electromag- 
netic system  in  which  [fi]  =  1. 

Magnetic  MovutU  [M].    The  numeric  M,  for  the  mag-  ^^'^^ 
netic  moment  of  a  uniformly  mi^etized  bar-magnet,  ia 
the  product  of  the  numerics  for  the  strength  of  either 
pole  and  the  length  of  the  mf^et.    Hence  we  have 

[M]  =  [Min  r-'  ^] .  [z]  =  [M^Li  r-i  /**]. 

Intenaily  of  MagnetKotion  [v\.  The  intensity  of  mag-  intenUtr 
netization  of  any  portion  of  a  m^net  is  measured  by  uuiuatu^p. 
the  magnetic  moment  of  that  portion  per  unit  of  volume. 
Hence,  if  v  denote  the  numeric  for  the  intensity  of 
magnetization  of  a  uniformly  magnetized  magnet,  the 
numerics  for  the  m^^netic  moment  and  volume  of  which 
aie  Af  and  AZ',  we  have 

V  -  ■^,  and  H  =  [Mi  Z-»  r-i  fii]. 

It  ia  plain  th&t  the  intensity  of  magnetization  of  a 
uniformly  and  longitudinally  mi^netized  bar  is  equal 
to  the  surface  density  of  the  magnetic  distribution  over 
the  ends  of  the  bar,  and  therefore  intensity  of  magneti- 
zation has  the  same  dimensional  formula  as  maguetic 
surface  density. 

Magnetic  Permeability  [fi,].  The  magnetic  perme-  Haf^etic 
abihty  of  an  inductively  magneiized  substance,  or  its  abSy" 
magnetic  inductive  capacity,  ia,  as  has  already  been 
stated,  the  analogue  in  m^netism  of  specific  inductive 
capacity  of  a  dielectric  in  electricity,  and  of  the  con- 
ductivity of  a  body  for  heat  In  heat  conduction.  The 
part  which  it  plays  in  magnetic  theory  is  discussed  in 
Chapter  I.  above.     In  the  ordinary  electromagnetic 
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Hognstic  syBtem  of  units  it  ia  usually  defined  as  the  ratio  of 
ability  and  t-^e  magnetic  force  which  would  be  exerted  on  a  unit 
f-K]^^'  P°'®  placed  in  a  narrow  crevasse,  cut  in  the  suhstance 
so  that  its  walls  ate  at  right  angles  to  the  direction  of 
magnetization,  to  the  force  which  it  would  experience 
if  placed  in  a  narrow  crevasse,  the  walls  of  which  are 
parallel  to  the  direction  of  magnetization.  This  mode 
of  defining  magnetic  permeahility  clearly  makes  it  in 
the  ordinary  magnetic  system  a  mere  numeric,  that  is, 
its  dimensional  formula  [/*]  =  1. 

The  more  general  view  of  the  meaning  of  magnetic 
permeability  given  on  p.  616  is  not  inconsistent  with 
this  more  special  definition,  as  the  latter  simply  amounts 
to  assuming  the  permeability  of  air  to  be  unity.  If,  as 
may  be  the  case,  permeability  is  more  properly  measured 
by  some  property  of  the  medium,  which  will  assign  to 
the  quantity  definite  dimensions,  the  permeabilities  of 
ditTerent  substances  in  the  ordinary  electro-mt^etic 
system  will  simply  have  to  be  multiplied  by  a  common 
factor,  depending  on  the  fundamental  units  adopted. 

Magnetic  Susceptibility.  This  quantity  is  usually 
denoted  by  k,  and  in  the  ordinary  electromagnetic  system 
is  connected  with  ft  by  the  relation  /*  =  1  I-  A-wk.  Its 
dimensional  formula  is  therefore  also  1  in  the  ordinary 
electromagnetic  system,  that  is,  magnetic  susceptibility 
is  in  that  system  a  mere  numeric. 

Current  Strength  [V\  By  the  theory  of  electromag- 
netic action  stated  above  in  p.  143,  and  the  definition 
of  unit  current  (3),  p.  14i4,  we  have,  for  any  actual  case 
of  a  magnetic  pale  pla?ed  at  the  centre  of  a  circle  of 
wire  carrying  a  current,  the  equation  V  =  FLjitrnt, 
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where  F,  L,  m,  and  T  are  the  numerics  respectively  for    Dimen- 
the  force  acting  on  the  pole,  the  radius  of  the  circle,  Electrical 
the  strength  of  the  pole,  and  the  strength  of  the  current.  QumUUs*. 
Hence  [F]  =  [FLm-^]  =  [3f*Z*  f-^  /*-»]. 

QuantUy  of  Electricity  [Q],  The  numeric  Q  for  the 
quantity  of  electricity  conveyed  in  T  seconds  by  a 
cuirent  the  numeric  for  the  strength  of  which  is  F,  is 
equal  to  TT.     Hence  [Q]  -  [TT]  =  [Jf»Z*  /*-*].« 

Electric  Potential,  or  Electromotize  Force  [F].  As 
above  (p.  513),  but  using  in  this  case  the  symbol  V  for 
a  numerical  difference  of  potential,  we  get  W  =  VQ. 
Thns  we  have  [  K]  =  [M^Li  f-'  p.*]. 

Flectroatatie  Capacity  [C],  Using  for  a  numerical 
capacity  in  electromagnetic  units  the  symbol  C,  we  find, 
by  the  same  process  as  in  p.  513,  the  equation  C=QIV, 
[(?]-[i-TV-]. 

Besistanct  \K\.  Using  here  B  to  denote  a  numerical  Illmtra. 
resistance,  we  get  as  formerly  R  =  VjC,  and  therefore  Soaistaiieo 
[K\  =  [Zr-i  /*].  «  Jiea*; 

Thus  if  [/*]  =  I,  the  dimensional  formula  for  resist-  Volocitf. 
ance  is  the  same  as  that  for  velocity,  and  therefore  a 
resistance  in  ordinary  electromagnetic  units  is  properly 
expressed  as  a  velocity  is,  in  units  of  length  per  unit  of 
time,  and  accordingly,  in  C.O.S.  units,  as  so  many  centi- 
metres per  second.     This  fact  is  directly  shown  by  the 

*  We  migbt  pass  in  the  electrostatic  Bjtrtem  from  the  dimenBiDnil 
fonnuls  of  auit  current  to  that  of  nnit  i]uantity  of  inngUEtinn,  pre- 
cinl;  aa  we  pass  here  io  the  electromBgnetic  system  from  the  dinien- 
aiootil  rormulii  of  unit  quantity  of  inagnetism  to  thitt  of  unit  current, 
and  we  should  find  for  the  dimensional  formula  sought  that  here  ob- 
tdaed  [J/'£(  K~^,  as  might  he  iaferKd  at  once.  From  thii  the 
formalM  in  the  electroatatio  sjatem  (or  all  the  other  magnetic  qunuti- 
ties  might  be  found. 


D,s,i,7ert  by  Google 


620  UNITS  AND  DIMENSIONS 

following  illustration,  due  to  Sit  William  Thomaoii. 
Let  the  raik  of  the  ideal  machine,  deaciibed  iu  p.  192, 
be  supposed  to  run  horizontally  at  right  angles  to  the 
magnetic  meridian,  and  let  their  plane  be  verticnl.  Let 
a  tangent  galvanometer  be  included  in  the  wire  connect- 
.ing  the  rails.  The  slider  when  moved  along  the  rai!s 
will  cut  the  tines  of  the  earth's  horizontal  force,  the 
intensity  of  which  in  electromagnetic  measure  we  have 
denoted  by  H.  If  the  slider  have  a  lengthZ,  ami  be 
moved  with  a  velocity  v,  the  electromotive  force  de- 
veloped will  be  HLv.  If  £  be  the  total  resistance  iu 
circuit,  7  the  current  flowing,  r  the  mean  radius  of  the 
galvanometer  coil,  and  Z'  the  length  of  wire  in  the 
coil,  we  have  7  =-  Ht^jL  tan  0.  But  by  Ohm's  law 
7  -  HLvjB.    Hence  SLvlB  =.  Hr'lL'  tan  0,  or 

r«ian5 

Now  we  may  suppose  the  radius  r  of  the  coil  so  taken 
that  r*  =  LL',  and  that  the  slider  is  moved  at  such  a 
speed,  V,  that  the  deflection  of  the  needle  is  45°.  Under 
these  conditions  we  get  R  =  v.  The  resistance  R  of  the 
circuit  is  therefore  measured  in  electromt^etic  unite  by 
the  velocity  with  which  the  slider  must  be  moved,  so 
that  the  deflection  of  the  needle  of  the  tangent  galvan- 
ometer may  be  45°. 
Setf-lii-  Ooeffideni  of  Self-Inductimt  (or  Self-Tiiduetanee),  De- 
dnotance.  noting  by  [_  (instead  of  i  to  avoid  confusion  with  the 
L  of  the  unit  of  length)  the  inductance  of  a  circuit, 
the  current  in  which  is  V,  we  have  \_dVjdt  for  the 
electromotive  force  of  self-induction.    Hence  \_dVldt 
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has  the  same  dimeiuioual  formula  as  electromotive 
force,  that  is  [LFT"^]  =  [M^L'  T-^  >*-*],  and  therefore 
[U  =  [V]. 

Mutual  InductaTtce.  If  ^be  mutual  iaductance  be- 
tweeti  two  circuits,  F  the  current  iu  oue  of  them,  then 
the  electromotive  force  in  the  other  circuit  due  to 
mutual  ioductioD  is  MdTjdt.  Hence  by  the  same  pro- 
cess as  before  ve  get  [if]  =  [X/i]. 

A  self'  or  mutual  inductance  is  therefore  in  ordinary 
electromagnetic  measure  in  dimensions  simply  a  length, 
and  in  C  Q.8.  units  is  properly  expressed  as  so  many 
centimetres. 

But  if  resistance  is  taken  in  terms  of  the  true  ohm, 
which  is  10^  cms.  (or  nearly  one  earth-quadrant)  per 
second,  the  corresponding  unit  of  induction  is  10*  cms. 
If  the  legal  or  any  other  ohm  is  used,  the  unit  of  in- 
duction is  that  length  which  replaces  10*  cms.  in  the 
definition  of  the  ohm. 

For  the  unit  of  inductance  defined  by  any  ohm.  Profs. 
Ayrton  and  Ferry  have  proposed  the  name  secohm.  The 
Paris  Congress  has  however  adopted  the  name  quadrant. 
Plainly  this  can  only  in  strictness  be  applied  in  connec- 
tion with  the  true  ohm. 

We  have  now  investigated  the  dimensional  formulas 
of  the  absolute  units  of  all  the  principal  electric  and 
magnetic  quantities  in  the  electrostatic  system,  or  in 
the  electromagnetic  system,  according  as  each  quantity 
is  generally  measured  in  practice.  Each  may,  however, 
be  expressed  either  iu  electrostatic  or  in  electromagnetic 
units,  and  we  give  the  following  table  of  dimensional 
formulas  for  all  the  quantities  in  both  systems. 
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In  Tables  II,  and  III.  K  and  fi.  have  been  intro- 
duced into  the  formulas  as  stated  above,  pp.  512,  51& 
The  ordinary  electrostatic  and  electrom^netic  systems 
are  obtained  by  supposing  K  and  /t  each  unity, 
f'ap-  One  advantage  of  thus  exhibiting  the  dimensions  is 
Dimeu-  that  it  enables  electrostatic  and  electromagnetic  quan- 
KmAtt.  ''^'^8  *°  ^^  regarded  as  of  the  same  absolute  dimen- 
sions, since  K  and  ft,  not  being  fixed  as  to  dimensions, 
can,  unless  restricted  by  definition,  have  dimensions 
assigned  to  them  which  fulfil  this  condition.  For 
example,  as  suggested  by  Professor  Q.  F.  Fitzgerald,* 
each  may  be  taken  as  having  the  dimensions  [^TL~^\ 
Another  advantage  is  that  problems,  in  which  passage 
from  one  set  of  units  to  the  other  is  involved,  are  solved 
with  greater  ease  from  first  principles  (see  Professor 
Rilcker's  paper,  loc.  cU.). 

Tabla  of  FUNDAMENTAL   UNITS. 

aional  Foi- 


Qaantity. 

DmienB[oii>l 

Formula. 

Length 

m 

Mass 

m 

Time 

m 

DERIVED  UNITS. 

/ 

Dynamical 

Uniit. 

Velocity 

[zr-'l 

Acceleration 

[ir->] 

Force 

[MLT~'] 

Work     I 

r^T.'  T-i-\ 
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Note. — Col.  A  below  with  K  deleted  gives  the  ordinary  electro- 
static fonnulas,  Col.  B  with  /*  deleted  gives  the  ordinary  electro- 
magnetic formulas. 

//.  Electric   Units. 


L,  M,  T.  K.  L,  M,  T,  ^ 

Quantity  of  Electricity  [M^  L*  f-i^l]     [.tftit /i-l] 

Surface  Density  of  Electricity  1     rj^-j^-j  y-i^n  rjfii,-l„-n 
Electric  Displacement  i    *-  ^  ^  ■* 

Electric  Force,  or  1  [M^ L-^  f-^ K-i\  [M* D  f-V'] 


IM^UT-'^K-v]  [i/*z)  r-v*] 


Intensity  of  Electric  Field  J 

Electric  Potential       \ 

Electromotive  Force  1 

Electrostatic  Capacity  [K'\  [Z,-!^*;*-'] 

Specific  Inductive  Capacity  [^-S"]  [■£"'  ^/*~'] 

Current  Strength  [if* D  f-^K^]     [ Jf *  i*  T^'  /*-»] 

Resistance  [L-^  TK^]  [L  7"'  /*-*] 

///.  Magnetic  Units. 

Quantity  of  Magnetism,  or  )  r^^j^^  jj-_»  r^j  ^,  j._j    .-, 

Magnetic  Pole  J  ^  J  l  /-j 

Surface  Density  of  Magnetism  [^*X-t£"-*]         [if*  £-tr-V'] 

Magnetic  Moment  [Jf»Z»^-»]  [jtf*it  7"'/**] 

Intensity  of  Magnetization  [if * £-*  A"-*]         [ifti"*  T"-'/*'] 

Magnetic  Force  or  )  r^,^i  y.  j^i ,     r^j^-iy-i    -n 

Intensity  of  Mimetic  Field  i  ''  '^    ■' 

Magnetic  Potential  [if'X*  T-^iT*]     [if»Xl  J"-'  ^-1] 

Magnetic  Permeability    I  ^T-^T^fC-^^  T  1 

Magnetic  Susceptibility ) 

Coefficient  of  Self-induction      \    rr-i  t^  ir-u 
Coefficientof  Mutual  Induction;    ^-^     ^^    ^  '^''"J 
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Uuof 


Aa  aD  example  of  the  use  of  dimensional  formulas 
re  may  find  the  multiplier  for  the  rediictioD  of  numerics 
Formulu,  f^j.  magnetic  field  intensities  given  in  tenns  of  British 
foot-grain- second  units  to  the  corresponding  numerics 
in  terms  of  C.G.S.  electromagnetic  units.  Let  H  be  the 
numerical  intensity  in  terms  of  British  units,  H'  the 
numerical  intensity  in  C.G.S.  units.  We  have,  by 
equation  (4). 

Since  1  gramme  =■  15'4>3235  grains,  and  1  centimetre 
=  1/30-47945  foot,  we  have 


[3r*z;-tr-i]  =  (j5 


The  earth's  horizontal  force  is  given  as  3'92  in  British 
units  at  Greenwich  for  1883.     We  get  therefore 


5  .  -18075,  in  C.G.S.  units. 


Units  adopted  in  Practice, 

R«ctic»l  In  practical  work  the  resistances  and  electromotive 
forces  occnrring  to  be  measured  are  usually  so  great 
that  if  the  ab^lute  electromagnetic  C.U.S.  units  were 
used,  the  resulting  numerics  would  be  inconveniently 
large ;  while,  on  the  other  hand,  capacities  are  generally 
so  small  that  their  numerics  in  C.G  S.  units  would  be 
only  very  small  fractions.  Accordingly  certain  multiples 
of  the  C.G.S.  units  of  resistance  and  electromotive  force, 
and  a  submultiple  of  that  of  capacity  have  been  chosen 
for  use  in  practice.     The  derivation  of  the  first  two,  the 
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ohm  and  the  volt,  t<^ether  with  the  practical  units  of 
current  and  quantity,  the  ampere  and  the  coulomb,  may 
be  illustrated  as  follows: — * 

Let  the  raiU  of  the  ideal  magneto-electric  machine,  Dcrirttiou 
described  at  p.  192  above,  be  imagined  placed  in  a  Prscticfti 
uniform  magnetic  field  of  unit  intensity.  Also  let  the  Unita. 
rails  be  connected  by  means  of  a  wire  so  that  a  complete 
conducting  circuit  is  formed.  Suppose  the  rails,  slider, 
and  wire  to  be  all  made  of  the  same  material,  and  the 
length  and  cross-sectional  area  of  the  wire  to  be  such 
that  its  resistance  is  very  great  in  comparison  with  that 
of  the  rest  of  the  circuit,  so  that,  when  the  slider  is 
moved  with  any  given  velocity,  the  resistance  in  the 
circuit  remains  practically  constant.  When  the  slider 
is  moved  along  the  rails  it  cuts  across  the  lines  of  force, 
and  so  long  as  it  moves  with  uniform  velocity  a  constant 
difference  of  potential  will  be  maintained  between  its 
two  ends  by  induction,  and  a  uniform  current  will  flow 
in  the  wire  from  the  rail  which  is  at  the  higher  potential 
to  that  which  ia  at  the  lower.  If  the  direction  of  the 
lines  of  force  be  the  same  as  the  dii'ection  of  the  vertical 
component  of  the  earth's  magnetic  force  in  the  northern 
hemisphere,  so  that  a  north-tending  pole  placed  in  the 
field  would  be  moved  downwards,  and  if  the  rails  run 
south  and  north,  the  current,  when  the  slider  ia  moved 
northwards,  will  flow  from  the  east  rail  to  the  west 
through  the  slider,  and  from  the  west  rail  to  the  east 

*  SpeciliaUotiiof  Ui«  Ptacticnl  Uoita  for  use  in  Eleatrictd  ludiutries, 
fcc,  have  been  adopted  within  the  last  year  by  a  Commitlee  ■ppointed 
by  the  Board  of  Tnide.  The  ncommaudatioiu  of  the  Committee  m\l 
he  foiiod  in  an  Appendix  at  the  end  of  this  Toliune. 
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througli  the  wire.  If  the  velocity  of  the  slider  be 
increased,  the  differeaoe  of  potential  between  the  raila, 
or,  as  it  is  otherwise  called,  the  electromotive  force 
producing  the  current,  will  be  increased  in  the  same 
ratio;  and  therefore  by  Ohm's  law  so  also  will  the 
current. 
C.O.S.         For  a  slider  arranged  as  we  have  imagined,  and  made 

D?ffBronce  **  move  across  the  lines  of  force  of  a  magnetic  field,  the 
of  difference  of  potential  produced  varies  directly  as  the 
field  intensity,  as  the  length  of  the  slider,  and  as  the 
velocity  with  which  the  slider  cuts  across  the  lines  oi 
force.  The  difference  of  potential  produced  therefore 
varies  as  the  product  of  these  three  quantities  ^  and 
when  each  of  these  is  unity,  the  difference  of  potential 
is  taken  as  unity  also.  We  may  write  therefore 
V  =  ILv,  where  /  is  the  field  intensity,  L  the  length 
of  the  slider,  and  v  its  velocity.  Hence  if  the  intensity 
of  the  field  we  have  imagined  be  1  C.G.S.  unit,  the 
distance  between  the  rails  1  cm.,  and  the  velocity  of  the 
slider  1  cm.  per  second,  the  difference  of  potential  pro- 
duced will  be  1  C.G.S.  unit. 

Fractical       This  difference  of  potential  is  so  small  as  to  be  incon- 

Blsetro-    ^^^D^  for  use  as  a  practical  unit,  and  instead  of  it  the 
motive     difference   of   potential   which  would  be  produced  if, 

TheVoit.  everything  else  remaining  the  same,  the  slider  had  a 
velocity  of  100,000,000  cms.  per  second,  is  taken  as  the 
practical  unit  of  electromotive  force,  and  is  called  one 
voU.  It  is  a  little  less  than  the  difference  of  potential 
which  exists  between  the  two  insulated  poles  of  a 
Daniell's  cell. 
We  have  imagined  the  rails  to  be  connected  by  a  wire 
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of  very  great  resistance  in  comparison  with  that  of  the  Derivation 
rest  of  the  circuit,  and  have  supposed  the  length  of  this    Unit'of 
wire  to  have  remained  constant.    But  from  what  we    R"'"*- 
have  seen  above,  the  effect  of  increasing  the  length  of 
the  wire,  the  speed  of  the  slider  remaining,  the  same, 
would  be  to  diminish  the  current  in  the  ratio  in  which 
the  resistaDce  is  increased,  and  a  correspondingly  greater 
speed  of  the  slider  would  be  necessary  to  maintain  the 
current  at  the  same  strength.     We  may  therefore  take 
the  speed  of  the  slider  as  measuring  the  resistance  of 
the  wire.   Now  suppose  that  when  the  slider  1  cm,  long 
was  moving  at  the  rate  of  1  cm.  per  second,  the  current 
in  the  wire  was  1  C.G.S,  unit ;  the  resistance  of  the  wire 
was  then  1  C.Q.S.  unit  of  resistance.     Unit  resistance   Practical 
therefore  corresponds  to  a  velocity  of  1  cm,  per  second.     ^g\^. 
This  resistance,  however,  is  too  small  to  be  practically 
useful,  and  a  resistance  1,000,000,000  times  as  great, 
that  is,  the  resistance  of  a  wire,  to  maintain  1  CQ.S, 
unit  of  current  in  which  it  would  be  necessary  that  the 
slider  should  move  with  a  velocity  of   1,000,000,000 
ms,  (approximately  the  length  of  a  quadrant  of  the 
earth  from  the  equator  to  either  pole)  per  second,  is 
taken   as  the  practical  unit  of  resistance,  and  called 
one  ohm. 

Some  account  of  experiments  which  have  been  made      Ohm 
for  the  realization  of  the  ohm  is  given  in  Chapter  IX,,  aJai'l!! 
and  it  will  he  seen  from  the  results  that  the  ohm  is    ance  of 
approximately  equal  to  the  resistance  of  a  column  of  HetMin" 
pure  mercury  1063  cms.  long,  and  129  mm.  in  cross- 
section,  when  the  temperature  ia  that  of  melting  ice. 
At  present  this  number   is  that  generally  used;  but 
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when  a  sufEcient  namber  of  exact  determinatiooa  of  the 
ohm  have  been  obtaiaed,  a  more  accurate  value  will  no 
doubt  be  legalised  as  the  standard  of  reference. 
DuriratioQ  It  IS  obvioua  from  equation  (1)  that  if  Kand  Ji,  each 
Ammro.  iQ'*'i'>'lly  <^°€  unit,  be  increased  in  the  same  ratio,  C  will 
remain  one  unit  of  current;  hut  that  if  F^be,  for  ex- 
ample, 10'  C.G.S.  units  of  potential,  or  one  volt,  and  B 
he  a  resistance  of  10"  cms.  per  second,  or  one  ohm,  C 
will  be  one-tenth  of  one  C.Q.S,  unit  of  current.  A 
current  of  this  strength — that  is,  the  current  Sowing  in 
a  wire  of  resistance  one  ohm,  between  the  two  ends  of 
which  a  ditference  of  potential  of  one  volt  is  main- 
tained,— has  been  adopted  as  the  practical  unit  of 
current,  and  called  one  ampere.  Hence  it  is  to  be  re- 
membered one  ampere  is  one  tenth  of  one  C.G.S.  unit 
of  current. 
DifriTtttion  The  amount  of  electricity  conveyed  in  one  second  by 
Conlomb  *  Current  of  one  ampere  is  called  one  eoulomh.  This 
unit,  although  not  quite  so  frequently  required  as  the 
others,  is  very  useful,  as,  for  instance,  for  expressing  the 
quantities  of  electricity  which  a  secondary  cell  is  capable 
of  yielding  in  various  circumstances.  For  example,  in 
comparing  different  cells  with  one  another,  their  capa- 
cities, or  the  total  quantities  of  electricity  they  are 
capable  of  yielding  when  fully  charged,  are  very  con- 
veniently reckoned  in  coulombii  per  square  centimetre 
of  the  area  across  which  the  electrolytic  action  in  each 
takes  place. 

The  mi^neto-electric  machine  we  have  imagined 
yields  very  simply  the  relation  between  the  work  done 
in  maintaining  a  current,  the  strength  of  the  current, 
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sad  the  electromotive  force  producing  it.*  Although  a 
slight  digreaalon,  we  give  this  discussion  here  to  help  to 
illustrate  how  electromotive  force  nnd  current  together, 
whea  measured  in  absolute  eleclrom^netic  units,  give 
the  corresponding  electrical  activity  in  absolute  dy- 
namical units,  and  for  the  sake  of  the  practical  units  of 
electrical  activity  and  work. 

We  have  seen  above  (p.  118)  that  every  element  of  a   Activity 
conductor,  carrying  a  current  in  a  magnetic  field,  is  of  Electro- 
acted  on  by  a  force  tending  to  move  it  in  a  direction  at  "»«"*''= 
•  °  Generator, 

right  angles  to  the  plane  through  the  elemeut,  and  the 
direction  of  the  resultant  magnetic  force  at  the  element, 
and  have  derived  from  the  expression  for  the  m.'vgnitude 
of  the  force  a  dedaition  (p.  143)  of  unit  current  in 
the  electromagnetic  system.  From  these  couniderations 
it  follows  that  a  conductor  in  a  uniform  magnetic  field, 
and  carrying  a  unit  current  which  flows  at  right  angles 
to  the  lines  of  force,  is  acted  on  at  every  point  by  a 
force  tending  to  move  it  in  a  direction  at  right  angles  tG 
its  length,  and  the  magnitude  of  this  force  for  unit 
length  of  conductor,  and  unit  (ield,  is  by  the  definition 
of  unit  current  equal  to  unity. 

Applying  this  to  our  slider,  in  which  wc  may  suppose 
a  current  of  amount  7  to  be  kept  flowing,  say,  from  a 
battery  in  the  circuit,lct  L  be  the  length  of  the  slider, 
V  its  velocit_^,  and  I  the  intensity  of  the  field ;  we  have 

*  Pra::tie&l1y  the Mincconsidprntiaiia  farmed  the  basisorSir'Williuii 
Tliotnson'H  famona  papers  "  On  the  Mechmiical  Theory  of  Electrolyri*," 
and  "  On  ApplicntioD*  of  the  Principle  of  Mechanical  KiTect  to  the 
HeMaremeut  of  Electromotive  Forces  and  of  Galvanic  Rcsistancei  in 
Absolnto  Meosure,"  PMl.  Mag.  Dec.  1851,  or  Mepr.iU  of  Math,  and 
Phpa.  Paperr,  Vol.  I. 

VOL.  11.  ■  MM 
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for  the  force  on  the  tuoviog  conductor  the  value  /Z7. 
Hence  the  rate  at  which  work  is  done  by  the  electro- 
miignelic  action  between  the  current  and  the  field  is 
ILyda:/<it  or  ILyv,  and  this  must  be  equal  to  the  rate 
at  which  work  would  be  done  in  generating  by  motion 
of  the  slider  a  current  of  amount  7.  But  as  we  have 
seen  above,  ILv  is  the  electromotive  force  produced  by 
the  motion  of  the  slider.  Calling  this  now  £,  the 
symbol  usually  employed  to  denote  electromotive  force, 
we  have  Ey  as  the  electrical  activity,  that  is,  the  total 
rate  at  which  electrical  energy  is  given  out  in  all  forms 
in  the  circuit. 

By  Ohm's  law  this  value  for  the  electrical  activity 
may,  when  the  work  done  is  wholly  spent  in  producing 
belt,  be  put  into  either  of  the  two  other  forms,  namely, 
£*IIi,  or  y^lt.  In  the  latter  of  these  forms  the  law  was 
discovered  by  Joule,  who  measured  the  amount  of  heat 
generated  in  wires  of  different  resistances  by  currents 
flowing  through  them.  This  law  holds  for  every  electric 
circuit  whether  of  dynamo,  battery,  or  thermoelectric 
arrangement. 
Actiriiiea  We  have,  in  what  has  gone  before,  supposed  the  sHder 
ent  Purto  '''*  ^^^^  ""^  resistance  comparable  with  the  whole  resist- 
oE  Circuit,  ance  in  the  circuit.  If  it  have  a  resistance  r,  and  R 
he  the  remainder  of  the  resistance  in  circuit,  the  actual 
difference  of  potential  between  its  two  ends  will  not  be 
ILv  or  SMtS.KJiR  +  r)  (Vol.  I.,  p.  146).  The  rate 
per  unit  of  time  at  which  work  is  given  out  in  the  circuit 
is  however  still  JEy,  of  which  the  part  Ey  .  tI(R  +  r) 
is  given  out  in  the  slider,  and  the  remainder, 
Ey.Rj{B  +  r),  in  the  remainder  of  the  circuit.     In 
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.short,  if  r  be  the  actual  difference  of  potential,  as 
meaaured  by  au  electrometer,  between  two  points  in  a 
wire  connecting  the  terminals  of  a  battery  or  dynamo, 
aad  7  be  the  current  flowing  in  the  wire,  the  rate  at 
which  energy  is  given  out  is  Vy,  or  if  S  be  the  resist- 
ance of  the  wire  between  the  two  points,  y'R. 

The  activity  in  the  part  of  the  circuit  couaidered  is 
always  Vy,  but  this  may  be  greater  than  ffR,  in  which 
case  work  is  done  otherwise  than  in  heating  the  con- 
ductor. 7*5  is  then  the  part  of  the  activity  employed 
in  generating  heat. 

One  of  the  great  advantages  of  the  system  of  units  Adrnnuge 
briefly  sketched  here,  is  that  it  states  the  value  of  the  c  0  fi. 
rate  at  which  work  is  given  out  in  the  circuit,  without  SyBtomof 
its  being  necessary  to  introduce  any  coefScient  such  as 
would  have  been  necessary  if  the  units  had  been  arbi- 
trarily chosen.  When  the  quantities  are  measured  in 
C.G.S.  units,  the  value  of  Ey  is  given  ia  centimetre- 
dynes,  or  in  ergs,  per  second.  Besul^s  thus  exprea.<ved 
may  be  reduced  to  horae-poirtr  by  dividing  by  the 
number  T+fi  x  10' ;  or  if  ii  is  measured  in  volts,  and 
7  in  amperes,  Ey  may  be  reduced  to  horse-power  by 
dividing  by  74fi.  Thus,  if  90  volts  be  maintained 
between  the  terminals  of  a  pair  of  incondescent  lamps 
joined  in  series,  and  a  current  of  13  ampere  flows 
through  these  lamps,  the  rate  at  which  energy  is  given 
oat  in  the  lamps  is  approximately  '157  horse-power. 
If  the  rate  at  which  work  is  done  in  maintaining  a 
current  of  one  ampere  through  a  resistance  of  one  ohm 
were  taken  as  the  practical  unit  of  rate  tf  working,  or 
activity,  and  £  reckoned  in  volts  and  7  in  amperes,  the 
MM   2 
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rate  at  which  electrical  encrgj' is  given  out  in  the  circuit 

would  be  meaaured  simply  by  £7 ;  and  calculations  of 

FFoti  or    electrical  work  would  be  much  simplified.     This  \('as 

w,^ixiati\  P™po36d  ^y  Sir  William  Siemens  (Brit.  Assoc  Address, 

Activity.   1882),  wlio  suggested  that  the  name  matt  should  be 

given  to  this  unit  rate  of  working.     The  rate  at  which 

energy  is  given  out  in  the  lamps  of  the  above  example 

is  90  X  1*3  -=  117  watta.    A  watt  is  therefore  equivalent 

to  10"  ergs  per  second. 

Kilowatt       The  Electrical  Congress  held  at  Paris  in  August  1888 

has  adopted  the  watt  as  the  practical  electrical  unit  of 

work,  and  the  term  kilotoalt,  proposed  by  Mr.  W.  H, 

Preece  to  designate  an  activity  of  1000  watts  or  10"* 

ergs  per  second.     It  is  intended  that  the  latter  unit 

should  be  used  instead  of  the  horse-power.   An  activity 

given  in  kilowatts  can  be  reduced  to  horse-power  by 

dividing  by  "7i6,  or  roughly  by  multiplying  by  4  and 

dividing  by  3. 

Joule  or        Sir  William  Siemens  also  proposed  to  call  the  work 

Elociricftl  done  in  one  second,  when  the  rate  of  working  is  one 

Wurk.     watt,  oaBj'oule.    Thus  tlie  work  done  in  one  second  iu 

maintaining  a  current  of  one  ampere  through  one  ohm, 

or  the  work  obtained  by  letting  down  one  coulomb  of 

electricity  through  a  difference  of  potential  of  one  volt, 

is  one  joule,    kjmile  is  therefore  equivalent  to  10^  ergs, 

and  the  work  done  in  one  se-ond  in  the  above  example 

is  \\1  joii,lea. 

The  Electrical  Congress  of  August  1889  also  adopted 
the  joule  as  the  practical  unit  of  electrical  work. 

The  prnctical  unit  of  electrostatic  capacity  is  called 
the  farad,  anl  may  be  defined  as  the  capacity  of  a 
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condenser   which,  when   charged    by  an  electromotive    Prattioil 
force  of  one  volt,  boa  a  charge  of  one  coulomb.     If  C  capacity : 
be  the  numerical  capacity  of  sucb  a  condenser  id  C.O.S.     „'^ 
electromagnetic  units  of  capacity,  we  have  0=  10" '/lO* 
™  10"* ;  or  one  farad  is  equivalent  to  lO"*  C.Q.S. 

In  some  cases,  when  the  quantities  to  be  expressed 
are  very  large,  units  one  milliou  times  greater  than  the 
chosen  practical  units  are  employed.  These  are  denoted 
by  the  names  of  the  corresponding  practical  units  with 
Tnega  (great)  prefixed.  On  the  other  hand,  for  the  ex- 
pression of  very  small  quantities,  units  one  million  times 
smaller  than  the  practical  units  are  sometimes  used,  and 
are  denoted  by  the  corresponding  names  of  the  practical 
unitR  with  micro  (small)  prefixed. 

Sucb  units  are  however  rarely  employed,  with  the  Ufst^m 
exception  of  tbe  megohm,  used  for  expressions  of  resist-  *°f,nij™' 
ances  of  insulating  substADce!<,  and  tbe  microfarad, 
which  is  really  the  most  convenieut  unit  for  expressions 
of  capacities.  A  megohm  may  he  stated  as  10"  centi- 
metres per  second ;  one  C.O.S.  unit  of  capacity  is  equi- 
valent to  10*^  microfarads. 

The  practical  nnita  which  have  been  adopted  may  be    Pructirtd 
considered  a?  belonging  to  an  absolute  system,  based  on  „^^()'^ 
a  unit  of  length   equivalent  to  one  thousand  million    Absolute 
(10*)   centimetres   (approximately   the    length  of    one 
quadrant  of  the  earth's  polar  circumference),  a  unit  of 
mass  equivalent  to  one  one-bundred-millionth  of  a  milli- 
grammes, or*  1U~"  gramme,  and  the  second  as  unit  of 
time.     The   verification  of  this  in  the  different  cases 
will    furnish    examples    of   the    use    of   dimensional 
formulas. 
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For  example,  let  ua  find  wLat  the  expressioDS  of 
resistances  and  electromotive  forces  in  C.Q.S.  units 
become  when  these  new  nnits  of  length  and  mass  are 
substituted  for  the  centimetre  and  the  gramme.  Let  R 
be  the  numeric  of  a  resistance  in  C.G.S.  units,  and  K' 
its  nnmeric  in  terms  of  the  new  units.  We  have, 
using  the  proper  change-ratio. 


}t--B[ZT-^]  =  R  X 


10*" 


since  the  unit  of  time  remains  unchanged.  One  ohm 
is  therefore  equivalent  to  10"  C.G.S.  units  of  resist- 
ance, that  is,  10*  centimetres  per  second. 

Again  let  V  be  the  expressioo  of  an  electrorootive 
force  in  C.Cl.S.  electromagnetic  units,  E"  its  expression 
in  terms  of  the  new  units.  The  dimensional  formula 
for  electromotive  force  is  [J/"*X*  T-''].  We  have  there- 
fore 

£•  =  £[^^1*1-^]. 

We  have  only  to  consider  what  [if*X']  becomes. 
This  is  plainly  (lAO"")*  x  (1/10")'  or  1/10^     Hence 

that  is,  one  volt  is  equivalent  to  10^  C.t^S.  units  of 
electromotive  force. 

The  following  table  gives  the  numerics  for  the  various 
practical  units  in  terms  of  C.G.S,  units : — 
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Name  of 
Quantity. 
Resistance 

Pmotiwl 

Unit 
Ohm 

Equivalent  in 

C.U.S.  Unit.. 

10» 

Electromotive  Force 

Volt 

l(fi 

Current  Strength 
Quantity  of  Electricity 

Electrostatic  Capacity 

Ampere 
Coulomb 

/Farad 

I  Microfarad 

io-> 
io-» 

10-is 

We  have  seen  above  that  if  Q,  Q'  be  the  numerics  Diinan- 
for  two  quantities,  the  dimensional  formula  of  Q'jQ  is  p^tio  of 
[C]/[§],  and  this  of  course  applies  to  the  expressions  Eluciro- 
of  the  same  quanUty  in  two  different  systems  of  units.  to 
Thus  if  J  denote  the  numerical  expression  of  a  quantity  g°^t^ 
of  electricity  in  electrostatic  units,  and  Q  that  of  the  Unit  of 
same  quantity  in  electromagnetic  units,  the  same  funda-  ^' 

mental  units  being  employed  in  both  cases,  the  dimen- 
sional formula  of  glQ  is  [?]/[^].  But  from  the  table 
(p.  523)  we  have  [5]  =  [MU*  T"']  and  [Q]  =  [MiL*]. 
The  dimensional  formula  of  q/Q  is  thus  the  same  as 
that  of  velocity,  that  is  to  say  g/Q  is  equal  to  a  aTtain 
definite  velocity,  the  numerical  expression  of  which 
depends  on  the  fuudamental  units  of  length  and  time 
employed.  In  other  words  the  number  of  electrostatic 
units  of  electricity  which  is  equivalent  to  one  electro- 
magnetic  unit  is  nnmerically  equal  to  this  velocity. 

The  same  velocity  is  derivable  from  the  ratios  of  the 
numerical  values  of  any  of  the  other  electrical  or  mag- 
netic quantities  in  the  two  systems  of  units.  For 
instance,  if  e  be  the  numerical  value  of  an  electromotive 
force  in  electrostatic  units,  and  E  that  of  the  same 
electromotive  force  in  electrom^nctic  unit«,  we  have 
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for  tlie  dimensional  furmula  of  ejE  the  value  ['^]/[-&'] 
=  [Mi  LV\  [Mi  Li  r~i]  =  [£-'  T].  The  ratio  cjE  has 
thus  the  dimeDsional  formula  of  the  reciprocal  of  a 
velocity,  and  therefore  Eje,  or  which  is  the  same,  the 
number  of  electromagnetic  uoits  equivalent  to  one 
electrostatic  unit  of  electromotive  force,  is  properly 
expressed  as  a  certain  definite  velocity.  It  is  easy  to 
see  that  this  velocity  is  identical  with  the  former.  For 
if  ij  and  Q  be  the  numerical  values  in  the  two  systems 
of  a  certain  quantity  of  electricity,  then  since  e  and  E 
denote  the  same  electromotive  force,  the  work  eq  must 
be  numerically  equal  to  the  work  EQ.  We  get  there- 
fore Eje  =  q/Q,  that  is,  the  two  velocities  are  the 
same. 

By  taking  the  more  general  dimensional  formulas 
given  in  the  table  (p.  523)  we  find  that 

when  [q],  [Q]  refer  to  the  ordinary  systems.  Hence 
the  product  IC'i  fi-i  has  the  dimensions  of  a  velocity 
It  M  in  fact  the  velocity  q/Q  above  referred  to.* 

Denoting  this  velocity  by  v,!  we  get  for  the  various 
quantities  the  following  relations.  The  numerator  of 
ihe  ratio  on  the  left  of  each  equation  denotes  the 
numeric  tf  the  quantity  in  electrostatic  units,  the  de- 
nominator the  numeric  of  the  same  quantity  in  electro- 
magnetic units. 

•  See  p.  206  abovo  ;  also  Chap.  X.  below. 

t  For  illubtiaiions  ot  the   physical   meaning  of  v  see   Cbsp.   X. 
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A  given  Quantity  of  Electricity  qjQ  =  v 

„      Current  7/r  ■■  v 

„      Electromotive  Force  e/E  =  Ijv 

„       Electrostatic  Capacity  cjC  =  v^ 

„      Resistance  r/B  =  Ijv^ 

Tiierefore  if  q  and  Q,  e  and  E,  or  the  numerics  for 
any  other  given  quantity,  be  determined  in  the  two 
systems  of  nnibx,  the  value  of  v  can  be  at  once  obtained. 
Experiments  of  this  kind,  some  of  which  ore  described 
in  Chapter  X.  below,  have  been  made  by  Maxwell,  Sir 
W.  Thomson,  Weber,  Ayrton  and  Perry,  J.  J.  Thomson, 
H,  A.  Rowland,  E.  B.  Rosa,  and  others,  with  the  result 
that  V  =  Zx  10'"  centimetres  per  second  approximately, 
or  very  nearly  the  velocity  of  light  in  air  as  deduced 
from  experiments  made  by  the  methods  of  Foucault 
and  Fizeati.  According  to  Maxwell's  Electromagnetic 
Theory  of  Light  {Medridty  and  Magnetism,  Vol.  II., 
Chap.  XX)  this  relation  should  held,  and  thcs  the 
theory  is  so  far  confirmed. 

In  the  present  chapter  we  have  considered  only  the 
scalar  magnitudes  of  electric  and  msgn'.  tic  quantities. 
For  an  instructive  discussion  of  the  Theory  of  Dimen- 
sions from  a  vector  point  of  view  the  reader  may  refei- 
to  a  paper  by  Mr.  W.  Williams,  Pkil.  Mag.  Sept.  1892. 
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CHAPTER  X 

ABSOLUTE  UEASUREilENT  OP  RESISTANCE 

Import'        jj,'  order  that  all  the  results  of  electrical  experiments 
Realized    may  be  expressed  id  absolute  units,  realized  absolute 
^Rcfl'^t*  units   of  resistance   must  be   available.     An   electric 
•oce.      current  can    be   measured   at   any   time   in   absolute 
units,  as  we  have  seen,  by  means  of  a  proper  standtird 
galvanometer  or  current  balance.     When  the  absolute 
value,  B,  of  the  resistance  of  a  coil  of  wire  is  known, 
a   difference   of   potential    exprcs.-<ed    by   any   chosen 
number  of  absolute  units  can  be  produced  by  causing  a 
current  of  the  proper  strength,  7,  to  flow  through  the 
wire.     If  the  wire  is  not  the  seat  of  any  electromotive 
force,  the  difference  of  potential  between  two  points  in 
the  wire,  close  to  the  ends,  is  yR.     By  this  mode  of 
realizing    differences    of    potential    the    electromotive 
forces  of  voltaic  cells  have  been  determined  i  and  such 
cells  can  be  used  in  their  turn  as  practical  standards  for 
the  comparison  of  differences  of  potential.     A  realized 
standard  of  resistance  is  thus  of  fundamental  import- 
ance in  absolute  electrical  measurement. 
Abiolute       Various  methods   for  the  absolute  n.easuremont  of 
m'en^d''    resistances  have  been  devised,  and  a  few  of  these  moat 
Reiut-     suited  to  give  exact  results  have  been  carried  out  with 
great  care   and  experimental  skill  by  several  cxperi- 
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menters.  We  give  here  a  general  account  of  these  in- 
vestigatiors,  going  however  into  full  dettul  regarding 
only  one  or  two  of  the  more  recent,  and,  on  account  of 
the  accumulation  of  experience,  presumably  the  more 
exact  of  them. 

The  methods  may  he  classe<l  in  three  divisions : —  Methods 
I.  Those  in  wliich  electromagnetic  induction,  of  which 
the  amount  can  he  calculated,  is  employed  to  generate 
a  current  in  the  conductor  the  resistance  of  which  is  to 
be  determined.  The  strength  of  this  current  depends 
on  this  resistance,  and  is  measured  directly  or  indirectly 
so  that  it  enables  the  resistance  to  be  found.  II.  Those 
based  on  Lorenz's  method,  in  which  a  continuous  dif- 
ference of  potential  between  the  terminals  of  the  given 
conductor  is  produced  by  electromagnetic  induction,  and 
is  balanced  by  a  difference  of  potential  independently 
produced  by  a  current  7  flowing  in  the  conductor. 
III.  Joule's  method,  in  which  the  rate,  7*^,  of  genera- 
tion of  heat  produced  by  a  measured  current  7  in  the 
conductor  is  determined,  and  the  resistance  deduced  by 
dividing  by  7*. 

The  first  method  of  type  I.  which  we  describe  is  that  Kirch- 
due  to  Kirchh-jff.»  Two  coils,  f7,,  Cg,  between  which  j,^^^ 
there  is  a  mutual  inductance,  M,  are  joined  up,  as  shown 
digram matically  in  Fig.  128,  with  a  battery  and  gal- 
vanometer, and  the  resistance  if  to  be  determined.  The 
steady  current  deflection  of  the  needle  is  flrst  observed. 
C^  is  then  removed  from  the  position  in  which  the 
mutual  inductance  is  M,  to  one  in  which  the  mutual 
inductaoce  is  zero,  and  the  first  throw  of  the  galvano- 
•  Pogg.  Aim.  78,  (18«). 
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meler  is  Eoted  (together  with  the  succeeding  elongations 
to  enable  n  correction  for  damping  to  be  applied).  If 
X  be  tlie  total  induction-flow  through  the  galvanometer, 
j:  the  steady  current  in  G,  and  the  resistances  P,  Q,  of 
AG^B,  BC^,  respectively,  be  each  great  in  comparison 
with  B,  then  we  have  very  approximately 


=  J/ 


(1) 


If  the  galvanometer  deflections  for  steady  currents 
follow  the  tangent  law,  and  ^j  be  the  deflection  produced 
by  the  steady  current,  6^  the  induction  throw,  correcte<l 


FlcJ.  128. 

for  damping  and  torsion  of  the  fibre  if  ic  exists,  and  T 
the  complete  period  of  oscillation  of  the  needle, 

■{,  _v  ton  0y 

X  ~  ~f  siuje. 


80  that 


B  =  M 


r  tan  9, 


(2) 


If  two  different  galvanometers  are  used,  one  of  constant 
ffi  to  measure  the  steady  current,  and  a  batli^tic  galvano- 
meter of  constant  G,  to  measure  the  transient  current, 
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and  ff,  B',  be  the  values  of  the  earth's  horizontal 
components  at  their  respective  needlea,  then  instead  of 
(2)  we  have 

^'»w^VS^'  ■  ■  ■  ■  (^'J 

To  prove  equation  (1)  let  «,  i,  be  tlie  cuirent  in  the  batlerj-  Tlieory  of 

nnd  in  tlio  Kalvanoineter  at  any  inatant  during  the  change  of  ,  "i. 

tlie  induclaiice,   sod    /-,,  Zj,  the   aelf-inductances   of  the   two  .,  ,      , 

circuits  JC,BA,  ABC^A,  B  hein^  Buppoeed  devoid  of  self-  "«"">"■ 
inductance.    Then  theee  circuits  give 


LiS  +  3fi  +  (P  +  B)»  -  Bi  = 
L^  Jr  M-% -Ir  {q  +  Ki^  -  Ru - 


(3) 


wliere  Bi»  the  elvctromotive  force  of  the  battery. 

Integrating  Iheso  equations  over  tlie  (very  short)  interval  r 

of  change  of  the  mutual  inductsDce  from  Jf  to  0,  ne  get 

-  Mi, -^  {P  Jr  R)^  -  Bx  =  TEdl  =  oX      _  ,^j 

-  Jft,  +  (0  +  Ji>  -  it-  -  0  J " 
But  when  the  currents  are  steady  the  secoud  of  (3)  is 

(C  +  Rji,  -  Bi,  -  0. 

Eliminating  u  between  the  two  equations  of  (4),  and  putting 
>•  =  i^<i  +  B)iB,  &!«  given  by  the  last  equation,  we  find  after 
reduction 

X        M[P_+  fl)  «g  +  g)  +  g 

i.      JUJ' +  B)  (.Q  +  B)  -  IP 

°  A  r  "^  (P  +  Xjiq-^B)  +  *"■/    ■    ■    ■    f5) 

If  P,  Q,  he  each  great  in  compariaon  with  B.  thii  gives  (1). 
Equation  (2)  follows  by  the  theory  of  the  balliRtic  galvEmoineter. 

This  investigation  ia  practically  Maxwell's  veraion  of  the 
procesA  followed  originoUv  by  Eirclihofi.  The  result  may 
Iioweverfae  obtained  somewhat  more  directly  as  foiJowa.  When  if 
is  annulled  an  integral  electromotive  force  of  amount  Mii  acts 
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in  (Ti,BniiiiTK>therof  ftmount  J/^t  in  C^.   The  induction-flow  due 

lo  each  through  the  galvanometer  hfta  the  same  direction,  aim  e 
on  account  of  the  opposite  signs  of  tlie  induelions  through  T,, 
fj,  the  currents  induced  in  tliem  are  in  oppoaite  directionB  rounct 
these  coila.     Hie  flow  through  the  galvanometer  due  to  Mu,  is 


m,         _  R       '   _  M  (f  +  R)  {Q  f_R) 

R  ~q{P  +  R)  +  PH 


That  <lu«  to  m,  is 

Mr,  R       _  Jf  fl* 


/.■ 


p         qR    q  +  R     R  nq  +  Jt)  +  QR^'' 

Adding  these  we  get  for  the  lotiil  flow  through  the  galvnno- 
SI  IP  +  R,(,Q  +  R)  +  R> 

R{P  +  n}{Q  +  Ji)  -  ii'^' 

which  ngrees  with  (fi). 

Detemi!nationB  by  this  method  have  been  mnde  by  Rowlanil 

RaTTtnnd'a   at  Baltimore  and  Gluehrook  at  Camhrirtge.     In  both  sets  of  ex- 

and  Glaze-  perimentB  the  arrangement  of  coilR  was  not  disturbed  ;  but  tlie 

brook's     induction-flow  was  produced  l)y  the  simple  enpedient  of  reverB- 

Eipsri-     ing  the  current  in  the  coil  G,.     Rowland  used  a  ppecial  ballistic 

mints,      galvanometer  to  measure  the  transient  current,  and  a  comparison 

of  its  constant  with  that  of  the  galvanometer  used  fortheeteadj- 

cuiTcnt  gave  the  necessnry  data  for  calculating  ^,/i. 

In  Gliaehrook'a  determination,*  however,  the  same  galvano- 
meter was   used  for   the   niertsurement  of  both   transient   nnd 
Glaze-      steady  currents,  being  shuntod  fur  the  latter  purpose  so  thnt 
brook's     only  a  fraction  h  of  the  current  ii  produced  the  dvllection  fl, 
E^peri-     of  the  needle.     Thus  instead  of  ('I)  the  formula  of  calculation 

was  applied,    the  deflections  of  course  being  corrected  for 
damping,  Ac.    The  factor  2  is  introduced  on  the  right-hand 

•  Phil  Tram.  S.S.  1883. 
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543 


aide  as  tlie  cnrrcnt  was  reveraed,  and  therefore  tlie  induction 
changed  by  2M. 

Tlie  following  are  the  particulara  cf  the  coila  uaed  by  Glnzp-  Details  of 
brook,  VI liicli  were  wound  with  great  care  by  Profeeaot  Cbryuml    indnrtion 
for  a  aimiUr  inveBtigation.     The  two  coils  are  diBtinguiahed  na       Coils. 
A  and  S.    Tliey  were  wound  with  well-inaulated  copper  wire. 


J 

* 

«...     1 

Mean  radiua  in  fma.  (a).     .    .     . 

25-763 

2576C 

S6-7G0 

Axial  breadth  of  aectioo  (U).     . 

1-896 

1-899 

1-897 

Rodial  depth  of  section  (2rf)  .    . 

1-92 

l-OO 

1-91 

Number  of  turns  of  wire  .     .    . 

797 

791 

71'4 

BeaiBtance(apprux.)inB.A.uni1e 

84 

83 

167/2 

The  posiliona  of  tlie  mean  planes  were  eatimated  from  the 
dimenaiona  of  tfie  ring  channels  in  which  the  wire  was  wound, 
and  any  doabt  oa  to  the  exact  no^itionH  in  theae  channels  wae 
eliminated  by  reversing  the  hoobine  relatively  to  the  distance 
pieces  between  them. 

The    galvanometer  used   waa   an    inatrumrnt   alao   specially    GalTsno- 
wound  by  Profeasor  Chryslal,     It  consisted  of  two  coils  about      meter. 
4  inches  in  diameter  and  23/3*2  of  an  inch  apart.    Thepe  coils 
were  moviible  about  o  veriicnl  axis   round  a  graduated  circle 
could  be  fixed  in  the  mr.gnetic  meriflian. 

The  needle  was  of  hard  steel,  and  l'5cm.  in  length,  and  weighed 
■7C8  gramme.  It  was  suRpendeii  in  a  stirrup  of  brafs  on  which 
was  nsed  the  mirror,  and  a  projecting  stem  of  brass,  on  which 
hrnas  weights  were  Hcrewcd  to  increase  the  period.  The  whole 
weighed  66  grammes,  and  wqs  aiispnnded  by  three  tibrea  of  silk 
GO  cms.  long. 

The  scale  was  of  paper  divided  to  inllliinetres,  and  compared 
with  a  standard  acule. 

Each  experiment  made  included  eight  observations  of  throw,  Expori 
and  two  of  steady  current  deflection,  and  each  aet  of  ezperi-  ments 
niente  conaiated  of  four,  one  for  eoch  of  the  four  poaitions  in  made, 
which  the  pair  of  coils  could  be  placed  by  reversing  them  witli- 
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otit  clisnging  the  diHtnnce  between  their  centres.  Three 
nets  were  made  fur  the  dialance  15  019  cmt.  of  mean  p 
Tlieae  gave  na  a  result 


1  BA.  V 


=  -98598  X  10*  c'liiB.  per  second. 


Three  serieB   of  experimenta  were  flftervardn   mnHe  in  like 

manner  for  three  different  diutancea  of  mean  planes  16'019  cms  , 
18-2i2  cms..  26  692  cms. 
Different  b:itteriea  were  uaed  ao  that  the  currents  through  the 
n  result  obtained  was 


coil  were  voried. 


Final 
B'-solt  of 
Experi- 


R-U8X  10»  C.G.S. 
Ae  a  precaution  when  the  conductor,  the  resis'ance  of  which 
is  to  be  determined,  ie  a  coil  of  copper  wire,  it  ia  neceeaory 
leat  the  result  ahould  be  affected  by  T.iriution  (if  temperature 
to  make  frequent  compariaons  of  (he  reaiatance  of  the  coil  witli 
that  of  a  platinum,  silver  or  Qermnn  silver  standard. 

Expreaaed  in  B.A.  units,  Ji  was  found  by  such  a  compariaon 
with  B.A.  Htanilarda  to  be  160*520  at  12"  C,  iinil  the  results 
reduced  to  Iliia  temperature  for  couipitrison  gave  fur  the  B.A. 
unit  the  follou'ing  vuhies : 

Buries  A.    4  seta. 

■99033  X  10*  C.G.S. 
Series  B.    2  ectn. 

•98558  X  10»  C.G.S. 


Serii 


■98676  X  10»  C.G.  . 


IncUiding  the  praliminftry  reiults,  with  half- weights  given  t 
them,  the  whole  investigntion  gave 

1  B.A.  unit  =  -986271  X  lO*  C.G.S. 
Ghizehrook  has  mode  a  redetermination  by  thia  method  of  tli< 
1  liaa  given*  as  the  mean  of  all  hi 


value  of  the  B.A, 

1B.A. 


=  98665  X  1(P  C.G.3. 


Accuracy 

ot 
Slethod. 


In  this  method,  apart  from  observationa  of  ^olvanomeler 
deflections,  accuracy  depends  on  the  einct  deteriuinalion  of  -V, 
which  is  a  linear  quantity.  The  coi la  used  have  had  genernlly 
the  esnie  radiua,  and  the  effect  of  errors  in  the  menauTemcnt  of 
their  rndii  and  distances  apart  have  been  estimated  as  follows 

*  B.A.  Report,  1890. 
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by  Lord  Rityleigh.*  If  we  denote  the  mean  radius  of  the  coiia 
(supposed  the  Hsnie  in  both)  br  a,  and  the  distance  apart  of  their 
meau  p:sne3  by  b,  and  {ajM)  ^Mida,  (i/M)  dlSjib,  by  X,  ;>, 


aiace  M'w  linear,  and 


+  'i 


which  enables  the  effects  of  the  errors  ^/a,  dbjb,  to  be  eatimated. 

The  eipreasion  for  3/ in  terms  of  a  and  b  is  given  by  (142)  at  £xamiuit- 
p.315  above,  and  the  known  values  (see  Appendix)  of  Jr(/4)rv0ii^     tion  of 
for  different  values  of  y(=  ain-i  2Va^/ Vfn  +  fl')>  +  4'J,  enables   Dif^l 
those  of  X  and  fi  to  ho  found.     It  is  clear  that  since  Jf  increases     ^^"^ 
an  b  diminishes,  and  vice  verid,  ^  must  always  be  negative ; 
X  muKt  therefore  be  always  greater  than  unity. 

If  6  be  great  in  comparison  with  a  it  is  clear  that  JV will  vary 
as  a*/i',  and  therefore  X  =  4,  /*  =  -  3.  This  is  a  very  unfavour- 
able case,  as  then  errors  in  a  anil  b  are  unduly  multiplied  in  Jf. 

Again,  if  b  he  ainall,  it  is  clear  that  ft  is  nearly  zero,  and  this 
may  be  verified  by  differentiating  the  upproximnte  expression 
4ira  log  (Rir/i  -  2).  Still  any  error  lib  in  b  may,  if  b  is  small,  he 
comparable  with  b  itself,  and  thus,  although  /i  may  be  small, 
lilbfb  miy  be  ssngibla.  Further,  the  correction  for  cross-section 
is  of  greater  relative  importance  in  this  case  ;  and  thus  for  two 
reasons  it  is  preferable  to  keep  6  of  moderate  value.  Lord  Bay- 
leigh  gives  the  following  table  for  intermediate  values  of  b : — 


1  , 

»/Ja 

» 

- 

M 

60° 

■577 

2  61 

-ISl 

■316 

70° 

■3C4 

2-18 

~  1-18 

■597 

j      7fi° 

•268 

1-98 

-    -98 

■829 

1      80° 

■'" 

1-76 

-    -76 

llfie 

This  table  shows  that  for  equal  values  of  dala,  and  db/b,  the 
numerical  values  of  ll)e  errors  in  31  are  roughly  as  2  to  1. 
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ABSOLUTE  MEASUREMENT  OF  EE81STANCE 

With  regard  to  the  current  menBureraenU,  it  is  to  be  noticed 
that  the  luetlioj  doea  not  involve  aaj  dttermi nations  of  diit- 
tuDcea  of  scales  from  mirrors,  except  as  a  meuns  of  correcting 
the  approximate  value  of  t  m  0]/sini0,  given  by  the  ratio  of  the 
deflecUoTis  as  read  off  in  soils  divisions. (see  p.  436). 

Lord  Kayleigh  is  of  opinion  that  bj  using  still  larger  coils 
than  (hose  employed  by  Glazcbrouk,  with  the  same  number  of 
turns  of  wire,  the  accuracy  nf  experimenta  by  thia  method  might 
probably  bj  still  further  increa-ed.  The  greater  value  of  M, 
and  the  greater  conductance  of  the  wire,  would  give  greabr 
sensibility,  and  the  linear  inensurementB  could  ha  mora  exactly 
made.  A  relatively  smiU  value  of  the  radial  breadth  of  section, 
the  chief  element  in  the  correction  for  crojB-seoiijn,  Loight  then 
also  be  used. 

The  induction  coils  used  in  Bowl  and*  a  experiments*  were  made 
by  winding  154  turne  of  fine  silk-covered  wire  in  each  of  three 
accurately  turned  brasH  bobbins  (A,  B,  C).  Their  mean  radii 
were  respectively  13-710  cms.,  IS-eitO  cms.,  13-720  cms.,  and  each 
had  a  radial  depth  of  -90  cm.  and  aa  aiiaf  width  of  '84  cm. 

These  bobbins  were  used  two  at  a  time,  and  were  made  with 
carefully  ground  ends  so  that  they  could  be  fitted  end  to  end 
with  their  uxos  in  line.  Each  pair  could  o£  course  be  placed  in 
four  positions  relatively  to  one  another  without  altering  the 
distanqe  between  their  mean  plane?,  and  as  all  four  weie  used  in 
e.tch  case,  the  sHghteat  uncertainty  as  to  the  exact  distance  of 
the  coils  apart  W'lS  eliminated  by  combination  of  the  resulta. 
The  diatance  of  the  bobbins  was  measured  for  each  position  by 
means  of  a  catlielometer  applied  at  three  different  pjints  in  the 
circumferenca. 

The  -values  of  Jf  were  calculated  l>y  the  elliptic  integral  formula 
already  given,  and  a  correction  was  made  for  the  cross-section  of 
each  coil  according  to  the  formula  at  p.  522  above.  The  results 
were  as  followa :  — 


AtaAB. 

Awa.c. 

Bandff. 

Mean  distance  a- 

part  .    .    .    . 

6-631  cms. 

9-574  cmR. 

11-471  cms. 

Value  ot  M  .    . 

377&&00  cnia. 

2B61974  cma. 

2051320  cms. 

■  SuUiman'i  American  Journal,  IS  (18'S 
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The   ballistic   g-alvanometer  was  compoHed  of  two  coila  con-   Details  of 
t  lining  between  tliem  1,790  tume  of  No.  22  8ilk-30vered  copper    Ballistic 
wire,  wound  on  a  braaa  oyliniJer  8-2  cmg.  long,  anJ  13  6  cms,  in    Galvano- 
diimeter,  in  rectangular  grooves  3  cms.  deep  and  2-5  cms.  wide.      ™et«- 
A  saw-cut  along  the  cylinder  prevented  the  eireidalion  of  induc- 
tion currertd  round  it.     The  coil  woo  mounted  ao  that  it  could 
he  turned  about  a  vertical  axis  to  any  required  azimuth,  and  ita 
position  determined  by  a  horizontal  circle  below.     This  circle 
was  finely  graduated,  and  was  read  to  30°  by  a  couple  of  Temieni, 

Two  diiferent  needles  were  used  in  each,  consisting  of  two  Needles  of 
thin  laroinie  of  hard  steel  attached  to  the  two  sides  of  a  square    Oalvano- 
piece  of  wood   bo  thai  the  niagnetio   axis   could   not   vary  in      meter. 
position.    One  needle  was  127  cms.  long,  and  had  a  period  of 
7-8  seconds;  the  length  of  the  other  was  120  cms.,  and  its 
period  11-5  seconds.    The  moment  of  inertia  of  each  was  aug- 
mented by  braaa  weights  carried  by  wires  extending  id  the 
direction  of  the  magnetic  axis.     Each  needle  was  suspended  by 
three  single  fibres  43  cms.  long.   The  torsion  of  these  fibres  was 
eliminated  from  the  result,  as  will  be  seen  below,  except  as 
regarded  the  period  of  vibration,  and  for  this  an  allowance  was 

A  brass  bar,  passing  through  the  opening  below  the  needle, 
carried  a  small  telescope  by  which  the  mirror  was  observed  when 
the  constant  of  the  coil  was  conipared  with  that  of  another. 

The  constant,  6^,  of  the  coil  was  determined  first  by  cslcula-  Deter- 
tion  from  its  dimensions,  and  by  comparison  with  that  of  the  mination 
large  double  coil  of  an  el ectrody nam o meter  constructed  on  ,"* 
HBlmhollz's  plan  (p.  366  above).  This  coil  had  a  constant  of  U*™"- 
7«-37  by  onlculation.  In  the  comparison  Ihe  ballistic  galvano-  Co™^, 
meter  was  used  with  its  graduated  horizontal  circle  as  a  sine 
gHlvanometer, 

After  a  comparison  had  been  made  the  instruments  were  inter- 
changed, and  the  comparison  repeated  to  eliminate  the  ratio  of 
the  values  of  H  at  the  two  places. 

Seven  determinations  gave  as  a  mean  result  0^  »  1833'67, 
with  a  probable  error  of  ±  "09,  and  calculation  gave  C,  -  1832-24, 
The  former  result,  being  probably  considerably  the  more  accu- 
rate, was  given  double  weight,  and  a  mean  tlieo  taken  with  the 
latter,  which  gave  0,  -  IS33'19. 

A   tangent  galvanometer   was  used   to   measure   the   steady   Details  of 
current.     This   was   a   circle   60  cms.  in  diameter,  and  iiad  a    Tangent 
needle   2-7  cms.  long,  the  deflection  of  which  was  read  by  a    Galsano- 
pointer  moving  round  a  graduated  circle  20  cms.  in  diameter.      niet«r. 
Parallactic  error  was  avoided  by  placing  the  circle  on  a  level 
with  the  needle  which  moved  round  inside  it. 

K  M  2 
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The  constant  of  this  gulvanometer  wsb  compared  w[lh  that 
of  B  single  circle  of  wire  82'T  cma.  in  diameter,  wound  on  a 
ring  made  of  pieces  of  wood  laid  togetlier  with  the  grain  in  tlie 
direction  of  the  circumference,  and  carefully  turned  with  a 
Email  groove  nenr  one  side  to  receive  the  wire.  The  length  of 
the  wirewHH  259*68  cma.,  giving  a  mean  radius  of  41'31344craa. 
This  circle  was  made  to  surround  the  balliBtic  galvajiometer 
coil,  but  at  a.  distance  of  I'l  cm.  on  one  eide,  lo  allow  the  tube 
carrying  the  suspenaion  fibre  to  pusa.  TItue  the  conatant  of  the 
circle  was   161925. 

The  same  current  being  aent  through  the  tangent  galvano- 
meter coil  and  the  ring,  and  (?,,  ff,  being  their  reapective 
conatnntB,  we  have,  if  o,  o',  be  the  angular  deflections  of  the 
needles. 


(7) 


Equation    """^  "■"  '^^P'*'^^*  ff/ff'  in  (2'),  which  becomes 
(oiS. 

j,_  „  ff  Oj  tan  a'  tan  3, 

TO'  Una  sinifl,    '     ' 

where  6^  i*  the  ballistic  deflection  corrected  for  damping. 
Advan-         This  method  avoids  the  difficulty  of  accurately  determining 
tngM  of     ffjff'  by  vibration  of  a  needle  at  the  two  places,  and  gives  the 
Procedure   further  great  advantage  tiiat  the  distance  of  tiie  mirror  from  the 
alopteo.    Bcale  of  the  ballistic  galvanometer  only  enters  as  a  correction 
on  the  ratio  tan  a'/^i"  i^i-     ^'<b  same  factor  of    correction  for 
torsion  affected  both  tan  a'  and  sin  ^6„  so  that,  with  the  excep- 
tion of  a  small  correction  on  the  period  T  of  the  needle  of  the 
ballistic  galvanometer,  all  allowances  for  torsion  were  eliminated. 
Still  farther,  since  □  and  6  can  be  made  nearly  equal,  the  correc- 
tion for  length  of  needle  in  tantf/tana    is    almost    entirely 
obviated. 

The  appnratus  was  set  up  in  a  aeparate  building  in  two  rooms 
on  the  ground  floor.  Tlie  galvanometers  were  on  brick  piers, 
with  marble  tops,  and  were  very  carefully  adjuated,  and  all 
connecting  wires  were  twisted  together  to  avoid  magnetic  effect. 
This  adjustment,  as  well  as  tlie  insulation  everywhere,  was 
carefully  tested. 
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The  experiments  were  maialy  mode  by  eimply  reverting  tlie  Eiperi- 
battery  current  and  observing  the  throw ;  but  tbe  method  of  ments 
recoil  was  also  used.  Series  of  experiments  were  mode  with  made. 
each  pair  of  induction  coile  A  and  B,  S  and  C,  C  and  J. 

The  time  of  vibration  waa  observed  at  the  beginning  and  end 
of  each  aeriea  cf  obaervations.  The  needle  waa  allowed  to 
vibrate  for  10  seconds,  and  ten  obaervationa  were  made  before 
and  after  that  interval.  Time  waa  taken  on  an  accurate  marine 
chronometer. 

The  mean  result  of  a  long  aeries  of  experiments  gave,  after    Abaolule 
all  corrections  for  temperature  of  coils,  ic,  34-719  X  10»  cms,     value  of 
per  sec.  as  the  value  of  R.    Cocnporing  with  "  10  ohm  "  atandard         ^' 
coils  in  bis  possession,  and  with  a  resistance  box  by  Eltiutt, 
Professor  ttowland  came  to  tbe  conclusion  that 

1  B.A.  unit  =  -9911  X  IC  cms.  per  sec.  ^Kod''* 

Remit 

Two  methods  of  tbe  first  class  are  due  to  W.  Weber.    Weber's 

The  first  is  very  simple.    A  coil  motiQted  with  its  axis  ind'ucior 
of  figure  horizontal  and  in  the  magnetic  meridian,  and    Method. 
having  its  circuit  completed  through  a  halliatic  galvano- 
meter, is  quickly  tamed  through  half  a  revolution  round 
a  vertical  axis.     If  A  be  the  efifective  area  of  the  coil 
(the  sum  of  the  areas  of  its  spires),  and  21  the  hori- 
zontal component  of  the  earth's  field-intensity,  a  change 
.of  induction  of  amount  2AH  through  the  coil  is  pro- 
duced.    This  meiLSures  the  integral  electromotive  force    u^hod" 
in  the  coil,  and  hence  if  the  rircuit  be  completed,  and 
include   a   total  resistance  B,    the   total    quantity  of 
electricity  which  flows  through  the  circuit  is  2ASjIi. 
This  is  not  affected  in  the  least  by  the  inductance  of 
tbe  circuit. 

The  galvanometer  deflection  is  observed,  and  also  the 
elongations  following,  to  allow  damping  to  be  corrected 
for.  By  tbe  theory  of  the  ballistic  galvanometer,  if  T 
be  the  complete  period  of  the  needle,  0  the  principal 
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galvanometer  constant,  W  the  hotizontal  component  of 
the  earth's  magoetic  field  at  the  needle,  and  8  the  ob- 
served defiec:ioD,  the  total  flow  through  the  instrument 
i&  HT  wa  ^ej-nG.    Thua 


"■^-"^ffBb       ■■■(«) 

la  general  H  is  very  nearly  equal  to  H',  but  it  will 
not  do  to  Bsaume  absolute  equality ;  and  the  two 
quantities  must  be  compared  by  observing  the  periods 
of  vibration  of  a  horizontally  suspended  needle  at  the 
two  places. 

Welier's         Weber  employed  the  method  of  recoil  (p.  396  aboTe)  in  liia 

Mode  f-f    observstione.    TiirDiDg  the  coil  first  through   ISu"  from  the 

Erpen-      jnitia!  position,  lie  obeervei)  one  deflection  (poeitive,  eaj')  and 

menting.    the  following  elong.  tion.     Then  when  the  needle  wfta  passing 

through  zero  the  aecond  time,  he  brought  the  coil  buck  Id  ila 

original  poaiiion.     Th'B  brought  the  needle  to  rest,  and  finally 

deflecied  it  to  the  negative  side  of  zero.     This  deflection  wai 

observed,  and  the  following  elongation,  and  then,  at  the  second 

passage  through  zero,  the  eams  aeries  of  operations  was  begun 

afresh . 


64  =  2r»  "-, 

so  that  error  of  mean  radiun  hae  double  the  importance  in  the 
inductor  coil  that  it  has  in  the  galvanometer. 

Oreat  care  is  necessary  in  levelling  the  inductor  as,  on  accnunt 
of  the  largeness  of  the  vertical  component  of  the  eatth's  fie'd  in 
hi^h  latiludes,  any  deviation  in  the  plane  of  the  meridian  of  the 
axis  of  rotation  from  venicalily  wilf  lead  to  error  of  the  same 
order  in  the  result.    Thus  if  the  axis  bo  inclined  to  the  verticul 
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Mt  B  small  angle  a  b  the  plana  of  the  meridian,  ve  mnst  use 
instead  of  A  the  vulue  ^(l  +  a  tan  If),  where  D  is  the  mag- 
netic dip. 

This  method  wns  used  by  Weber  himself,  and  later  by  Weber     Weber 
and  F.  Zol'ner.    In  the  latter  experiineotB  very  large  inductor    „,*^'^ 
and  galvanometer  eoile  were  used.     Each  consistetl  of  12  lavera 
of  copper  wire  3   mm.  thick,  66  turns  in  s  '"X^'')  ^oimd  0 
bobbing  of  well-Beasoiiet],  oil-soaked  luuhogany.  The  dimensions 


lot  BMlina. 

Bit  RadloL 

Length. 

Inductor     .    . 

Galvanometer 

.    48-0414  cms. 
.    48-032  cms. 

Gl  t)461  cms. 
52-07ft7  cms. 

25-420  cm 
26-420  cm 

For  the  galvanometer  needle  was  used  one  or  other  of  two 
magnete  of  longtlis  10  cms.  and  20  cms.  reepectively,  anil  the 
deflections  were  read  by  means  of  a  telescope  and  ecate  in  the 
ordinary  manner.  The  research  was  carried  out  in  a  room  of 
the  observatory  at  LeipKig,  subject  to  varying  magnetic  distnrb- 
uncea  and  to  variations  of  tempera'^ure,  and  was  intended  merely 
as  a  teat  of  the  apparatus. 

The  rflMistaaoe  of  the  oircnit  of  the  inductor  given  by  the 
ezperimenta  came  out  slightly  greater  with  the  ehorter  needle 
than  with  the  other.  This  was  to  be  eipected  aa  rhe  deflection, 
6,  with  the  shorter  mngnet  must,  on  account  of  the  greater 
distance  on  the  whole  of  its  magnetic  distribution  from  the 
current,  have  been  slightly  smaller  than  the  defleciion  in  the 
orher  case.     It  is  obvious  that  the  needles  were  much  too  long, 

A  careful  determination  of  the  ohm  has  been  made  with  these 
coils  by  Professor  G.  Wiedemann.*  Tlie  apparatus  was  set  up 
in  a  room  of  very  constant  temperature  in  the  University  of 
Leipzig.  A  rbombua-ehaped  steel  plate,  with  attached  gloss 
mirror,  was  hung  with  its  pbine  vertical  and  its  ]oni,'e!it  diameter 
horizontal,  and  being  magnetized  in  the  direction  oC  this  diagonal 
served  aa  needle.  The  needle  carried  beneath  it  a  horizontal 
metal  bar  on  which  weights  could  be  slided  to  alter  the  moment 
of  inertia  of  the  suspended  system. 

The  coils,  having  been  levelled,  were  each  adjuated  until  the 
same  current  sent  in  opposite  directions  produced  equal  deflec- 
tions of  a  needle  hung  within  the  coil.  Their  axes  were  then  at 
right  angles  to  the  mngnetic  meridian.    The  galvanometer  cuil 

r  Wiedemann's 


Wiedo. 
Etiwri- 


ment  of 
Inductor 
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waa  then  fixed,  and  the  inductor  turned  tliroiigb  an  angle  of  90°. 
This  angle  was  meiiaurcd  by  meana  of  a  riglit-angled  glass 
prism,  bj  obeerviag  a  telescope  scale  by  refleclion  in  one  of  the 
rectangular  faces  (which  were  verticul),  and  turning  tlie  coil 
until  the  same  division  tame  to  the  cross-wires  by  reflection 
from  the  other  face, 
Hethi>d  of  An  arrangement  of  atops  was  then  provided  eo  thiit  the  coil 
Multipli-   could  be  turned  froui  this  position  through  exactly  180°  and  back 

cation,  again.  The  coil  was  turned  a  number  of  times  in  succession 
suddenly  through  this  angle,  always  when  the  needle  had  returned 
to  its  zero  position,  so  that  tlie  deflection  was  multiplied  ks  far 
as  the  limits  of  the  scale  would  allow. 

The  auccessire  deflections  d„  6^  &c.,  if  the  current  was 
applied  when  the  needle  waa  accurately  at  :tero  in  each  case,  were 
related  to  the  quantity  Q  of  electricity  which  flowed  tlirough  the 
circuit  at  each  half  turn  of  the  coil  as  follows :  d^  =  KQ, 
6,"  £:Qt-\  A'§(I-f-i")  0,  ..  .,  where  A"  has  the  value  stated 
in  (39),  p.  398  above.  These  were  observed  and  the  observa- 
tions combined  in  a  single  formula  for  1^,  which  equated  to 
2JHIR  enabled  R  to  be  calculated. 

Dster.  The  periods  T,  T,  of  a  needle  vibrated  at  the  galvanometer 
minntion  and  inductor  reapectively  were  observed,  and  the  ratio  T^jT"* 
of  Ratio    gave  the  value  of  H'jH  required  aa  shown  in  (8).     These  were 

S'/H,  obtained  by  observing  the  oscillatiouB  with  n  telescope  and  scale, 
and  registering  the  passages  of  different  points  of  the  scale 
acrosa  the  wirea  by  means  of  a  chronograph. 

The  effect  of  torsion  of  the  suspension  hbre  was  found  by 
turning  a  torsion  head,  to  which  the  fibre  was  attached,  through 
a  measured  angle,  and  observing  the  corresponding  deflection  of 
the  needle.  Thus  wlien  the  torsion  head  was  turned  through  an 
angle  a,  and  the  needle  througli  an  angle  iS,  tiie  return  couple  on 
the  needle  waa  JHH  einff,  and  the  torsional  couple  (^o  —  0), 
where  C  is  a  constant.     Thus 


_  SflfBt 


-  =  MHt,  Bay. 


Hence,   when  the  needle  in   the   experiments  was   deflected 

through  an  angle  6,  ibe  return  couple  upon  it  was  MH[s\n  6  +  rtf), 

or  nearly  enough,  as  the  deflections  were  small,  MH{\  +  r)^. 

Thus  instead  of  the  value  of  H  at  the  galvanometer  needle  was 

UBedfl{l  +  r). 

Measure-        The  dimensions  of  the  coils  were  measured  by  determining 

uieut  of     their  inner  and  outer  ciiciimferences  with  a  steel  tape,  and  as  n 

Coili.      check  by  measuring  three  dianielers  at  intervals  of  60°  apart,  liy 

means  of  a  cathetometer. 
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The  distaQce  of  the  scale  from  the  mirror  was  lirst  measuieil  Meaanre- 
by  means  of  a  ateel  tape  on  which  were  sliding  pieces  furnishud  ment  of 
with  pointB,  wliich  were  brought  against  the  mirror  uod  sciile  Distaocs 
respectively  ;  then,  by  means  of  an  auxiliary  ocale  placed  hori-  of  Scale, 
zontally  in  the  vertical  plane  through  the  cenrrea  of  too  telescope 
and  mirror,  on  which  the  correaponding  positions  of  the  mirror 
and  reading  scale  were  observed  by  iiieans  of  a  cathetometer. 

EiperimentB  were  made  first  with  Weber  und  Zollaer'a  coila  in 
the  state  in  which  they  were  left  by  these  experimenters  ;  then 
with  the  same  coila  rewound,  and  the  number  of  turns  increased 
from  792  to  804. 

The  experiments  were  then  repeated  with  10  mercury  (Siemens) 
unila  included  with  the  coil-<  in  the  circuit. 

Different  series  were  made  with  the  sliding  weights  on  the 
needle  at  distances  !  cms.,  I'S  cm.,  1  cm.,  0,  from  the  end  of  the 
bar,  80  that  the  periods  were  altered   through  a  considerable 

The   resistance  of  the  Siemens'  unita  was  compared  with  a  Besnlts  of 
standard  resistance  of  pure   niercury,  consisting  of  a  mercury      Wiede- 
column  contained  in  a  carefully  culibrated  tube  106'396  cms.      niann'a 
lonp,  the  ends  of  which  communicpited  with  electrodes  made  of     "P«n- 
ainalgamated   copper-foil  inimeraed  in  mercury  in  two  vessels      menta. 
terminating  the  tube.     It  was  found  aa  a.  linal  mean  result  that 
1  ohm  or  10>  C.Q.S.  units  of  resistance  is  equal  to  the  resistance 
at  (J'  of  a  column  of  mercury  106-162  cms.  long  and   1  sq,  mm. 
in  croBB-aection. 

This  method  has  also  been  used  by  Mascnrt,  De  Nerville,  and     Expcrl- 
Benoit,  in  a  very  elaborate  series  of  experiments.     Five  coila      ments 
were  used,  two  of  87  cms.  internal  and  30  cms.  esterna!  diameter,         of 
and  3  cms.  length,  and  three  smaller  coila  each  of  14  cms.  in-   ^ascart, 
temnl  and  17  cms.  external  diameter,  and  the  Bame  length  as  'l"  Nerville, 
before.     These  were  wound  with  silk-covered  wire  -6  mm.  in      d      -» 
diameter.     One  of  the  large  coils  and  two  of  the   amall   oiiea        «noit. 
were  wound  with  aeparate layers,  so  that,  by  joining  these  layeis 
op   diSerently,  nine  diffeient  ariangementa  could  he  ohtained. 
The  winding  was  performed  with  the  wire  under  tension  pro- 
duced by  passing  it  over  loaded  rollers  when  on  its  way  froni 
the  reel  to  the  bobbin.     The  length  of  the  wire  was  measured  as 
it  was  laid  on,  and  the  diameter  of  every  turn  waa  also  observed 
by  means  of  callipers. 

Both  the  Bmaller  and  larger  coils  were  mounted  after  com-  Arraufn- 
pletion  on  stands  with  suitable  stops  so  aa  to  admit  of  being  ment  of 
turned  when  required  through  an  angle  of  exactly  180°,  and  were  Apparatus, 
aet  up  with  their  axes  horizontal  and  in  the  magnetic  meridian. 

At  the  centre  of  ihe  larger  coil  when  in  position  was  placed  a 
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BRiall  mojrn  atom  e'er  needle  auapended  by  a  single  fibre  of  eilk, 
Uy  turning  the  coil  round  t  verticol  axis  through  90°  from  ita 
position  when  arranged  for  inductive  use,  and  fixing  it  in  its 
new  position,  it  could  be  used  tie  h  gatvanon:ater  bobbin,  and 
ita  galvanometer  constant  compared  with  that  of  the  galvanc- 
meter  bobbin  itself.  I'y  ihtB  proceas,  previously  uFed  by" 
Rowland,  the  ratio  o£  the  horizontal  magnetic  forccf,  H'jH,  at 
the  inductor  and  the  galvanometer  vae  eliminated  from  the 
formula  of  caloiilation.  For  eupfose  the  same  current  to  bo 
sent  through  the  two  coils,  and  a,  a',  to  be  the  deflections  for 
the  galvanometer  and  tbe  inductor  respectively,  0,  G',  tlio 
galvanometer  constants  of  the  two  coils,  we  have,  as  at  p.  S48, 

Eliniioa-  jj'       6' tana 

Eatio  ^        «   tano 

E'lH.         This  eubatituted  in  (8)  givea 

^-^"'••'S?ij3 C) 

[Full  details  of  the  mode  of  compnring  two  galvanometer 

constants  are  given  at  pp.  405,  406  above.] 

Approii.        This   proceeding   had   the   advantage   (already   pointed   out 

mate      p.  G46)  that  since  the  ratio  of  tan  a/sin  ^6  appears  m  the  value 

Elituin::-    of  R  the  importance  of  an  exact  delermiiialioa  of  the  distance 

tion  of      ot  the  galvanometer  acalo  from  the  mirror  was  greatly  laasened. 

Stale       The  va'ue  however  of  tana  bad  to  be  accurately  known,  and 

Uialanoe.    involved  careful  measuremont  nftlie  corresponding  distance  for 

the  other  scale. 

Evalna-         From  the  measured  length  of  the  ivire  tbe  value  of  G'A  which 

tioD  of     appears  in  (9)  could  be  approximated  to.    For  a  being  the  mean 

Pfoiluct  of  radius  of  the  coil,  and  <■  the  number  of  turns  A  =  nita\  and 

ConslaplB   Q-  =  2nn-/ff,  nearly,  so  that  G'A  =  2n'T.'fl  =  nnl  where  I  ia  the 

of  Coil,     length  of  the  wire.     The  quaniifies  therefore  which  required 

accurate  determination  were  i,  I',  and  the  distance  of  tbe  aiale 

from  the  mirror  of  tlie  magnetometer  in  the  induction  coil.    The 

l&tter   was   found   by   means   of    a    graduated   n^easuring   bai 

carrying  eliding  pieces,  which  were  run  up  to  the  fibre  and  sca'e 

respectively.     The  p osilions  iif  the  contact  faces  of  iheee  pieces 

were  read  off  from  the  scale  and  gave  the  distance  required. 

Observa-        Observations  were  made  by  first  reading  off  two  succesaive 

tiont.       elongations  of  the  need!e  when  it  had  nearly  come  to  rest,  and 

then  turning  the  inductor  when  the  needle  was  passing  through 

zero,  and  reading  the  following  e'ongations  on  the  same  side  of 
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If  r,  r*,  be  the  two  readinKB  on  the  eoale  (Buppaeed  (graduated   Bednclioa 
from  one  end),  the  zero  reading  is  (r'  +  r)/2.     If  the  next  two   of  Obwr- 
rsadiogo  be  r„  r,  the  BrHt  deflection  from  zero  is  r,  — (/  +  r)/2,     Taliona. 
The  next  reading  being   r^  the  diminution  in  one  swing  due  to 
damping  is  (r^  —  r^ji.     The  diminuttun  nf  the  first  elung&tion 
must  have  been  approximately  \  of  ihis  or  (/-^  -  r^/i.     Thie 
correction  applied  to  ilie  Grst  elongation  git'ee  for  the  deilectioii 
-■i  -  (''  +  '')/2  +  (f-i  -  r^l'i.     There  remains  the  correction  for  the 
initial  moiion  which  (r*  being  Isken   as  the  greater  reading)    • 
would  have  carried  the  needle  through  u  deflection  of  ±  (/  -  r)/'2, 
according  as  the  initial  motion  was  with  or  against  the  induc- 
tion throw.     Thus  the  deflection  was 

*  2      ^      4  2 

The  readings  it  was  found  did  not  var^  more  tlian  }  per 

The  torsion  of  the  suspension  fibre  of  the  bnlllatic  galvano-     Rllmina- 
meter  was  eliminated,  as  approiimately  it  multiplied  tan  a  and      ^'<">  "^ 
Bin  i6  in  (9)  by  u  common  factor.     That  of  tiie  suspenaioii  fibre  Torsion  of 
of  tho  inductor  was  determined  as  described  al'ove  (p.  364)  hy      '■'"^ 
turning  the  upper  end  of  the  fibre  round  through  36Cr. 

Rxperimenta  were  made  with  the  various  coils  arranged  in 
different  wuya;  and  their  eSeciive  areas  were  also  compared  by 
observing  the  effects  which  they  produced  on  tlie  galvanometer 
needle  when  turned  in  the  enrtli's  field. 

The  absolute  resistance  of  the  circuit  in  the  various  experi'    Conpari- 
ments  having  been  oblained  it  was  compared  by  Carey  Foetor's       son  of 
method  with  four  B  A.  units,  « ith  four  SiemenB"  mercury  unit?,     Abaoluto 
nnd  with  six  specially  constructed  mercury  units  in  spiral  tubes.  "f*i*i*nce 
Careful  comparisons  of  the  temperature  coefficients  of  the  dif-  "Jr  .^ 
ferent  coils  wore  made,  nod  all  the  resistances  correcwd  to  the         ° 
temperature  of  experiment.     The  results  were  expressed  finally 
as  the  abeolute  resistance  of  four  mercury  standards  made  of 
carefully  calibriitcd  tubes   filed   with    mercury.     These  tubes 
were  terminated  by  wide  electrodes  of  mercury,  and  an  allow- 
ance of  a  length  of  the  tube  equal  to  '82  of  ila  diameter  waa 
made  to  correct  for  t!ie  additional  resistance  due  to  the  abrupt 
change  of  section  of  the  tube  at  each  end.    The  final  result 
obtained  wag 

1  ohm  -  1-0142  B.A.  nnti, 

1  ohm  =  resistance  at  (i°  C.  of  a  column  of  mercury  10637  cms. 
long  and  1  aq.  mm.  in  section. 
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Weber'a        Weber'a  second  method  conBistB  in  oacilluting  a  magnet  8U8- 

Method  by  pended  within  a  coil,  when  the  oiiouit  is  open,  and  again  when 

Damping.  i\,e  circuit  is  closed,  and  observing  the  period  and  logarithmic 

decrement   in   both   cases.      The   induced    i 


damping  in  the  second  case,  and  hence  from  a  comparison  of 
the  results  the  resistance  of  the  coil  can  be  calculated. 
Tbeor?  of       When   the   circuit   is   open  the  equation  of   motion  of   the 
Method,     swinging'  needle  is 

S+"S+v*=°  ■  ■  •  ■  <'»> 

where  M  is  the  magnetic  moment,  B  the  horizontal  field  in- 
teudity,  and  ^  the  moment  of  inertia  of  the  magnet  Putting 
n*  fur  Mlljii  we  gat  for  the  solution  of  the  equation 

0-^.-**coe('/;i^^^/  +  O   ....    <n) 

Here  it  =  SX/T  if  X  be  the  logarithmic  decrement  and  T  the 
observed  period  (=  2ir/(ii*  —  k*). 
Theory  of  if  now  the  circuit  be  parallel  to  the  meridian  and  ho  closed. 
Method  by  the  magnet  will  be  acted  on  by  the  induced  current  produced  by 
Damping,  jjg  niotion.  The  magnetic  induction  through  the  coll  due  to  the 
needle  is  JfGatni^  approximately,  wheru  G  is  the  principal 
galvanometer  constant  of  the  coil.  Fur  let  a  current  y  fiow  in 
the  coil,  then  the  mutual  energy  of  ttie  coil  and  magnet  is  equal 
to  the  product  of  the  magnetic  induction  of  tlie  mngnet  through 
the  coil  and  the  current.  But  when  <^  =  0  this  energy  ia 
obviously  zero  and  the  work  done  against  the  current  in 
deflecting  the  magnet  through  the  angle  0  is  JUGy  sin  ^,  and 
the  magnatio  induction  through  the  circuit  ia  MG  sin  <p, 
iJupposinK  then  the  magnet  swinging  through  a  small  range 
there  willbe  a  force  exerted  on  the  mngnet  by  the  current  of 
amount  MGy.    Hence  the  equation  of  motion  of  the  magnet  is 

^  +  ag  +  n-*-^y-0      .     .     .     (12) 

But  we  have  also  for  the  electromotive  force  in  the  circuit 
—  MGd^jdt  and  if  X  be  the  self-inductance  of  the  coil 

L%  +  Ry  +  MG^^  =  Q (13) 
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Operating  on  equation  (12)  by  Idjdl  +  R,  snd  on  (13)  by 
MQjji,  and  addiog,  we  eliminate  y,  and  find 


(^.^-){l 


"V^'^t- 


It  we  suppose  that  the  motion  is  simple  barmonic  with 
diininiBbing  range,  and  put  X',  T,  for  the  logarithniio  decrement 
and  period  we  may  write  conveniently  for  our  present  purpose 

^ -,-(*■  +  (.)! 

where  i  ■=  -J^n.,  F  =  2X77,  a  =  2)r/T'.    Thu8  we  find 

^ -<"  +  '•> 

and  (14)  becomes 

{ -  (4' +  <■«)  E  +  J2!  Ji^  - ..' +  aii-o  -  2i  (i' +  w)  +  ..'} 

L(f  +  ia)^0.      (15) 


M*a*,, 


The  Teal  and  imaginary  parts  of  thia  equation  must  vaniab 
separately,  And  therefore  picking  out  the  imaginary  terms 
equating  them  to  zero,  and  solving  for  R  we  obtain 


^Ti  +  "(»- 


A  controlling  equation  is  obtained  in  like  manner  from  the 
real  terms  in  (15). 

This  method  has  been  used  by  W.  Weber  himself,  and  with 
modifications  by  H.  F.  Weber,  Uom,  Wild,  and  F.  Kohlrauach. 
It  is  against  the  method  that  M*,  C,  enter  to  the  second  power, 
inaamuch  as  the  very  eiact  determination  of  either  quantity  is 
a  matter  of  some  difiiculty.  The  value  of  /i  also  involves  the 
square  of  Ihe  dimensions  of  the  magnet. 

The  modification  of  the  method  used  by  Kolilrausch  amounted  Kohl- 
to  a  combination  of  the  firpt  and  second  methods  of  Weber,  in  rausch'a 
which  he  eliminated  the  constant  of  the  galvanometer  with  Modifl- 
which  the  earth- inductor  was  connected  by  determining  the  cation  of 
logarithmic  decrement  of  the  motion  of  the  needle  first  when  Method  by 
the  circuit  of  the  galvanometer  was  open,  and  again  when  it  Damping, 
was  cloaed.    Calling  theee  decrements  \,  X,  and  putting  a,  j3, 
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for  the  area  of  vibration  In  the  method  of  recoil  (which  Tos 
used;  Tf,  the  period  of  the  needle  when  the  circuit  w«s  open,  we 
iQ-iy  write  Kohlraugch's  forinnla  in  the  approximale  form 

_      UJ*S'Tt{K  -X^        off 

^^  (a'  +  iS*/ 

Kohl-  This  f  onnula  iocludea  several  qnantitiee  which  nre  difiicDU  to 

^nach's  observe  with  accuracy,  but  it«  chief  defect  liea  in  tlie  fact  that 
Remit,      jj  involves   tie  fourth  power  of  the   radius   of  the  inductor. 

Kolilrausch's  final  result,  corrected  for  an  error  in  the  data  used 

in  hie  original  cdlculatione,  is 

1  B.A.  unit  =  -990  X  I0»  C.G.a 

Method  of  Another  method  of  this  class  suggested  by  Sir 
Coll.  William  Thomson  to  the  Committee  of  the  British 
Association  seems  also  to  have  been  first  proposed  by 
Weber.  It  consists  in  spinning  with  uniform  velocity 
about  a  vertical  axis,  a  circular  coil  at  the  centre  of 
which  is  suspended  a  small  magnetic  needle.  A 
periodic  cuirent  is  thus  made  to  flow  in  the  coil  in  one 
direction  (relatively  to  the  coil)  in  one  half-turn  from 
a  position  at  right  angles  to  the  magnetic  meridian, 
and  in  the  opposite  direction  in  the  next  half-turn. 
But  the  position  of  the  coil  beii^  reversed  in  every 
half-turn  as  well  as  the  current  in  it,  the  current  flows 
on  the  whole  in  the  same  average  direction  relatively 
to  the  needle  and  (apart  from  self-induction)  has  its 
maximum  value  always  when  the  plane  of  the  coil  is 
in  the  magnetic  meridian. 

This  method  was  usied  by  the  British  Association 
Committee  in  their  famous  experiments,  carried  out 
principally  by  Clerk  Maxwell,  Balfour  Stewart,  and 
Fleeming  Jenkin  in  1863.     Its  theory  was  first  fully 
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given  by  Maxwell,  and  the  following  statement  follows 
on  the  whole  his  notation  and  method. 


^i 


If  X  be  the  self-ill ductince.  y  the  ciirreot  at  any  time  t,  the 

o-kinetic  energy  of  the  circuit  duo  to  its  own  induction  is    ^J'V  f 

Ly:     Agtiin  if  JU  he  the  magnetiu  moment  of  the  needle,  and  g^J,"],; 

r  the  galvanometer  constant  of  the  coil,  that  is,  the  magnetic  q^jj  °* 
force  at  tlie  centre  which  unit  current  in  the  coil  would  produce, 
the  magnetic  force  at  the  needle  due  to  the  current  y  ii  Gy.  If 
<^  be  (he  angle  which  the  axis  of  the  needle  makes  wilh  the 
magnetic  meridian,  and  B  the  angle  which  the  coil  makes  with 
the  same  plane,  the  direction  of  the  magnetiu  force  due  to  the 
coil  and  the  aiia  of  the  needle  are  inclined  at  an  angle 
ir/£  -  {6  -  A).  Thus  the  mutual  energy  of  the  needle  and 
current  is  numerically  MGyam  {0  -  0).  Thia  if  taken  as 
potential  energy  must  be  written  with  the  positive  sign,  and  if 
taken  as  kinetii:  energy  wilh  tha  negative  ai^c  prefixed  to  give 
the  corresponding  force.  For  the  magnet  is  deflected  in  the 
direction  of  rotation,  and  hence,  it  0  >■  A  say,  the  magnetic 
force  on  the  needle  due  to  the  coil  muat  ne  in  the  direction  to 
increase  0,  that  is  to  diminish  0  —  ^.  Hence  MGy  sin  {S  -  0) 
tends  to  diminution  b^  the  action  of  the  mutual  forces.  ^Ve 
shall  reckon  it  as  kinetic  energy  of  amount  —  MGy  sin  {6  -  if>). 
Again  if  the  effective  area  of  the  coil  be  J,  there  is  mutual 
energy  between  it  and  tbs  field  of  numerical  amount  JHyainS. 
This  may  be  taken  as  kinetic  energy  of  amount  —  AHy  sin  6. 
Also  the  magnet  is  deflected  in  the  field,  and  therefore  between 
it  and  the  field  there  is  mutual  energy  MH  coa  ^  when  reckoned 

Lastly  if  ni'  be  the  looment  of  inertia  of  the  needle  about 
the  axis  of  suspension  it  hna  kinetic  energy  i«i^*. 

Collecting  these  terras  we  get  for  the  total  kinetic  energy 

Kinetic 
T=\Vi'-ABy%m9~iIOyt.in{0-i>)-\-MHcot^  Energy  of 

+ 1"*** (!')      Hoodie, 

Ac. 

Besides  this  there  ie  potential  energy  V,  doe  to  the  torsion  Potential 

of  the  fibre,  depending  on  the  angle  through  wliich  the  needle  Energy  ur 

has  been  turned  from  the  position  of  no  torsion.     If  a  be  Torsion  of 

the  angle  which  the  needle  makes  with  the  meridian  when  the  Fibre. 
torsion  is  zero,  the  angle  through  which  the  fibre  has  been 
turned  is  f  -  a.    Denoting  hy  ifi/r  the  torsional  couple  which 
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tie  wire  gives  when  the  lower  end  is  tomed  tbroagh  unit  angle 
relatively  to  the  upper,  we  have 

F-   /"     MHr{i}>-a)^<f>-iMHT{if>-  ay     .     .     (18) 


:e  Fia  the  dissipation  function.    Thia  gives  by  (17) 


Tliore  are  two  possible  distinct  motions  for  the  magnet,  one 
of  oscillation  in  its  own  proper  period  (which  we  sujjpoae  great 
in  comparison  with  the  period  of  rotation  of  ihe  coih,  and  the 
other  of  period  equal  to  iialf  that  of  rotation.  So  for  ee  the 
former  is  concerned,  we  may  take  the  magnet  as  at  rest  in 
computing  the  current,  and  for  the  latter  we  shall  suppose  at' 
present  the  amplitude  very  small,  so  that  the  pari  of  ^  depending 
upon  it  may  also  be  neglected  and  ip  may  be  taken  as  constant. 
Tbua  d  being  constant  ■>  »,  say,  and  S  =  »>l,  we  have 


7  +  Ity  =  ABm  cos  «(  +  J 


»  cos  («(  -  ^)   .     (20) 


u  of  this  e<iuation  be 


VRy  {LuG'  +  RC)  cos  «/  -  (Z«C  -  RC)  Bin  W     (21) 


IntcKTsl 
Equation 

of 
Current. 

This  with  (19)  gives  by  equation  of  coefficients 

^  -  Sh^»  ^^*^*""'"' +  "^'""  ^ 

+  Jfi;{JJcos(fl-*)  +  iBin(tf-^)i]    .     r 
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A  term,  Cexp.  (-  RtjEj,  it  lei^uired  to  complete  the  aolutroD, 
but  this  dies  out  soon  after  the  starting  of  the  coil,  and  has  no 
effect  provided  the  rotation  ia  uniform.  The  current  therefore 
on  tlie  supposition  made  is  given  by  (22). 

The  expression  for  the  kinetic  and  potential  euergies  gives  for    EquatJon 
the  equation  of  motion  of  the  magnet  of  Motion 

or  mi^-.VGycoe{6-<t.)  +  Mffsin<t.+MllT{<f,-a)''0  (23) 
This  equaUon  may  be  ohtaioed  also  by  consideniig  that  llie 
Deedle  is  acted  on  by  three  couples,  one  due  to  the  current 
tending  to  produce  further  deflection,  tlie  second  a  return  couple 
due  to  the  earth's  magnetic  field,  and  the  third  also  a  return 
couple  due  to  the  toTFtion  of  the  libre.  The  numerical  value.s  of 
these  are  from  tlie  notation  already  explained,  MGy  cos  (6  -  <(>), 
MRein  <(>,  3fBr(4)  —  a).     Hence  the  total  deflecting  couple  is 

MGyCOB(6-it>)-3lH\aine  +  T(>f>-a)} 
and   this   is   equal   to   the   rate   of  increase  mli^tfi   of    angular 
momentum. 

The  needle  is  found  to  take  up  a  nearly  constant  position  if 
the  rotation  of  the  coil  is  kept  uniform,  and  in  this  case  ^  may 
be  taken  as  very  neorly  zero.  Thus  we  have,  integrating  over 
any  finite  interval  of  time,  /  ipdt  =  0.      The  mean  resultant 

deflecting  couple  applied  by  the  current  must  therefore  he  equal 
to  the  return  couple  ,Vif  {sin  ifi  +  rljp  -  a)]  due  to  the  combined 
action  of  the  magnetic  field  and  torsion.  This  average  couple 
is  obtained  from  MGy  cos  (9  -  tjj)  by  inserting  the  value  of  y 
given  by  (22)  and  integrating  each  term  over  a  whole  turn  on 
the  supposition  that  ^  ia  a  constant,  and  dividing  the  result  by 
2ir.     The  following  integrals  enter  into  the  expreasion 

2y^''cosOooB{a-0)rffl  =  ioos^. 

2^J**%inflco8(fl-*)rfO  =  48in<^. 

^/\os*(O-0)rfO=i. 

i|«in{«-0)cos{fl-<^)rffl  =  O. 
VOL.  IL  0   0 
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Quadratic  Tlierefore  the  uverage  couple  ia 
EqiUitioii 

for TUsist-  a,  M(3 

CoU-  ^  +  (u  i 

Citrreiif. 


=  MH{o 

n^  +  r*)  . 

(24) 

r  equilibrium,  if  a 
io  ^  for  1^,  and  n 

=  0.     Since  T  i 
eget 

very  en 

all 

■eniay 

write 

cot*(l  + 

.VG 
All 

iec*)  + 

Uu> 

0  . 

(240 

This  may  be  ivriti 

en  ip  tlie  form 

IP -aS  -  6  =  0 
the  solution  of  wliioli  is 


Resist-        The  value  of  i  is  positive  in  the  eipenmeDts  made,  and  bencc, 
aoce      since  R  cannot  be  negative,  the  -(-  sigu  in  the  solution  must  be 
diveloped  taken.    Expanding  the  radical,  having  regard  to  the  fact  that 
in  Sens*.  MQjAH  and  r  are  Braall,  we  get 

*-»-<»-~'*l'-fe(^S -')•""* 

This  is  the  eiuressiiin  for  R  used  by  the  B.A.  Committee  in 
the  reduction  of  the  reaulta  of  their  experiments. 
Criticismi      Taking  the  first  temi  only  we  may  write 
ofHeUkoil. 

R  =  \AGia<:ot<^~^ifla,tcotii,      .     .    .     (26) 

where  a  denotes  the  mean  radios  and  n  the  number  of  tarns  in 
the  coil.  This  formula  is  convenient  for  the  discuaaion  of  the 
advantages  and  dieadvantageB  of  the  method.    These  have  been 
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examined  by  Lord  Kay leigh  in  papers  oa  this  metliod*  and  in 
hie  "Comparison  of  Methods  for  the  Detennhiation  of  Bcsist- 
aaoee  in  Absolute  MeaBare."t 

As  regards  the  measuremeDt  of  dimensions  of  tlie  apparatus, 
it  is  to  be  noticed  that  the  method  involves  only  one  funda- 
nientat  linear  Quantity  a,  and  that  only  to  the  first  power.  The 
ohoervstion  oi  the  deflection  corresponding  to  tp  nnd  the 
evaluation  of  cot  i^  involve  do  greater  difficnlty  thnn  those 
involved  in  ordlnarv  angular  raeasiiremeiit,  and  in  this  respect 
the  method  is  on  a  pnr  with  Weher'N  method  hy  earth  inductor. 
The  main  difEouities  He  in  the  de  term  inn  tioii  of  m  nnd  the 
avoidauce  of  mechanical  disturbance,  and  of  error  due  to  cur- 
rents in  the  ring  and  alteratioos  in  the  magnetization  of  the 
needle. 

It  will  be  seen  below  that,  by  tlie  einploymeat  of  what  may     Strobo- 
be  called  the  stroboscopic  method  of  observation,  Lord  Bayleigh,      wHiplc 
who  repeated  the  detemiinatioD  with  the  same  Apparatus,  was     Ustnod 
abli:  to  control  and  measure  the  speed  with  great  exactness.     A     of  M**- 
correction  is  easily  made  for  the  currents  induced  in  the  coil  in      ^^ 
consequence  of  its  motion  in  the  field  of  the  needle,  in  fact  a      3peed. 
small  term  appears  in  the  result  above  [ifO  sec  <t>lA  H  in  ('24)], 
by  means  of  which  this  correction  is  made.     This  involves  the 
determination  of  MOtA  H,  but,  as  will  he  seen  below,  about  this 
there  is  no  difficulty  whatever. 

The  currents  produced  in  the  metal  ring  can  be  allowed  for  Corrsotioii 
by  rotating  the  coil  (1)  with  the  wire  circuit  open,  (2)  with  that        '?' 
circuit  closed.      Further,  these   currents   can   be    reduced    by   „  Bmg 
dividing  the  ring  into  two  parts  along  a  diameter  and  putting   ^o"*"'^- 
them  together  with  ebonite  separating  pieces.    The  currents  are 
then  confined  to  circuits  which  are  on  the  whole  at  right  angles 
to  the  plane  of  the  coil,  and  their  effect  can  easily  be  eliminated 
by  the  method   just  stated.     The  exifltence  of  these  currents  in 
the  ring  has  one  advantage   pointed  out  by  Lord   Ravleigh, 
that  bjT  rotating  tlie  coil  before  winding,  and  again  with  the 
wire  circuit  open  after  winding,  the  insulation  can  be  tested. 
For  if  any  difference  is  found  l)etween  the  deflections  of  the 
needle  it  must  be  due  to  leakage. 

The  method  has  been  objected  to  on  ttie  ground  of  the 
influence  of  self-induction  in  the  result,  that  is  on  account  of 
the  terms  in  (25)  which  involve  L.    Now  the   value  of  the 
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co«fiBcient  {U,  Siiy)  of  tan  *if>  in  (S5),  aad  tlierefore  of  tan '0,  Ac, 
may  be  calculat«l  with  conBiderabla  accuracy  from  the  dimen- 
siona  and  arrangement  of  tlje  rotating  cuil,  and  any  want  of 
exact  knowledge  of  the  value  of  U  can  be  eliminated  by  usiog 
diJferent  speeds  of  rotation. 

Compan-  In  comparing  Weber's  method  by  earth  inductor  with  the 
son  of  preaent  method,  it  is  to  be  noticed  that  at  liatf  the  lowest  speed 
Earth-      uggd  by  Lord  Rayleigb  the  senaitivenesK  of  the  former  mettiod 

Indnctor    ^^^j^  f^^  considerably  leaa  than  that  of  the  latter,  and  the  cor- 

ReFolvinff  '^''t'O''  f'"'  self-induction,  known  with  fair  accuracy,  would  he 
Qjjl    ''  only  about  J  per  cenL 

Methods         *^^  effect  of  self-induction  could  be  diminished,  aa  pointed 

-    Effect  of    out  by  Lord  Hayleigh,  hy  duplicating  the  revolving  coil  by  the 

Self-       addition  of  a  second  coil  at  right  angles  to  the  other,  and  giving 

lodDCtion.  an  independent  circuit.  Thus  tlie  sensitiveneas  of  the  arrange- 
ment would  be  increased  without  entailing  an  increased  cor- 
rection for  self-induction  auch  as  would  be  necessary  if  tbe 
increase  of  deflection  were  produced  by  running  the  coil  at  a 
higher  speed.  The  two  circuits  in  this  arrargeinent  also  would 
be  conjugate,  that  is  the  currente  in  one  would  be  unaffected  by 
those  in  Che  other,  and  would  give  a  more  nearly  constant  field 
of  magnetic  force. 

Dimen-  We  now  give  some  account  of  later  determinations  by  this 

aions       method,  beginning  with  the  experimenta  made  by  Lord  Kayleigh 

of  Revol-  and  Prof.  Schuster  in  1881.*  The  coil  used  by  the  B.A.  Coni- 
ving  Coil,  mittee  was  employed,  hut  its  constants  were  carefully  redeter- 
mined. The  constants  of  the  coil  was  found  hy  nnwinding  the 
wire,  and  carefully  measuring  the  circumference  of  the  succes- 
sive layers.  The  thickneas  of  the  wire  used  waa  1-37  mm., 
which  ought  to  have  produced  a  difference  in  the  circumference 
of  the  successive  layers  of  3'T4n-  mm.  The  turns  in  each  layer 
sinking  a  little  into  those  below  gave  on  the  avernge  6'1  mm.  . 
for  this  difference.  On  each  coil  there  were  156-6  turns  arranged 
in  one  oase  in  12  layers  of  13  turns  each,  with  half  a  turn  out- 
side, and  in  tlie  other  in  IS  layers  containing  155  turns  with  1^ 
turns  outside.  Allowing  for  the  outside  parts  these  measure- 
ments gave 

Mean  radius  of  double  coil    .         .         .  16'T89  cms. 

Axial  dimension  of  each  groove  .        .  1'833  cm. 
Distance  of  mean  plane  from  axis  of 

motion 1918  cm. 


•  Proe.  Jl..'i.  No.  213,  1881. 
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The  value  of  A  tvas  calculated  by  the  formula 

^.. «.■(!  + J?) (27) 

where  a  deuoteB  tlie  mean  radius,  2^  the  radial  ditneDsioD  of  tile 
section,  and  n  the  total  number  of  turns.  Thin  formula  may  be 
proved  thus.    Since  the  number  of  layers  in  each  coil  wm  12 

nearly. 

The  value  of  the  galvanometer  constant  G  was  calculated  by 
an  equation  equivalent  to  that  obtained  from  (9),  p.  24?  above, 
by  taking-  the  first  term  'iirya^jr',  putting  y  =  i,  multiplyinp  by 
n,  and  substituting  for  a^jr^,  an  account  of  the  axial  breadlh  2j 
and  radial  depth  2d,  of  the  sectionB  the  value  given  in  (20), 
p.  257,  that  is  from 


Effective 
Area(^) 
of  Coil. 

Calcnla- 

Galvauo- 

Conatant 
(O)or 
CoU. 


■  Siraf. 


,    H'Sa^ 


(4.^"  -  fl'j 


--(2^-1..^ 


6  r' 


'  +  2«*) 


(28) 


eilber    coil    from   the 


where  z  =  distance  of  mean  \ 
euapeasion  fibre. 

The  vslue  of  GA  obtained  after  applying  all  corrections,  and 
including  in  it  allowances  for  non-verticality  of  the  axis  and  for 
torsion  of  the  fibre,  wss  29887600. 

The  value  of  Z  was  found  by  calculating  the  inductance  for  a 
coil  of  mean  radius  a  and  rectangular  cross-section  of  which 
the  length  of  diagonal  was  r.  This  was  found  from  the 
formula 


L  =  inn^a  |log  -  +  ^-j  -  i(6  -  Jw)  cot  26  -  Jir  cosec  -26 

-  },  cot  *e  log  COS  tf  -  J  tan  «fl  log  sin  ff.     .     (29) 

which  is  simply  the  formula  (US'),  p.  308,  with  the  value  of  the 
logarithm  of  the  geometric  mean  distiince  of  the  cross-section 
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from  itself,  given  by  (114)  p.  SOS,  put  for  log  K.  The  dimen- 
sioiia  of  the  coil  used  were  those  giren  by  the  B.A.  Committee, 
viz.  a  =■  15-8194  cms.,  »ial  breadtU  of  each  coil  1-841  cm.,  radial 
depth  1-608  cm.,  and  distance  of  mean  planes  apart  3-851  cms. 

The  inductance  uae  computed  for  the  double  coil  by  adding 
together  the  self-inductances  of  the  coils  taken  separately,  and 
twice  the  mutual  inductance  of  the  two  coils.  Forif  Z„  L~  be 
the  self-indiictancee,  and  M  their  mutual  inductance,  the  ivbole 
electrokinetic  energy  of  a  current  y  is  i^{Lj  +  ii  +  2,t/)  =  ^y'i 
if  Z  be  the  self-inductance  of  the  whole  system.  To  the  approxi- 
mation given  by  (29)  Lord  Rayleigh  found  for  £,  +  Z, 
:-)O192O0O  cms.,  and  for  2.V  14682000  ems.  Correctiona  for  the 
linite  si/e  of  the  cross-section,  and  (since  the  introduction  of  the 
geometric  mean  distance  is  made  on  the  supposition  that  the 
coil  may  be  regarded  as  straight)  for  curvature  were  made. 
The  latter  can  be  calculated  by  the  series  <1&6},  p.  134,  or  by 
the  elliptic  integral  formula  by  dividing  the  coil  up  into  con- 
centric circular  tilaments,  and  integrating  over  the  cross-section. 
Lord  Bayleigh  found  that  for  a  single  coil  of  circular  crosB- 
aection  of  radius  p  the  value  of  Z  is  given  by  the  equation 


Z  =  4irH'a  jlog  - 


'   Ba' 


(...^+1)).   .   (SO, 


BO  that  the  correction  for  curvature  increases  Z.  The  correction 
term  for  curvature  in  the  cuse  of  a  coil  of  the  Mme  mean  radius 
a  and  square  crons-sf  ction  of  the  same  area  is  very  nearly  the 
same  as  in  this  formula.  It  is  thus  an  addition  to  the  approxi- 
mate value  given  by  the  equation  (29)  above.  The  corrections 
in  Z,  and  Zj  were  each  11950  cms.,  and  the  correction  on  2M 
346900  cms.,  so  that  finally 

£  =  4514 1800  cms. 

The  value  of  2M  found  by  the  formula  of  quadratures  given 

un  p.  403,  from  the  value  given  by  the  elliptic  integral  formula 

for  two  circles,  was  14939400  cms.,  agreeing  very  closely  with 

the  value  14928900  cms.  (14E82000  +  346900)  eras,  already 

obtained. 

Experi-         An  experimental  determination  of  L  was  made  by  the  method 

mental     deacribed  above,  and  gave  46000000  cms.  on  the  supposition 

Del«r-      that  the  B.A.  unit  was  1  per  cent,  less   than  the  ohm.     Tlie 

mination    value  given  by  Maxwell*  uncorrected  for  curvature  is  43744000, 
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and  tLe  allowance  for  curvature,  7S4500  cnia.,  is  subtracted 
from  instead  of  added  to  this  value,  giving  finally  witb  a 
correction  for  the  finite  diametere  of  the  wires  and  variation 
of  the  current  over  the  crosB-Bection  L  "  43016500  cms.  It 
is  suggested  by  Lord  Raylei>;h  that  the  diBcreponce  may  be 
due  mainly  to  an  iaterchange  of  the  breadth  and  depth  of  the 
coUa,  together  with  the  mistake  just  noticed  as  to  the  correction 
for  cnrvature. 

The  observations  included  (1)  the  reBistance  of  the  experi-    Obaerva- 
mental  coil  as  compared  witli  a  standard  coil  of  German  silver      tiona. 
of  nearly  the  aarae  resiBtarce,  viz.  4'6  ohms,  (2)  the  deflections 
produced  by  the  spinning  of  the  coil,  (3)  the  speed  of  rotation. 

The  comparison  of  resistances  was  made  by  a  balance  arranged    Compori- 
by  Mr.  J,  A.  Fleming,  in  which  Prof.  Carey  Foster's  method  (see      sou  of 
Vol.  L  p.  347)  of  interchanging  the  resistance  to  be  compared      Resist- 
with  the  standard  was  used  to  give  (he  difference  between  the       »nces. 
two  resistances  in  terms  of  a  certain  length  of  the  bridge  wire. 
Error  due  to  thermo-electric  currents  was  eliminated  by  making 
the  comparison  with  the  battery  current  first  in  one  direction, 
then  in  the  other.     A  comparison  was  made  at  the  beginning 
and  end  of  each  set  of  spinnings. 

The  needle  consisted  of  four  magnetized  needles,  each  15  omB.  Suspended 
long,  mounted  on  four  parallel  edges  of  a  small  cube  of  cork,  to     Needle. 
which  the  mirror  was  also  fixed.    This  arrangement  was  adopted     ^S^!*^ 
as  four  equal,  thin,  uniformly  magnetized  magnets  placed  along       j?^  j^ 
tlie  parallel  edges  of  a  cube  oT  length  of  edge  11  wS  of  the 
length  of  the  magnet,  form  a  needle  the  action  of  which  is  to  a 
high  degree  of  approximation  the  same  as  that  of  an  infinitely 
small  needle  at  the  centre  of  the  cube.     The  magnets  were  made 
about  2'3  times  the  edge  of  the  cube  in  length  to  allow  for 
Don -uniformity  of  magnetization. 

The  needle  wsb  adjusted  in  position  by  raising  or  lowering     A4just- 
the  cube  until  it  was  midway  between  the  highest  and  lowest    nient  of 
points  of  the  circular  frame,  and  then  adjusting  it  in  the  two     Needle, 
other  directions,  by  attaching  n  pointer  to  the  frame  reaching  in 
nearly  to  the  centre,  then  turning  the  plane  ronnd,  and  obsemng 
whether  the  pointer  occupied  the   centre   of  the  small  circle 
described  by  the  point. 

The  needle  was  in  the  usual  manner  caused  to  deflect  another  Deter- 
horizontally  suspended  needle  in  order  to  determine  the  ratio  mination 
Mjir  of  the  magnetic  moment  to  the  horizontal  component  of  the  of  Ratio 
earth's  magnetic  field.  At  a  distance  of  one  foot  the  suspended  -^^^'' 
needle  was  deflected  through  tan-i-000298,  and  hence  at  a  Needle. 
distance  equal  to  the  mean  radius  of  the  coil,  15*85  cms.,  the 
deflection  of  the  needle  would  have  been  '0021  approximately. 
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Now  if  r  denote  the  raonn  radius  of  tlie  coil,  and  it  the  deflec- 
tion of  tlie  needle,  we  have  by  (1),  p  73  above,  since  the  length 
of  the  mngnet  wns  aiatM  compared  with  r 

(..„;,  =  _. 

and  opprosiinately  G  =  2irn/r,  and  A  ■■  wirr',  where  r  ia  tlie 

nmnlierof  turns.    Tliua  r»  =  2A(G  and  Un  ^  -  GMIHA.     This 

was  used  as  tlie  valae  of  GMjHA  in  the  term  in  (24)  in  which 

tliat  quantity  ocoura. 

Arrange-         The  telescope  and  Bcale  (whioh  was  straight)  were  adjaated  in 

mentof    the  usual  manner  (see  Vol.  I.  p.  216).    The  diatance  of  the  scale 

Teleaoope   from  the  mirror  was  compared  with  the  scale  directly,  Bo  that 

and        the  absolute  leng-th  of  a  scale  division  did  not  enter  in  the  result. 

*»'«■      The  following  were  tlie  nuinbere 

Distance  of  scale  from  mirror      .        .        2S2'28  cms. 
Correctior    for  glass   plate   3'2  mms. 
thick   through   which   mirror  was 


'«('-i) 


Distance  (reduced)  .        .        2S2-1?  cms. 

The  heights  of  the  centre  of  the  mirror  and  the  centre  of  the 
object4Ve  above  the  line  of  the  scale  divisions  were  meosnred  by 
means  of  a  catbetometer,  to  obtain  tlie  data  necessary  for  finding 
the  inclination  of  the  mirror  to  the  horizontal.     For  this  a  cor- 
rection was  applied  to  the  readings. 
Corrwtion       The  torsion  of  the  silk  fibre,  which  was  4  feet  long,  was  also 
for         estimated  by  turning  the  magnet  tlirough  5  complete  turns,  and 
Torsion,     observing  the  deflection  of  the  magnet.     It  was  found  that  the 
magnet  was  shifted  5  6  divisions  per  turn,  or  through  an  angle 
of  -001107.     Opposite  turning  of  the  magnet  gave    001117,  so 
that  tlie  correction  for  torsion   was  obtained  by  calculating 
r  =  -OOlll/Sn-,  and  using  for  A  the  value  Aj{l  +  r). 
Correction       ■*  correction  for  level  of  the  coil  was  also  applied,  as  it  was 
for         found  that  the  upper  end  of  the  axis  was  inclined  towards  the 
Level,      north  by  nn  angle  '0003  radian.    The  component  of  force  at 
right  angles  lo  the  axis  was  thus,  if  /  be  the  inteni-ity  of  the 
field,  and  D  the  dip,  /cos  (D  -  -0003)  =  K(l  +  '0003  tan  D) 
nearly.    Thus  for  A  was  used  finally  tlie  value 

^  {1  +  -0003  tan  D)l(\  +  t). 
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The  spine  wero  Ukon  in  Beta  of  fuiir  at  each  speed.     The  coil     Mode  of 
was  driven  hy  a  Ions'  cord  from  a  wnter  motor  acting  by  the      IMTing 
impulee  of  water  on  inetui  cups.     To  insure  n  constant  presHure        Coil. 
the  motor  wae  driven  hy  water  from  a  siiiall  ciatern,  wbicli  gave 
a  liead  of  50  feet.     Tlie  regulation  of  the  motor  was  effected  by 
observing  tlint  tlie  work  done  by  the  motor  is  proportional  to 
the  difference  between  the  speed  of  the  let  and  tliat  of  the  cups, 
and  to  the  speed  of  the  cups.     For,  if  the  water  is  juat  reduced 
to  rest  the  momentum  of  unit  mass  of  water  destioyed  ia  r,  llie 
speed  of  the  jet,  and  the  moss  of  water  received  per  unit  of  time 
is  a{v  —  rj  if  Pj  be  llie  speed  of  the  cupe,  and  a  the  area  of  the 
jet.     Thus  the  rate  at  which  momentum  is  given  hy  the  jet  to 
tbo  oupa  is  av{v  —  i-j).     The  rate  nt  n'hicli  the  motor  works  is    Action  of 
therefore  ar(r  —  v^v^.     Thug  at  zero  speed,  and  at  the  speed  of     Motor, 
the  jet  the  water  motor  does  no  work.     At  half  the  latter  apeed 
the  motor  doea  work  at  tlie  maximum  rate.     Thus  the  diagram 
of  activity  is  n  parabola  with  vertex  upwards  if  speeds  of  the 
motor  be  taken  as  abscissae. 

Drawing  on  this  diagram   the  curve  of  work  done  against     Possible 
reeistances,  we  obtain  from  the  points  of  intersection  of  the  two     Uniform 
curves  the  possible  uniform  apeeds  of  running,  and  these  speeds   Speede  of 
are  more  sharply  defined  the  more  nearly  the  curves  are  at  right    Driving. 
angles.     Now  the  activity  spent  in  overcoming  resistnnce  to  the 
motion  of  the  coil  is  a  function  of  the  speed  r,   of  the  form 
AVi  +  Bu^  +  Or^  +  4c.  since  there  are  included  constant  or 
frictional  resiatancea,  which  give  the  first  term,  resistances  such 
as  viscoLiB  resistances  which  are  proportional  to  the  speed,  which 
give  rise  to  the  second  term,  and  resistances  wbich  vary  as 
higher  powers  of  the  speed,  such  as  resiatance  due  to  air  set  in 
motion  by  tlie  cupa,  &c. 

The  curve  of  activity  against  resistance  is  therefore  convex 
downwards,  and  at  bigli  speeds  in  the  experiments  there  is  so 
difficulty  in  obtaining  dennite  enough  intersection,  but  at  low 
speeds  this  is  not  the  case.  It  was  necexsary  therefore  at  low 
apeeds  of  the  coil  to  run  the  motor  fast,  and  use  a  reducing 
pulley  in  order  to  enable  the  curve  of  resistances  to  interaect  at 
a  suitable  place. 

The   speed    of   rotation   was  observed   by   the   stroboscopii-     ObservB' 
metho<[,  in  which  a  card  marked  with  circles  of  alternately  black      tion  of 
and  white  epacea  (or  "  teeth  ")  ia  viewed  through  narrow  slits  in      Speed, 
thin  plates  of  metal  attached  in  the  plane  of  vibration  to  the 
prongs  of  a  tuning-fork.    The  slits  overlap  when  the  fork  is  nt 
rest  so  that  to  an  observer  looking  through  them  the  card  ix 
visible ;  when  the  fork  is  in  vibration  vision  ia  posaible  through 
the  slits  twice  only  in  every  complete  vibration.   (See  Fig.  144). 
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Tbe  fork  was  electrically  raaiDtained,  and  hod  a  frequency  of 
about  63i  (inoro  neiirly  63-69).  Time  tbe  card  could  be  aeen 
127  times  a  second  throug-h  the  Blita,  Hence  if  a  circle  on  the 
card  marked  with  alternate  black  and  white  teeth  paaaed  the 
mean  position  of  tbe  slits  a  number  of  times  a  second  equal  to 
twice  tbe  frequency  of  the  fork,  tlie  circle  appeared  to  be  at 

The  card  was  graduated  with  five  circles  containing  60,  32, 
24,  20,  16  black  teetli  reHi>ectiTely,  to  enable  a  variety  of  speeds 
to  be  observed  without  any  change  in  the  frequency  of  the  fork. 
By  looking  over  one  end  of  one  of  tbe  vibrating  plates  the  card 
could  be  seen  only  once  in  each  complete  vibration,  and  thus 
the  60  teeth  circle  could  be  used  for  the  lower  apeeds. 

The  coiitnctB  of  tbe  fork  were  made  and  broken  with  a 
platinum  point  and  mercury  citp  covered  with  pure  alcohol. 
The  arrangement  worked  exceedingly  well,  and  went  for  hours 
without  requiring  the  smallest  attention.  A  coinpsiiBon  was 
made,  by  means  of  heats,  between  the  pitch  of  the  fork  and  that 
of  a  standard  fork. 

It  was  found  that  tlie  sjieed  of  the  diak  could  be  regulated 
by  the  observer  by  applying  alight  iHction  to  tbe  driving 
cord,  when  the  teeth  showed  any  tendency  to  paita.  He  there- 
fore allowed  the  cord  to  run  lightly  through  bia  6nger8,  aiid 
lifter  a  little  practice  it  was  possible  so  perfectly  to  regulate  tbe 
speed  that  a  tooth  never  passed  the  pointer  except  perhaps  by 
inadvertence,  when  he  at  once  brought  it  back  by  sligbuy  re- 
tarding tbe  cord.  The  passage  of  one  tooth  in  each  second 
meant  of  coui'se  only  a  variation  of  1  in  ]&T  in  the  speed. 

In  the  course  of  lbs  observations  note  was  taken  of  the 
cbnnges  of  magnetic  declinutiun  by  means  of  an  auxiliary 
magnetometer  set  up  near  enough  the  revolving  coil  to  be 
practically  in  tbe  Boiiie  magnetic  field  with  it,  but  at  the  samr) 
time  BO  far  away  as  to  be  unaiTected  by  the  induced  currents 
produced  by  tlie  spinning.  The  scale  was  read  by  means  of  a 
telescope,  and  the  distance  from  mirror  to  scale,  2^  metres,  was 
tbe  same  as  tiint  of  the  mirror  of  the  magnet  in  the  coil  from  its 
scale,  so  that  the  corrections  could  be  made  by  simple  com- 
parison of  readings. 

Some  trouble  was  caused  by  air  currents  in  the  box  containing 
the  magnet ;  these  currents  caused  change  of  xero  during  a  set 
of  Bpinuinge,  They  were  mainly  due  to  radiation  of  the  lamp 
and  gas  jets,  and  precautions  were  token  to  diminish  the  effect 
hy  covering  tbe  magnet  box  with  gold-leaf  to  reflect  th«  heat  as 
much  as  pOBsible.  The  error  from  this  cause,  however,  was  not 
greater  Uian  that  which  necessarily  affected  the  determinations 
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of  the  mean  radiua  of  the  coil,  and  tlie  distance  of  tlie  mirror 
from  the  scale. 

If  ^  bo  the  deflection  of  the  mirror,  d  the  observed  reading, 
and  i)  the  dietaace  of  the  mirror  from  the  scale,  A  the  distance 
of  the  zero  of  the  acule  from  the  centre,  then,  approsimately 


2Z)  tan  <^  =  rf  -  (rf  -  8) 


(d  +  »)• 


'    SD^ 


This  formula  was  used  for  calculating  tan  tfi,  S  being  taken 
positive  when  in  the  snine  direction  as  rf.  Irregularities  in  the 
scale  were  allowed  for,  and,  as  stated  above,  a  correction  applied 
for  the  slight  non-horizontality  of  the  normal  to  the  mirror. 
The  vertical  distance  between  the  centre  of  the  objective  and 
the  point  in  which  tlie  normal  intersected  the  scale  being  denoted 
by  p,  the  angle  between  the  normal  and  tlie  liorizontal  by  a,  the 
■correction  was  dpajD,  which  amounted  to  rf  X  ■00014. 

The  resistance  comparisons  generallj-  showed  a  rise  of  reaiat- 
ance  during  each  set  of  experiments.  Tliis  was  corrected  for 
on  the  supposition  that  the  rise  of  temperature  was  uniform 
daring  the  time  elapsing  between  two  succeeaive  measurements 
of  resistance.  The  error  arising  from  uncertainty  of  temperature 
did  not  amount  to  more  than  '06  per  cent 

The  following  is  one  set  of  readings  in  which  C  denotes  tl)e   Speclmsn 
resistance  of  the  coil,  .^the  resistance  of  the  standard.  Sat  of 

Readings. 


Iteaistknce  Ckimpared 
I  Beading  of  AQziiiary  ) 
I  Mo^etoroeter  | 
Position  of  rest  of  ) 
1  needle  ( 


o  5  +  ■0225 
26-9 


Auilllanr 
Mignetamcter 




9  h.  37  III. 
9  h.  42  111. 
9  h.  47  m, 
9  h.  53  II). 

Negative 
Positive 
Negative 
PoSlive 

367-60 
1166-40 

3G6-2.t 
1106-09 

27-66 

■28-24 
28-50 
28-30 

.    .  _  .     .   _ 
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Time. 


27-2 


I  Reading  of  Auxiliary  I 
I       Hagnetometer.       ) 

Position  of  rest  of    I         t^-t  no 
I  needle  (         '^    ™ 

BeeieUnce  compared         C  =  S+  "0872 


Calcula- 

Value  ol 
Beiist- 


760-28 
'66-59 
765-33 
766-63 


8e*i«  Emn 


+  400-81  +  3 

-  399-10      i      -  3 
+  400-66      ]      +  3 


Moati  397-42 


C-S+  -oaje. 

The  value  of  R  wae  calculated  directly  from  the  solution  of 
the  quadratic  (24)  above.  If  J"  be  put  for  .^(1  +  O003  tan  D)l 
(i  ■{-  t),  the  value  of  the  area  of  the  coil  wlien  it  ia  made 
to  include  the  correction  for  tonion  and  level,  and  tan  0  denote 
GiffHA  as  determined  ahove  (p.  668),  this  solution  may  he 
written 

S  =  unGJ"  cot  0  {I  +  tan  /I  aec  ^ 

+  ^'(t+Un^8ec<^)'. 


UU 


where  U  =  {2ljGA')l(:iLI0A'  -  1),  and  n  denotea  the  number  of 
tuma  of  the  coil  per  second  =  2  frequency  of  fork  /  number  of 
teeth  in  stationery  circle. 

The  following  table  gives  the  result  of  nil  the  experiments. 
Column  1  gives  the  date  of  the  experiment,  2  the  speed  in 
terms  of  the  number  of  teeth  on  the  apparently  stationary  circle, 
3  the  deflection  corrected  for  scale  errors  and  variation  of  tem- 
perature during  the  set  of  eiperimenta,  4  the  absolute  reaiatance 
of  the  revolving  coil  on  the  onsumption  that  the  inductance  of 
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the  coil  waa  4'5  X  10'  cme.,  and  5  the  absolute  reaistance  o£  the 
•taDdard  German  uilver  coil  at  11°'6  C.  ob  f^iven  by  the  different 
experiments,  subject  to  a  correction  for  the  copper  rods  con- 
necting the  rotating  coil  with  the  resiBlance  bridge. 


Dec.  7 
10 

CarA" 
120 

tlou.' 

110-42 
110-22 

4-6486 
4-6668 

4-5419    {...-(,.] 
4-5309  jj*5364^ 

,     Dec.   2 
6 
10 

60 

218-61 
■218-30 
218-72 

4-6680 
4-5620 
45531 

4-5487  ;i 
4-6471  1  W-6467 
4-5422    J 

'     Dec.  2    ' 

G    1        32 

1     10  ! 

397-75 
397-39 
397-26 

4  6639 
4-6672 

4-6687 

4-5417    1 
4-6415     U-5427 
4-6448  |J 

'     Dec.  2     1         .^^ 

513-73 
513-68 

4-5719 
4-6734 

4-6438    r^" 

Meun  R  =  4*5J37  x  t0»,  i 


The  value  of  L  here  used  was  aligfatly  lesa  than  that  found  by 
Lord  Rayleigb,  and  agreed  very  cloaely  with  a  value  (4-6130  x 
10'  cntB.)  deduced  by  the  method  of  least  Equarea  from  the 
reaulta  for  different  apeeda. 

The  German  ailver  etanJard  waa  then  compared  with  the 
original  Btaudards  prepared  by  the  B.A.  Committee.  The 
standard  was  found  to  be  4-596  B.A.  nnits  at  ll°-6  C,  and  the 
reaiatance  of  the  copper  roda  connecting  the  rotating  coil  with 
the  bridge  was  fonnd  to  be  -003  unit.  Thaa  4692  B.A.  unite 
were  found  to  be  equivalent  to  4-5427  x  10°  in  craa.  per  second,  or 


1  B.A.  unit  -  -9893  x".10»,  ii 


I.  per  eecond. 


.Final 
Value  of 


juet  described   ' 
'    pparatua.    1 

aefnrmation  by  the  winding,  and  its 


/eated    by  Lord     Further 
Rayleigh  with  improved  apparatua.    The  coil  was  made  more     Experi' 
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Coostruc-   dimeDBiona  were  iDcreased  in  tlie  rntio  of  about  3  to  2.     The 

tion  of      ring  waa  in  two  halves,  joined  along  the  horlzrinCal  diameter  by 

Ring.       projecting  flanges,  and  insulated  from  one  another  by  a  layer  of 

ebonite.     Its  construction   with   driving  arrangements,  Ac,  is 

shown  in  Fig.  120. 

Hhig  The  ring  having  been  wound  was  spun  with  its  circuit  open, 

Currents,    and  it  was  found  that  a  perceptible  effect  on  tlie  magnet  was 

produced.    This  wae  traced  to  currents  circulating  in  the  parta 

of  the  ring  adjacent  to  the  ebonite  layer,  where  there  was 


Fig,  129. 


eufficient  body  of  metal  to  g 

angles   to   the   windings.      Thaad    currents    were    afterwuds 

allowed  for. 

Arrange-       To  obviate  air  disturbances  of  the  needle  caused  by  rotation 

mint  of     of  tlie  coil,  the  magnet  box  was  screwed  air-tight  to  the  lower  end 

Magnet,     of  a  brass  tube  which  passed  through  the  upper  part  of  the  axis 

of  rotation.    By  unscrewing  the  box  and  pulling  up  the  brass 

tube  the  magnet  could  be  withdrawn  with  the  fibre  intact.    The 

level  of  the  needle  was  adjustable  by  means  of  a  sliding  piece, 


D,s,i,7ert  by  Google 


METHOD  OF  EEVOLVING  COIL 

to  wlucb  the  upper  end  of  the  fibre  waa  »ttached.  The  whole 
BiTBngement  wna  ao  rigid  that  no  distorbaiice  was  produced  by 
the  air  even  at  the  higheat  speeds. 

The  needle  won  on  the  same  plait  aa  before.  Its  mooiont  waa 
however  six  or  seven  times  as  ^reat,  with,  oil  account  of  the 
greater  dimensiona  of  the  coil,  a  vnlue  of  -0042  for  MOjAH, 
^tan'/i),  or  only  about  twice  the  former  value.  (This  was  determined 
in  a  manner  ainiilar  to  that  already  desoribed).  The  horizontal 
breadth  of  the  mirror  was  diminished,  and  thus  with  greater 
magnetic  moment,  and  smaller  mirror  the  disturbance  from  ur 
currents  inaide  the  box  was  brought  down  to  aboat  1/16  of  what 


9  ind  Male  for  abflerrl 


a,  Copparbars  ommectlDetobililn. 

?.  nemliiB'B  bridge. 

r.  Platinum  silvBc  standard. 

r.  BridRe  gah-anomntw. 

C.  Teleacops  miJ   Bule   of   anxlUarT 


it  waa  in  the  former  apparataa.  The  period  uf  oscillation  was 
brought  up  to  a  convenient  amount  by  an  inertia  ring  |  inch  in 
diameter  added  to  the  magnet.  The  weight  of  the  whole  waa 
ao  small  that  it  was  easily  borne  by  a  single  fibre  of  ailk. 

The  coil  was  driven  and  its  speed  determined  aa  in  the  former 
experiments. 
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The  reHiBtance  of  tbe  coil  being  23  units  as  compared  with 
the  fonner  value  4-6  units,  arrangementa  were  made  to  add 
reaiatancea  to  the  copper  circuit  when  the  viiriation  of  resistance 
passed  beyond  the  range  of  tbe  slide  wire,  and  a  pktinum -silver 
standard  of  about  24  units  was  employed. 

The  general  arrangement  of  the  apparatus  is  shown  in  Fig. 
129. 

A  first  set  of  spiiiiiings  gave  less  accurate  results  than  were 
expected,  and  the  cause  was  traced  to  tlie  paper  scales.  These 
were  then  replaced  by  scales  engraved  on  glass.  Some  trouble 
was  also  caused  by  an  imperfect  mercury  contact  at  the  junction 
of  the  copper  coil  with  the  bridge  connections  ;  but  when  this 
was  remedied  the  arrangements  worked  satisfactorily. 

The  dimensions  of  the  coil  were  as  follows  : — 


Mean  14ft-44         Me.in  23-625    1 


Each  coil  was  wound  with  sixteen  layers  of  eigliteen  windings 
in  each  layer,  except  tbe  eleventh  layer  of  ,i,  which  had  seventeen 
turns.     An  extra  turn  was  laid  on  J  outside  the  sixteenth  layer. 

Bach  layer  was  measured  during  winding,  and  again  on  un- 
winding after  the  experiments  had  been  made,  Thus  the  effect 
of  the  pressure  of  the  layers  in  diminishing  their  radii  was 
estimated.  Tbe  mean  of  tbe  mean  radii  of  tbe  two  coils  was 
then  23-616.  Weights  of  two  to  one  were  given  to  the  last 
result  and  tbe  fonner  so  that  ft  mean  of  23-619  cms.  was 
adM)led. 

GA  was  calculated  from  tbe  formulte  (ST),  (28),  above, 
multiplied  together,  and  it  was  found  that  log  ((7^)»8-176e2. 
The  correction  for  level  and  torsion,  it  was  found,  increased 
iliia  number  only  to  8-17686. 

The  value  of  L  for  the  coil  was  found  by  calculating  £,,  L^, 
and  .V  for  tbe  two  coils  as  explained  above  (p.  566),  L^,  L,  were 
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found  bv  (29),  and  M  by  the  formult  of  approximation  given  at    Calcula- 
p.  403  above.    Thus  t'™  of 

Induct- 
i,  (for  J)  -  1029-3  X  16*  X  18*  cms.,  anco. 

i,  (for  S)  —  1031-9  X  16'  X  18'  oing., 
2M  ■=  S3S-e8  X  16*  X  18'  cms., 
BO  that 

i»=L,  +  L,  +  2af-  2-4004  X  10*  cms., 


deterraiaation  is  given  in  Chap.  IX.  above.    The  final  result  thus 
found  was  X-=S'4092x  10* cms. 

The  currents  in  the  ring  were  allowed  for  asfollows.  Putting 
tan  li  for  MGjAB  as  at  p.  668  above,  and  J!,  G',  L',  R,  for  the 
quantities  depending  on  the  ring  and  corresponding  to  A,  0,  L,  R, 
we  have  from  (24) 


'A" +  »*£■* 


+  lW3^"r-iC^+^'-**''*  +  ^""'f»«'''*)  ■    ^^^ 


if  the  wire  circuit  ia  closed.    If  the  wire  circuit  is  open  and  Ihe  Thaory 
speed  is  the  same  Iting 

Cnrreuta 


^(ir+i'-Uw^+iftanflsec^j)  (34) 


Putting  T tan  ^  for  r^jcot^,  and  rtan^pfor  t^Jcob^q,  neg- 
lecting tlie  terms  multiplied  hy  Tftantf,  antl  sublratting,  we  get 
after  reduction 

+  fltan,»8ec^)^l  +  --^tan0„^  .    (35) 

ThuB  the  eSect  of  Z' would  be  to  increase  the  deflections  at 
high  speeds  beyond  their  proper  values,  whereas  that  of  L  is  to 
diminish  theni.  The  value  of  L/R  for  the  wire  circuit  was  '01 
second  :  for  the  ring  L'/R"  was  uo  doubt  much  less,  and  further 
w  tan  tfip  at  the  highest  speed  was  only  1/26.  The  last  factor  on 
the  right  of  (35]  may  be  omitted.     Hence  R  is  given  by  (32) 
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above  with  t&n<^  — tun  ^g  used  inetead  oft 
unchanged)  and 


]  ip,  (but  sec  ^  left 


C=  iillOijf){2LlG,A-Ua  ^/(tan  ^-  tan  <f>^\, 

■  where  (?,  denotea  (?/{l  +  r). 

Mode  of        With  regard  to  the  observationa.  the  general  mode  of  oairv- 

Carrjing  ing  oat  the  work  and  correcting  too  resulta  was  the  same  aa  m 

out         the  former  inveBtigation.     An  auxiliary  magnetoraeter  waa  used 

I?^*'    =*  before  to  trace  changes  of  declination ;  and  the  speed  and 

deflections  were  read  off  as  formerlj.     For  the  highest  ^leod  it 

was  found   that  tan^tan^  -  7'8l/43g'41,  and   this  with  the 

value  of  6jJ  stated  above  gave  log,o  U  =  '84326. 

The  standard  coil  was  kept  immersed  in  wat«r  the  temperature 
of  which  was  observed,  and  the  temperatures  of  the  air  were  also 
observed  in  the  neighbourhood  of  the  copper  coil,  and  near  the 
standard  tuning  fork  bj  which  the  frequency  of  the  speed- 
measuring  fork  waa  determined. 

Comparisons  of  the  resistance  of  the  copper  coil  with  the 

platinum-ailver  coil  were  made  before  and  after  each  set  of 

spinnings.    The  resiatance  of  the  copper  circuit  was  equal  to 

that  of  the  standard  coil  -f  or  —  the  resistance  of  the  bridge 

e  required  for  balance. 


Set  of 


A  specimen  set  of  readings  is  here  given  with  the  neceasary 


corrections.     The  first  set  of  six  were  made  with  the< 
-  open,  the  second  set  with  it  closed. 


re  circuit 


Wire 
circuit 

open 


Wire 
oircnit' 


So.  of 
*I.lni>l»K. 

x». 

onT«ot«dtiT 

DUL 

Una 

1 

1 

I   - 

It 
it 

6  + 
It 
.?t 

11  + 

12  - 

H.  K. 

8  16 
8  18 
8  20 

8  S3 
8  25 

846 
8  47 
860 
8  62 
6  66 
868 

693-38 
603-86 
603-41 
604-10 
593-46 
604-06 

901-68 
296-11 
901-54 
29842 
901-33 
296-66 

10-48 
10-45 
10-69 
10-66 
10-60 

605  47 
605-43 
60612 
604  91 

604-77 

CsoS-56 
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The  rMisUnoe  of  the  standard  -  the  resiatance  of  tlia  copper  Correctioa 
circuit  eipreBBsd  ia  termB  of  the  TeBistance  of  one  diviHion  of         of 
the  bridge  wire  as  onit,  waa  212  at  the  beginning  of  the  second     Raaulte. 
aix  observatioDii,  and  -  316-6  at  the  end,  giving  a  mean  of  -  62 
during  the  interval,     But  each  division  of  the  bridge  trire  was 
about  1/4SO0OO  of  tite  whole  resistance  of  twenty-four  ohms,  so 
that  if  balance  had  been  obtained  on  the  average  at  the  middle 
of  the  bridge  wire  the  deflection  would  have  been  302-69. 

Again  the  temperature  of  the  standard  during  the  experiments 
had  amean  value  of  10°-026,  so  that  the  resistance  of  tbestandard 
which  for  this  series  was  taken  as  noimal  at  13°,  was  below  its 
normal  value,  and  the  deflections  were  too  large.  The  variation 
of  resistance  of  the  standard  per  degree  was  3  parte  in  10000, 
so  that  the  deflection  feil  to  be  diminished  bv  about  2*7  parts 
in  3000  or  by  -27. 

Tliestandard  number  of  beats  per  minute  between  the  standard 
fork  and  the  electrically-maintained  fork  (at  17°  C.)  was  taken  as 
59  during  the  series  of  observations,  and  in  the  set  of  observations 
here  taken  as  a  specimen  the  number  of  beats  was  66^  per  minute, 
so  that  the  electrically -maintained  fork  was  too  sharp  by  2^  parts 
in  60  X  127,  127  being  very  nearly  twice  the  frequency  of  the 
latter  fork,  that  is  the  speed  was  too  great  by  this  amount. 
This  gives  as  the  correction  of  thedeflection  for  excess  of  epeed 
--10. 

But  the  standard  fork  which  was  at  normal  frequency  at  17° 
was  at  13°-06,  and  therefore  vibrated  more  quickly  than  the 
normal  rate.  The  amount  of  quickening  was  about  1  in  10000 
per  degree  of  difEerence  of  temperature.  Thus  there  was  a 
further  temperature  correction  on  the  deflection  of  -  -12. 

Adding  together  and  applying  these  three  negative  correctionK,  Corrected 
we  get  for  the  deflection  which  would  have  been  obtained  if  Value  of 
everything  had  been  in  its  normal  state  as  specified  302-10;  Moan 

From  the  series  of  experiment  made  at  different  speeds,  it  Deflection, 
waa  seen  that  there  was  a  tendency  for  the  value  of  the  resist-     Besults 
snce  to  rise  with  the  speed.    This  would  have  been  tbe  effect  of     y       ■ 
an  under'Sstimate  of  tne  value  of  L,  but  as  the  error  to  account        ^^I^ 
for  the  discrepancies  at  the  different  speeds  would  have  had  to     '" 
be  about  1  per  cent.,  it  was  taken  as  more  probable  that  there 
were  rinr  currents  generated  which  tvere  not  conjugate  to  those 
in  the  wire  circuit    There  wan  no  doubt,  however,  that  the  true 
value  would  be  obtained,  no  matter  which  of  tliose  views  was 
taken,  by  applying  a  correction  proportional  to  the  square  of  the 
speed.     This  correction  was  calculated  from  two  extreme  speeds 
and  applied  to  the  results.     Thus  the  principal  series  of  experi- 
ments consisting  of  many  different  sets  of  spinnings  gave  the 
P  P  2 
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)ra    in    the    following    table    u    theic    final   corrected 


Bp»dint«U> 

utot  ot  atuduTl  mt 
18- (unit  10*  CO.  a.). 

ComcUon  propw- 
tl«ulUnu>nof 

CoiHeUdltaItt' 

■UMOfaUudud 
(imltlO«CO,B.), 

60 
45 
36 
30 

23619 
23-621 
23-630 
23-638 

■006 

■on 

■018 
•025 

23-613 
23-610 
23-612 
23-613 

Uew  23-627 

Mean  23'612 

TUna  of 
B.A. 
Unit. 


The  result  of  thin  set  of  experiments  was  tsken  as  that  with 
which  the  B.A.  standards  should  be  compared.  Another  series 
made,  however,  gave  practically  the  same  result^  viz.  23-616x10* 
C.O.B.  units  as  the  resistance  of  the  stacdard  coil  at  13°. 

A  careful  comparison  of  the  resistance  of  the  standard  ooil 
with  the  B.A,  unit  gave 


23'6]2  X  10"  C.Q.8.  uni 
or  1  B.A.  unit  = 


B  of  resistance  ■=  23-9348  B.A.  i 
■98651  X  10*  C.G.8.  units. 


Method  of  Lord  Bayleigh  aud  Mrs.  Sidgvick  have  made  a  very 
careful  determinatioD  of  the  value  of  the  B.A.  unit  of 
reaistance  by  the  method  of  Lorenz.  A  disk  of  metal 
touched  near  its  centre  and  at  He  cirtjumference  hy  the 
termiitala  of  a  conductor  waa  spun  round  ita  axis  of 
figure  at  a  uniform  observed  speed,  in  the  magnetic 
field  of  a  coaxial  coil  carrying  a  current.  The  electro- 
motive force  produced  in  the  circuit  thus  formed  was 
balanced  by  the  difference  of  potential  between  the 
terminals  of  a  resistance  through  which  fiowed  the 
current,  or  a  known  fraction  of  the  current  producing 
the  magnetic  field. 


D,s,i,7ert  by  Google 


METHOD  OF  LOKEHZ  6S1 

Supposing  (he  disk  touched  at  ita  centre,  the  total  '^®"i^,''' 
chaoge  in  the  flux  of  induction  through  the  circuit  in 
one  tnm  is  equal  to  the  induction  produced  by  the  coil 
through  the  circular  ed^e  of  the  disk,  or  if  Jf  denote 
the  mutual  inductance  of  the  coil  and  this  circle,  and 
7  the  current,  it  is  My.  If  »  revolutions  of  the  disk  be 
made  per  second  the  electromotive  force  is  nMy.  This 
is  balanced  by  the  difference  of  potential  By  between 
the  terminals  of  a  conductor  of  resistance,  B,  and  so  we 
have 

B^nM (36) 

M  is  calculated  from  the  known  data  of  the  coil  and 
thna  B  is  found. 

In  no  practical  case  cnn  «.¥  be  large,  and  therefore  R  innst  ba  Lord  Eay- 

Bmali,  and  a  difficulty  arisea  on  this  account  in  the  carrying  out    ^^'^  ""d 
of   the   method.     This   wag   overcome   in   Lord    Rayleigh   and  g  j^lj... 
Mre.  Sidjjwick's  experimeme  by  arranging  that  the  main  current    '^Zl~ 
Bliould  flow  nlongJC  {Fig.  131),  through  a  resisUnce  a  email     m^tit.' 


Fto.  131. 


□ompnred  with  the  reiistance  c  between  J  and  B,  while  at  the 
two  points  S  and  0,  including  a  resietance  i  also  Email  compared 
with  a,  the  terminals  connected  with  the  revolving  diak  were 
applied.  Thus  6  wae  the  resistance  which  was  evaluated  by  the 
experiment.  The  connections  at  A,  B,  C  were  made  by  means 
of  mercury  cup*. 

The  main  ourrent  being  y,  and  no  current  flowing  in  the 
circuit  applied  at  BO,  the  current  throueh  A  B  C\i  yajla+i+c). 
Hence  the  difTerence  of  potential  between  B  and  C  wae 
ya6l(fl  +  6  +  e).     This  was  therefore  the  electromotive  force 
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generated  bf  the  motion  of  the  diok.    It  will  be  convenient  to 

regard  it  as  tlie  iliflerence  of  potential  produced  bj  the  current 

7  between  the  ends  of  a  conductor  of  resiBtance  abl{a  -\-  b-\-  e). 

Arcanga-       The  pair  of  coils  used  by  Glazcbrook  in  his  determination  of 

ment  of    the  ohm  (see  above,  p.  643)  were  employed,  and  were  at  first 

Appara-    placed  close  together  with  the  dlak  between  thein,  so  as  to  give 

*"'-        a  maximum  inductive  effect     The  axle  was  mounted  vertically 

in  the  frame  already  used  for  the  spinning  coil  dpt«rminationH, 

BO  that  the  Brrang-euients  then  used  fur  diiving  and  measuring 

the  spend  were  available  also  in  the  present  case. 

The  diaraeter  of  tlie  disk  was  about  -6  of  tlint  of  the  coils. 
This  size  was  chosen  as  on  the  one  hand  it  was  not  desirable  to 


Fio.  132. 


have  any  part  of  the  disk  near  the  wire,  on  account  of  the  more 
rnpid  variation  tliere  of  the  magnetic  induction,  and  the  con- 
sequent greater  imporlance  of  errors  in  the  estimation  of  the 
radius  of  the  coils  or  disk,  and  on  the  other  hand  too  small  a 
radius  rendered  the  arrangement  insensitive. 

After  Bome  trials  it  was  decided  to  make  tlie  edge  cylindrical, 
and  to  make  the  edge  contact  by  a  brush  of  fine  copper  wires 
placed  tangentially  to  the  edge  and  amalgamated  with  tnoKxay. 
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The  arrangement  of  the  spparatna  in  shown  diagrammatic  ally 
in  Fig,  132.  The  battery  A  is  connectat)  with  a  mercury  cnp 
commutator  B,  by  whicn  the  ourrent  can  be  sent  in  eitlier 
direction  through  S.  Ria  here  taken  as  a  simple  conductor,  but 
the  ehunt  arrangement  was  of  course  used,  and  R  may  be  token 
as  standing  for  the  resiatance  ail(a  -\-  b  +  e). 

The  terminals  F  and  H  attached  to  the  centre  and  circum- 
ference of  the  disk  were  connected  with  a  mercury  revereing  key 
/,  and  in  one  of  them  wap  included  a  reflecting  galvanometer  0. 
From  /  the  wiree  of  the  diRk  circuit  proceeded  to  the  terminala 
of  if,  one  of  them  however  having  included  in  it  a  portion,  JK. 
of  a  circuit  containing  a  sawdiiHt  Daniell  L,  and  a  resistance  coil 
of  100  ohraa. 

The  latter  circuit  waa  designed  to  balance  the  effect  of  thermo- 
electric force  at  the  sliding  contacte  of  the  brush  on  the  disk, 
and  the  inductive  effect  of  the  earth's  magnetio  field  in  which 
the  disk  rotated,  which  would  have  given  a  current  through  the 
eliding  contacts,  thereby  bringing  these  reaietancea  into  the 
account  The  function  of  the  galvanometer  6  was  to  teat  tUe 
balance,  and  that  required  when  the  disk  was  rotated. 

The  battery  and  frame  carrj[ing  the  disk  were  insulated 
from  the  ground,  and  ttie  coils  insulated  by  ebonite  aupporta, 
and  for  detinitenesB  one  point  of  the  galvanometer  was  con- 
nected to  earth  at  S.  It  was  found  t£at  there  waa  no  error 
from  leakage. 

In  the  carrying  out  of  the  experiments  the  test  of  perfect    Mode  of 
balance  of  the  electromotive  force  of  the  diak,  together  with    Carrying 
the  thermo-electric  force  and  inductive  action  of  the  earth's  field,        ont  ^ 
above  referred  to,  waa  absence  of  deflection  of  the  galvanometer     Eiperi- 
needle  when  the  battery  current  waa  reveraed.    It  waa  not  how-     in«nt8. 
ever  thought  desirable  to  seek  accurate  balance,  but  to  make 
observations  of  the  effect  on  the  galvonometer  reading  of 
reversal  of  the  battery  current  wi^  a  reaistance  if,,  very  little 
different  from  that  (11)  needed  for  balance.     After  a  eeries  of 
readings  had  been  taken,  A,  was  changed  to  R^  which  waa  such 
that  the  same  reversal  of  the  current  was  accompanied  by  a 
galvanometer  deflection  of  opposite  sign  to  the  former.     The 
two  seriee  of  results  gave  B  by  interpolation. 

To  eliminate  progresaive  change  in  the  battery  electromotive 
force,  the  observations  for  ii,  were  interapereed  with  those  for 
R^  As  soon  aa  each  aeries  of  results  had  bean  obtained  for  one 
direcUon  of  driving,  the  driving  cord  was  reversed  and  a 
similar  aeries  of  observations  made. 

Preliminary  triela  proved  that  the  shunt  arrangement  repre- 
aented  iu  Fig.  131  was  faulty.    The  pieces  dipping  into  the  cup 
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Shunt      C  were  moved  from  day  to  day  to  verify  the  contacts,  and  the 

Arrausc-   fact  was  overlooked  that  ae  tlie  main  current  alao  traversed  C,  a 

iDBnt  for    Biuall  change  in  the  positionH  of  tiie  contJicte  might  make  a  con- 

*'*"'*''     aiderable  difference.     For  any  uncertainty,  even  of  very  amall 

.   .""?       absolute  amount,  would  affect  both  a  Kaa  b,  which  were  amall, 

E  M^p'^of  """^  therefore  seriously  abjifl  -\-  b  -\-  c). 

'  Diak  "^^^  arrangement  shown  in  Fig,  133  waa  accordingly  adopted. 

Two  cnpa,  J,  D,  were  connected  by  two  1  unit  coils,  through 

which  the  main  current  flowed,  nhile  two  other  mercury  cups, 

£,  C,  received  tlie  galvanometer  terminals  of  the  disk  circuit, 

CvaB  connected  with  1)  by  a  stout  rod  of  copper.     A  reeistance 

box  B  was  placed  as  a  shunt  across  A  to  enable  the  resiatance 

of  the  shunt  to  be  adjusted. 


Arrange-  Two  aeries  of  results  were  taken  with  the  coils  close  together, 
meat  of  and  a  third  series  with  the  coils  separated  to  a  position  in  which 
Coils  to  the  disk,  midway  between  them,  was  so  situated  that  the  in- 
diniiniiih  duction  through  it  was  as  nearly  aa  possible  independent  of 
Effect  of  variations  of  the  mean  radius  of  the  coils.  That  there  was  such 
Error  in  g  position  is  clear  from  the  fact  that,  for  given  values  of  the 
-^l"°  radius  of  the  disk  and  the  disUnce  of  the  plane  of  the  disk  from 
^'**^"'*  the  mean  plane  of  eitlier  coil,  the  induction  is  zero,  both  when  the 
mean  radius  of  the  coil  is  0  and  when  it  is  infinite.  Hence  there 
was  some  value  of  the  mean  radius  of  the  coils  for  which  the 
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induction  was  a  maiimuni,  and  at  which  therefore'  the  rata  of 
Tsriation  of  if  with  change  of  tneau  radius  was  zero. 

For  this  purpose  the  coils  were  separated  by  distance -pic  res 
of  proper  size  ;  and  to  eliniintite  uncertainty  as  to  the  poxitiun 
of  the  jnean  planea  relatively  to  the  bnbbiDH,  after  one  set  of 
observations  had  been  completed,  the  bobbins  were  reversed  on 
the  distance-pieces,  and  another  set  of  observations  taken. 

The  dimensions  of  the  ooile  are  given  above  (p.  643),  and  (he 
distance  of  their  mean  planea  apart  in  the  close  position  W"S 
S'276  cms.  In  the  separated  positions  the  distances  apart  of  the 
mean  planes  were  30'6!il  cms.  and  30'TIO  cma.  respectively. 

The  diameter  of  the  disk  wdb  measured  by  callipers,  and  ite 
circumference  by  a  steel  tape.  It  was  found  that  the  edge  was 
Bligbtly  conical,  and  it  was  estimated  that  the  mean  diameter  at 
the  contact  of  the  brush  wee  31-072  erne.  The  other  contact 
was  made  at  the  shaft,  and  the  diameter  of  the  circle  of  contact 
there  was  2-096  cms. 

The  coefficient  of  mutual  induction  was  calculated  first  by  the 
elliptic  integral  formula  (by  aid  uf  tlie  tables  given  in  the 
Appendix)  for  two  circles  of  radius  equal  to  the  mean  radii  of 
either  coil  and  dink,  and  atadistance  apart eiiual  to  the  distance 
of  the  mean  plane  of  the  coil  from  that  of  the  disk.  Then  the  , 
croes-section  of  the  coil  was  taken  into  account  by  the  formula 
of  quadratures  given  above  (p.  403). 

If  a,  gl,  be  put  for  the  rmdii  of  the  coila  and  disk  respectively, 
and  X  for  the  distance  apart  of  the  mean  plane  of  the  coil  and 
of  contact  on  the  disk,  ib  and  2i  the  axial  breadth  and  radial 
depth  of  the  coiN,  and  Miflf  a*,  x)  the  result  for  the  two  circles, 
the  results  in  cms.  per  turn  of  wire  were  as  follows  :~ 


Coibs 


=  25-760  cms. 
-      -948  cm. 


y  - 10-636  cms. 
d  -      -955  cm. 


Distance 
Coils. 


Calcnla- 

Hutnal 
Indoct- 


M{a,  d,  x)  -  215-4674 
if(a  +  at,fl',i)  =  205-1917 
if  (a  -  rf,  fl-,  ar)  =  226-9e36 

if  (a,  o',  *  +  *)  =211-7246 
Mifi,  i/,x  -  b)  =  217-6972. 

Adding  to  twice  the  first  of  these  values  the  sum  of  the  others, 
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and  taking  }  of  the  reeull,  the  STerag*  valne  of  M  for  one  tarn 
of  wire  was  givoo  by 

M  -  815-405. 

When  the  coils  were  Mparated  by  the  infiertion  of  diBtance- 

SiecoB,  eo  that  x  —  15-3478  cms,,  without  change  of  the  other 
ata,  the  CorreepoDding  values  found  were 

M{a,a',t)  -  110-9340 

M(a  +  d,a',x)  -111-2B73 

M{a  -d,a',x)  -  110-2443 

if  (a,  0'>«  +  i)-iO4'5S71 

if(fl,fl',i-  i-  117-6579 

which  gave  (again  for  one  turn) 

if- 110-936. 

EITectof       The  effMt  oF  errors  in  the  measurement  of  a,  o',  and  x  can  be 
Errors  in    eatiinated  by  the  formula 
Mea*nre- 

mentor  Bif  SM ,,    ,    dll  , 

CoiU.  ''^--Bi*'+9^*^+9i'^' 

conjoined  with 


which  holds  because  the  ezpreBtion  for  M  is  homogen 
a',  X.     Writing  the  last  equation  in  the  form 

X  +  ^  +  r  =  1, 
we  have  for  the  first 

dM      ■.  da   ,      da'  ,     dx 

If-^^  +  '^+T 

Now  we  may  take  it  that  approximately 

.       Mja  +  d,e;x)'  M(fl-d,a,  i)  a 

'' Id  M' 

and  similarly  for  fi,  r. 


D,s,i,7ert  by  Google 


METHOD  OF  LORENZ  687 

TliDs  for  tlie  caee  of  tbe  coiU  near  together 

X-"-l'36,    ^=--02,    »-2-3B, 
and  for  that  of  the  aepftrated  ooile 

X-I23,    /i-~-956,    v=  1-833. 

Thus  in  the  former  case  the  importance  of  an  error  in  the 
estimation  of  a  ia  of  rather  more  than  half  the  importance  of  an 
equal  proportional  error  in  x,  while  an  error  in  the  estinjation  of 
a'  is  relatively  nnimportanL  On  tite  other  hand,  by  the  aepara* 
tion  of  the  coils  the  importance  of  an  error  in  a  is  diminished  to 
about  1/11  of  its  former  amount,  while  that  of  an  error  in  a*  ia 
enhanced.  Tlie  numbers  show  that  the  stparution  had  been 
carried  rather  beyond  it?  proper  amount. 

From  the  vulues  of  M  in  both  casea  bad  to  be  subtracted  Deduction 
t)ie  port,  M^,  say,  corresponding  to  the  small  circle  touched  by  for  Induct- 
the  inner  bruali.  The  area  of  thie  circle  was  ^x  2-096*;  and  anec  over 
therefore  taking  the  magnetic  force  at  the  centre  of  the  disk  due  Circle  of 
to  unit  current  in  the  coil  of  mean  radius  a  as  a  sufficiently  near  ^"tenial 
approximation  to  the  average  induction  over  tbia  circle,  we  get    *^'''*^t- 


Tliis  was  equal  to  -836  in  the  first  case  and  to  -£34  in  the  other. 

The  resietances,  the  arrangement  of  which  is  shown  in  Fig. 
133,  were  the  same  in  all  three  series  of  experiments.  The  coil 
6  was  of  German  silver  and  had  a  resistance  of  A  unit  nearly, 
tho  resistance,  a,  between  A  and  D  was  made  up  ot  two  standard 
single  units,  and  7  or  8  B.A.  units  from  the  resiatance  box  all  in 
multiple  arc. 

In  the  lirst  aeries  of  eiperimentfl  C  was  a  [10],  in  the  second    Comnarl- 
[10]  +  [6]  +  [1],  and  in  the  third  series  [10]  +  [6]  +  [5-].    The      „n^ 
resiatances  of  the  single  units  were  already  known,  the  others,    Absolute 
tliftt  is  tliB  [101  [H  {fij.  [A]'  li»'^  to  be  carefully  compared  with      Beiiat- 
standard  B.A.  unite.     Tlie   [6]'s  were  compared   by  comparing   enee  with 
first  one  of  them  with  5  units  in  series,  and  then  the  two  [5]'h  B,A  Unit. 
with  one  another ;  afterwards  the  sum  of  the  two  [b\a  was  com- 
pared with  the  [10],  the  value  of  which  was  found  by  a  special 
process. 
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Bridge  Ar-      Three  Germnn  silver  coils  of  about 
rHDgement  gajne  tube,  had  their  ends  arranged 
for  Cora,    (jni-y  cups  be  put  either  in  multiple  i 
panaon  of  ^^jg  jj,  ^  ^^^  gn,„|i  interval  ot  tit 
„  ''.T"      tiie  othpr.     In  multiple  arc  they  we 
with  Stan.  ['1  '"^  ^""".i  "  J'"*  *  "S'stonc 
dard.       **"*  "'"'  '*P"'ly  changed  to  aenei 
very  nearly  0  {1  +a).     The  standard  ^ 
reHistance  became  10  +  So.     This  wai 
the  value  uf  whi'h  wae  to  be  foand. 
ft  then  [10]  =  10  +  8a  +  ft 


3  units  each  wound  on  tlio 

0  that  they  could  by  mer- 
:c  or  in  series,  and  a  change 
a  frOTH  one  arrangement  to 
s  compared  with  a  standard 

1  1  +  a.  The  arrangeitinnt 
and  the  reaistance  became 
.nit  was  row  added,  and  the 
s  compared  with  Ihe  [10], 

If  there  wan  a  difference 


Tbe  [1/10]  was  determined  ae  follows.  Two  standard  unite, 
the  [10]  and  the  [1/10],  were  joined  as  shown  in  Fig.  134  as  a 
Whealstone  brioge,  in  whicn  the  battery  and  galvanometer 
terminals  were,  as  shown,  brought  into  direct  contact  with  those 
of  the  [1/10]  in  the  mercury  cups.  A  resietanre  box  containing 
colla  up  to  10000  waa  placed  in  multiple  arc  with  one  of  the 
units  to  enable  the  latter  to  be  adjusted  to  balance  with  all 
neCBBsary  accuracy.  The  four  coils  were  so  nearly  in  proportion 
that  a  resistance  of  several  hundred  units  was  required  from  the 
box  to  give  balance,  so  that  the  delicacy  of  the  Hrrnngement  was 
very  great. 
[  As  a  specimen  of  the  results  showing  the  mode  of  applying  the 
various  corrections  the  table  of  results  given  for  the  second 
series  of  experiments  with  the  coils  near  together  is  here 
reproduced. 
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The  firat  serieB  gave  R  =  -0O443407  x  10»  B.A.  unite ;  henc« 
the  ratio  of  the  B.A.  unit  tu  10*C.O.8.  units  of  resistance  being  x, 
the  dbeolute  value  of  fl  was  r  x  -004*3407  x  10"  C.S.S.  But  tlie 
value  of  if  was  Jf,  multiplied  by  the  number  of  turai  in  the  coil 
(IS88),  and  n  the  numW  of  revolutiune  per  aecuiid  =2  x 
frequency  -t-  number  of  teeth  Htationary  on  card.  Bence  liy  (36} 
for  die  first  series,  since  n  =  128-407/10, 

«  X  -00443407  X  10»  =  128407  X  214  669  X  1688 

or  «  H  -98674. 

.r  it  n  -  129-340/16  and 

214-669  X  1568  X  129-340  ^  .„,.„ 
"■     -00-279167  X  10"  X  Ifi 

In  the  third  aeries  n  =  129-340/10,  and  S  -  -00229762  X  10», 
BO  that  from  it 

,  -  1'0'392  X  1668  X  129-340  __  ...  „. 
■      -0U229762  X  10*  X  10      " 

Taking  the  mean  of  the  6rat  two  results,  and  giving  it  the  same 
weight  as  the  last  Lord  Rayleigh  found  as  the  final  result  of  the 
investigation, 

1  B.A.  unit  =  -98677  x  Iff  C.G.a 

With  the  value  of  the  specific  resistance  of  mercury  in  terms 

of  the  B.A.  unit  found  by  Lord  Bayleigh  and  Mrs.  Sidgwick, 

this  gives  1  ohm  >b  resistance  at  0°  C.  of  a  column  of  mercury 

1U6-214  cms.  long  and  1  sq.  mm.  in  croes-aectioii. 

AhBolate        ^  carefully  planned  and  executed  determination  by  Loreu^'s 

Deter-      method  was  made  in  1891  by  Prof.  J.  V.  Jones,  of  Cardiff,  who 

mination    used   in   the  construction  of  his   apparatus   the  most  accurate 

of  Sp.      obtainable  engineering  appliances. 

Resistance       The  standard  coil  consisted  of  a  single  layer  of  double  silk- 

of  Mor-     (jovered  wire,  -02  inch  in  diameter,  wound  on  a  ttylinder  of  brass 

cary,       about  10  5  inches  in  radiuiv  in  a  screw  thread  of  pitch  -026  inch. 

This  cylinder  was  very  carefully  turned,  and  the  screw  thread 

cut  on  an  accurate  Wliitworth  lutlie,  and  great  care  was  taken 

to  test  the  figure  of  the  cylinder  after  it  was  finished.     It  was 

found  that  the  cross-section  of  the  cylinder,  instead  of  being 

circular,  was  always  slightly  oval,  however  many  cute  were  made 

over  its  surface,  showing  apparently  an  efEect  of  internal  stresses. 
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Filing  of       After  the  screw  bad  been  cut  the  mo«n  plane  of  the  coil  was 
Mean      determined  for  the  after  placing   of  the  disk  in  the  following 
FUne  of    manner.    The  Blide-reat  of  the  lathe  was  made  to  cury  a  V  tool, 
Helix,      and  a  microscope,  so  adjusted  thnt  the  imajj^  of  the  point  of  the 
tool  was  seen  exuctly  at  the  centre  of  tlie  graduated  plate  in  the 
focal  piane  of  tlie  ej'epiece.      When  the  slide-rest  was  moved 
along  tbe  h«d,  the  toot  passed  inside  the  cylinder  while  the 
microscope  remained  outside.    The  guide-screw  of  the  slide-rest 
(of  pitch  '25  inch)  was  turned  by  a  wheel  975  inches  in  radius 
divided  into  360  parts,  and  it  was  possible  to  estimate  the  posi- 
tion of  the  wheel  to  I/IO  of  a  division,     fiy  drawing,  then,  a 
generating  line  along  the  cylinder,  and  reading  on  this  wheel 
the  position  of  the  microscope  when  the  ridges  of  the  first  and 
second  threads  on  this  line  were  focusaed  m  the  lield  of  view. 
then  running  the  microscope  along   the   generating  line,  ana 
taking  in  like  manner  the  readings  for  the  la;-t  ridge  and  last  ridge 
but  one,  the  reading  for  the  mean  plane  could  be  at  once  found. 
The  mean  of  the  first  two  readings  subtracted  from  the  mean  of 
the  last  two  gave  obviously  the  distance  between  the  first  hollow 
and  the  last,  and  half  the  sum  of  these  two  means  therefore  gave 
the  required  reading.    The  tool  was  then  moved  to  this  position 
by  the  wheel  and  guide-screw,  and  a  cut  made  round  the  inside 
of  tlie  cylinder  at  the  plane  thus  found. 
Winding        At  the  intersection  of  the  first  and   laat  hollawa  with  this 
of  Coil,     generating  line  small  holes  were  bored  radially  through  the  brass 
of  the  cylinder,  and  were  buxhed   with   parufSned   ebonite  tu 
receive  the  ends  of  the  wire.    The  wire  was  secured  at  one  end 
in  the  hole  there,  and  was  then  laid  on  in  the  acrew-thread  by 
the  lathe,  under  uniform  teneion  given  by  a  weighted  pulley. 
Tbe  ends  of  the  wire  were  secured  by  melted  paraffin  run  into 
the  bushes,  and  blocks  of  ebonite  attached  to  the  cylinder  at  the 
ends  of  the  generating  line,  on  which  the  coil  began  and  ended, 
carried  binding  screws,  to  which  the   ends   of  the   wire   were 
soldered. 
Arrange-        The  arrangement  of  the  apparatus  is  shown  in  Fig.  135.     The 
mcnt  of     disk  was  insulated  from  the  aile  by  ebonite,  and  waa  fixed  oo- 
Disk.       Bxially  as  deacribed  be!ow  in  the  mean  plane  of  the  coil.    It  was 
driven  by  an  electromotor  coupled  direct,  and  was  rotated  in 
position  and  ground  tnie  by  an  emery  wheel  driven  rapidly  by 
an  electromotor.     Its  diameter  waa  measured  by  a  Whitworth 
measuring- machine.     This  canaisted  of  a  graduated  bed  canying 
two  headatocks,  one  fixed  the  other  movable,  along  the  bed,  by 
a  guide-screw  turned  by  a  divided  wheel.    The  distances  used 
on  the  bed  were  compared  with  a  standard  scale. 
A  side  view  of  the  coil,  disk,  atroboscopic  cylinder,  Ac.  (for 
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explanatioD  of  reference  letters  eee  Fifr.  1S5),  ia  given  in  Fig. 
136,  end  ad  end  view  showing  the  disk  and  edge-bruBh,  Q,  in 
Fig.  137. 

The  brush  finnllj  adopted  for  the  edge  of  the  disk  was  a 
single  wire  perforated  by  a  channel,  through  whioh  woh  supplied 
a  email  stream  of  mercuiy.  A  piece  of  copper  an  inch  long  was 
drilled  to  a  depth  of  }  inch,  to  meet  another  hole  at  right  angles, 
which  received  tha  phosphor  wire  brush.  The  perforation  drilled 
along  the  wire  of  the  brush  was  connected  with  that  in  the  copper 

fiiece,  and  an  india-rubber  tube  slipped  over  the  free  end  of  the 
atter  k^t  up  a  constant  supply  of  mercury.    This  gare  a  con- 
stantly fresh   surface  for   contact     The   central  brush  was  fed 
alao  with  mercury  but  more  sluwly. 
3tIethod  of      The  speed  of  driving  was  measured  by  the  strohoecopic  metliod 
Moaanriag  by  observing  one  of  a  set  of  rows  of  teeth,  marked   round  a 
Spaed  of    cylinder,  through  slits  in  brass  plates  attaclied  to  the  prongs  of  a 
Disk,      tuning  fork,  which  vibrated  at  right  angles  to  the  circles  of 
teeth.     Tha  fork  was  bowed,  not  electrically  maintnined  :  the 
number  of  turns  per  sacond  «  was  given  as  in  Lord  Rayleigh's 
experiments  by  n  =  ^IN,  where  /  is  the  frequency,  and  N  the 
number  of  teeth  in  the  stationary  circle. 

The  pitch  of  tha  fork  was  determined  by  driving  the  cylinder; 
keeping  a  row  of  teeth  stationary,  and  causing  die  cylinder  by 
means  of  a  lever  to  make  and  break  a  battery  circuit  every 
revolution,  so  that  for  about  half  the  time  of  revolution  the  con- 
taot  was  made  and  for  the  other  half  broken.  This  registered 
on  a  telegraph  tape  a  series  of  altsrnate  dashes  and  spaces,  and 
on  the  same  tape  a  mark  was  made  once  a  second  by  the  labora- 
tory standard  clock.  The  observations  being  continued  over 
three  or  four  minutes,  iV  and  n  were  obtained  with  accuracy, 
and/  was  deduced  by  the  equation/^  JnW. 
Arrange-  ^e  resistance  used  for  balancing  the  electromotive  force  of 
ment  of  the  disk  was  a  column  of  mercury,  fo  that  the  expariment  gave 
Mercury  the  specific  resistance  of  mercury  directly.  The  mercury  was 
ColutnD.  placed  in  a  long  rectangular  trough,  Fig.  138,  carefully  cut,  as 
described  below,  in  paraffin  by  machinery,  and  two  electrodes 
dipped  into  the  mercury  at  some  distance  from  the  ends  of  the 
trough.  One  of  these  electrodes  was  kept  fixed,  the  other  waa 
attached  to  the  movable  beadstock  of  the  Whitworth  measuring- 
machine,  by  which  its  position  was  altered  by  tha  difference  of 
distance  between  the  electrodes  necessary  for  two  different 
speeds  of  the  disk.  Thus  the  difference  only  of  two  distanoea 
between  the  electrodes  ^and  this  could  be  obtained  with  accu- 
racy) was  used  in  deducing  the  final  result  For  if  n,.  n,,  be  the 
two  speeds  of  rotation  of  the  disk,  p  the  specific  resistance  of 
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mercury,  A  the  oroas-section  of  the  column,  and  I  the  distance 
between  the  t«o  poeitiona  of  the  electrodes, 

^p  =  if(n, -nj) (37) 

The  cipillary  depression  at  the  sides  of  the  trough  was  allowed  Elimina- 

for  by  takinr  observations  for  two  different  depths  of  mercury  tjon  of 

in  the  trough.    For  if  A^  be  the  change  in  ares  produced  by  Voeer- 

increaeing  the  depth  from  k  to  A',  n„  n,,  I  the  speeds  of  rotation  ^^^"^ 

and  difference  of  lengths  of  column  in  the  first  case,  n'„  tt\.  V  ^^ 

those  in  the  second,  then  we  hove  by  (37),  asauiaiiig  that  the  j^^' 

groove  is  true  and  the  temperature  the  same  in  both  ezperi-  '' 


or  since  ^A  =  A(V  —  h),  where  b  is  the  breadth  of  the  trough 
and  A',  A,  the  two  depths, 

,.  r''~'h  ■ w 

The  trough  (shown  in  section  in  Fig,  136)  was  cut  in  paraflin    Prepara' 
wax  melted  in  a  longitudinal  groove  left  in  a  atrong  casting  of     tion  of 
iron.     The  wax  was  melted  in  the  groove  and  allowed  to  solidify      Trough 
on  the  surface,  after  which  melted  wax  was  poured  through  a         foi' 
hole  in  the  crust  :to  the  interior  in  order  to  obtain  a  perfectly   Mercury. 
homogeneoaa  niass.    A  channel  was  then  cut  and  covered  with  a 
thin  layer  of  paraffin  to  fill  up  air-holea,  after  which  it  was  recut 
and  act  aped  true. 

A  length  of  10  inches  of  the  trough  woa  used  in  the  experi- 
ments, and  this  was  carefully  calibrated  by  internal  callipers  of 
special  construction. 

Q  Q   2 
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Datarmin-       The  position  of  the  surface  of  the  mercury  was  determined  by 

■tion  of    placing  s  spheroineter  in  a  fixed  position  over  the  trough  and 

Position  of  Bcrewing  down  the  movable  point  until  contact  was  indicated  by 

Mercury    ((^g  completion  of  a  battery  circuit  through  the  meronry  and 

ourtaoe,    point.    The  diviaion  on  the  head  of  the  micrometer  corresponded 

to  1/5040  inch,  and  the  size  of  the  head  allowed  of  an  estiniBtion 

of  tenths  of  a  division.    Successive  measureuients  did  not  differ 

by  more  thnn  1/20000  of  an  inch  when  the  point  was  kept  clean 

by  being  carefully  wiped  with  filter  paper,  and  sparking  was 

prevented  as  far  as  posxible  by  including  a  large  resistance  in 

the  circuit  and  breaking  the  circuit  before  removing  the  point 

from  the  mercury  after  a  reading. 

Tlw  temperature  of  the  mercury  in  the  trough  was  determined 
by  two  thermometers,  one  at  each  end  of  the  trough.     A  third 


ObservH.    thermometer  was  placed  between  the  prongs  of   the  speed- 
tion  of     measuring  fork.     These  thermometers  were  corrected  by  com- 
Teinpflra-   parison  at  Kew 
ture  ot         To  prevent  warpmg  of  the  trough  by  change  of  temperature, 
Column,    jjjj  tQ  make  a«  certain  as  possible  that  the  mercury  in  contact 
with  the  poorly  conducting  waz  should  be  alt  at  one  tempera- 
ture, the  temperature  nas  kept  as  nearly  constant  as  possible  by 
enclosing  the  trough,  Ac    in  a  wooden  box  covered  with  felt 
paper,   and  protected   round   about   with    felt    curtains.      The 
tbermometera  were  read  through  windows  in  the  box  by  lifting 
the  curtain. 

The  galvanometer  used  to  test  for  balance  was  s  Thomson 
reflecting  galvanometer  of  -96B  ohm  resJBtance,  the  needle  of 
which  was  carried  by  a  quartz  fibre  13  inches  long. 
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The  BxiB  of  rotation  wai  placed  at  right  angles  to  the  magnetic 
meridian,  so  that  the  plane  of  the  disk  mi^ht  be  in  tlie  meridian 
and  thus  avoid  any  current  due  to  earth  induction.  When  tiie 
diak  was  rotated  without  current  in  the  etandard  cnil  any  die- 
placement  of  the  light  spot  could  be  annulled  by  a  alight  move- 
ment of  a  compensating  magnet  on  the  table. 

The  bearinga  of  the  disk  were  made  as  nearly  ae  poseible     Adjust- 
perfectly  true,  and  were  each  provided  with  a  sight-feed  lubri-     ment  of 
catoT.    The  disk  was  adjuatod  in  position  ia  the  coil  by  arran^-    the  Disk 
ing  an  arm  to  fit  upon  the  disk  so  that  a  carefully  scraped  face    p    |°. 
on  th«arm  ahonld  be  a  proloneation  of  the  mean  plane  of  Ihe    '^°*>"^'>' 
disk.     The  coil  was  tlien  placed  in  position  so  that  the  outeide 
edge  of  this  face  should  travel  ronud  the  interior  circle  cut  in 
tlio  mean  plane  of  the  coil  as  already  described. 

The  mercury  trough  was  carefully  levelled  and  adjusted  Adjust- 
parallel  to  the  bed  of  the  measuring  machine.  The  last  adjust-  ment  of 
ment  was  made  by  attaching  to  the  movable  headstock  a  cylinder    Trough. 

E rejecting  vertically  downwards  into  the  trough,  running  the 
eadstock  from  end  to  end  and  testing  at  the  extremities  the 
distance  from  the  cylinder  to  the  same  side  of  the  groove  by 
pushing  a  wooden  wedge  lightly  between  them.  Further,  by 
making  the  wedge-reading  the  same  on  both  sides  of  the  cylinder, 
the  headstock  was  adjusted  so  that  when  an  electrode  was  sub- 
Btitnted  for  the  cylinder  it  dipped  into  the  medial  plane  of  the 
mercury  column. 

A  slight  direct  effect  on  the  needle  prodnced  by  the  current 
was  observed,  and  was  compensated  by  placing  a  coil  of  three 
tuma  of  the  battery  wire  close  to  the  needle. 

Tlie  insulation  of  the  wire  of  the  coil  from  the  bobbin  and  of 
the  disk  from  the  axle  were  tested  and  found  satisfactory. 

Lord  Rayleigh'a  plao  (p.  683  above)  of  taking  two  sots  of  gal-    Uode  of 
vanometer  readings  for  each  equilibrium  position  was  followed,     making 
One  set  gave  the  change  of  galvanometer  reading  for  reversal  of    Observa- 
current  when  the  resistance  was  slightly  below  that  required  for      tioos. 
balance,  the  other  set  the  corresponding  change  when  the  resist- 
ance was  a  little  above  the  proper  current     To  eliminate  uncer- 
tainties owing  to  variations  of  apeed  and  of  the  bmah  contacts, 
a  number  of  reversals  were  quickly  taken  for  each  resistance  and 
combined  to  give   a  mean   result.      The  readings  were  taken 
without  waiting  for  the  needle  lo  come  lo  rest,  but  elongations 
were  observed  which  with  a  previously  determined  damping 
coeflicient  enabled  the  position  of  rest  to  be  calcolated. 

The  dimensions  of  tue  coil  and  disk,  and  the  calcnlation  from  Calcula- 
them  of  the  mutual  inductance,  Af,  are  given  at  p.  S14  above.  It  tiou  of  if. 
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only  remaina  to  Btate  the  mode  of  reduction  of  the  obBerratioiiB 
and  the  final  result, 
K«ductiaa  If  pt  and  At  be  the  specific  reaigtance  of  mercury  and  the  crog«- 
of  RatnltB,  aectton  of  the  column  at  temperature /,  and  p,A,  the  aame  quan- 
tities at  16°'&,  to  which  the  reeulta  were  in  tbo  first  inatance 
reduced,  £  the  diatsDce  between  the  eleotrodesinanj  equilibrium 
position,  then 

ifn  =  ^'. 

Tempen-       Now  if  /  be  the  frequency  of  the  fork  at  the  standard  lem- 
ture        neraturo   IS'S,   and  /»  the   (reiinenoy   at    temperature   6,  we 

tiona.  y^    yu  + 1  (g-»5°S)( 

JV""  JV  ' 

where  k(=  — 'OOOll)  was  a  temperature  coefficient.    Also 

where  a  is  the  temperature  coeOicient  for  the  specific  resietaticei 
and  y  the  coefficient  cubical  dilatation  of  mercury.    Hence 

If  °j{i+y{i-it'a)i 

=  -^(l  +  (a-y)(t~15--5)|, 


1  +  t  (fl  -  15°-5)  +  (y - o)  (t-  15'-B) 


If  now  Ap  be  the  difference  of  two  values  of  r  for  equilibrium 

pOsitioDB  separated  by  an  interval  Z, 

p  =  2A(/"At 
ifi  =  A»/i. 

T'vo  obserTBtions  were  made  with  the  mercury  at  different 
levels  h'  and  h  to  eliminate  error  from  capillarity.  Calling  the 
two  values  of  Air/l  for  these  observations  «',  s,  and  the  areas  of 
croas-aection  of  the  trough  A',  A,  we  have,  if  b  be  the  mean 
breadtli  of  the  trough  over  the  length  used, 
A--A=b{h-h), 
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BO  that 

and  from  this  tho  ppecifio  resistance  of  mercury  at  IS'-S  waa 
calculated. 
The  coefficient  a  was  obtaioeij  from  the  formula 

2(,- J!^{1  + -000864^+  ■00000112/*)  ■  •  -  (40) 
given  by  Maacart,  do  Nerrille,  and  Beooit  for  the  resiatance  of 
B  column  of  mercury  at  /<>  in  a  glaea  tube.    Thua 

J^u-*  -  -S.  X  1013676 
and 

JI.-/f.fl  +  («-|8)/} (41) 

where    H    ia    the   coefficient  of   cubical  ezpanaion  of    glass 

(-KWOOOS).    Thus 

(a~j9)x  16-6-  -oiaeTS. 

a  X  15-5  -  -013199. 
This  gave  the  mean  value  of  a  from  0  to  16°'6  which  was  used 
to  obtain  tlio  apecific  reeiatnnce  of  mercury  at  0°  from  its  value 
"■  a  thus 


at  IS^'S.     The  equation  of  reduct 

Pi6.  =  PqX1013 (42) 

Tho  value  of  a  at  15°'6  or  a^  ^  woa  obtained  by  calculating 
from  (40)  above 

—'  =  //,  X  (-0008649  +  -00000224  X  15-6) 

=  B„X  -00089962. 
But  by  (41) 

^  =««(«.«.. -3) 

and  therefore 

aui  =  0009076, 
which  waa  used  to  correct  the  eipetimental  results  for  Ihe  small 
differeneea  between  IS'-S  and  the  observed  temperatures. 

Tht)  final  result  of  five  sets  of  experiments  gave  Final 

p  =  94067  CG.a  ^i"'ri°' 

as  the  reaislance  at  O'  C.  of  a  column  of  mercury  one  square     meuls. 
centimetre  in  crosB-sectiou  and  one  centimetre  in  length 
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Realized        Acuordini^  to  this  result  the  ohm  is  equal  to  the  rcaiatance  at 

™iie  of    0'  of  J  column  of  mercury  106-307  centiraetreH  long  and  one 

Uhm  R9     square  millimetre  iil  oroa  a -section. 

Column  Joule's  method  ia  in  priaciple  very  simple.  SupposiDg 
Method  of  a  current  of  strength  7  to  flow  through  a  wire  of 
resistance  It  for  a  time  t,  a  quantity  of  energy  yS^t  is 
spent  in  the  conductor.  This  is  expressed  in  ergs  if  y 
and  R  are  taken  in  CO. 8.  units  and  t  in  mean  solar 
seconds  of  time.  If  ^  he  the  heat  generated  in  the 
conductor  in  that  time,  then  if  J  he  the  work  equivalent 
of  the  unit  of  heat,  we  have 

and  „      Jff 

^-¥'- 

The  ahsolute  measurement  of  the  current  might  he 
made  with  sufficient  accuracy,  though  it  is  of  very  nearly 
the  same  order  of  difficulty  as  the  determination  of  the 
ohm;  but  there  are  also  involved  exact  calorimetric 
determinations  which  require  great  care  and  skill. 
Over  and  above  all  these  is  the  determination  of  ./'with 
an  accuracy  equal  or  superior  to  that  to  which  it  is 
required  to  find  the  ohm,  say  to  1  in  10000.  This 
would  be  a  research  of  difficulty  far  transcending  that 
of  the  measurement  of  absolute  resistance  by  most  other 
methods. 

For  descriptions  of  other  methods,  the  reader  may 
refer  to  Wiedemann's  Mektridtat,  Band  i,  2"  Abth. 

It  has  been  proposed  by  Prof,  Carey  Foster*  to 
modify  the  method  of  revolving  coil  by  rotating  the 
coil  on  open  circuit  and  applying  to  its  terminals  at 
•  B.A.  Report,  1881. 
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the  ioBtant  when  the  inductive  electromotive  force  is  a     Cne^ 

maximum  a  difference  of  potential  et]ual  aod  opposite   uo^iQca- 

to  that  then  ezistin?  at  the  terminals  of  the  coil.    This  ,,1*™  "' , 

,    *      .  Metbodof 

Will  not  be  exactly  the  instant  at  which  the  coil  passes  Berolvmg 

through  the  meridian,  as  on  account  of  the  capacity  of      *'"''■ 

the  conductors  a  certain  retardation  of  phase  will  exist 

This  applied  difference  of  potential  may   be   that 

existing  between  the  terminals  of  a  condnctor  in  which 

a  current  7  is  flowing.     The  current  is  measured  by  a 

tangent   galvanometer   of  principal   constant   0,  and 

therefore  has  for  absolute  value  S  tan  ajG ;  so  that  the 

applied   difference  of   potential  is  BS  tan  a/ff.     The 

iudaced  difference  of  potential  has  the  value  ASm 

only.    Assuming  J?  to  be  the  same  for  the  revolving 

coil  and  the  galvanometer,  we  have  therefore 

a* 
Jt  =  GAw  cot  a  =  2Tr*nn'(a  -^cot  a, 
a 

if  a  be  the  mean  radius  of  the  revolving  coil,  a'  that  of 
the  galvanometer,  n,  n',  the  numbers  of  turns  in  the  coils. 

Thus  error  of  measurement  of  the  mean  radius  a  is  of 
twice  the  importance  of  equal  proportional  error  in  a'. 

The  main  advantage  of  this  method  lies  in  the 
elimination  of  self-induction,  as  the  current  is  almost 
zero  at  each  instant.  In  its  practical  use  error  from 
thermo-electric  force  at  the  rubbing  snrfaces,  and  from 
mutual  induction  between  the  wire  circuit  and  secondary 
circuits  in  the  ring  currents  would  have  to  be  guarded 
against. 

The  method  does  not  seem  to  have  been  applied  to 
a  complete  determination  of  absolute  resistance. 
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Table  of  The  foliowing  table  extracted  mainly  from  a  Report  on  the 
Collected  'Absolute  Reeiatance  of  Mercury'  bj-  R.  T.  Glazebrook  (J9rit 
R^Bolta,    jitm.  Stport,  1891),  contains  the  principal  reaults  obtaineil  since 


Q.  WiadamMm    ButhlndDctu... 

«"■". r"i"ir?'i 

Kohlraaicli DdDplng  of  KKsnct 

aiuebroak  „.      Indnctd  Carnnta 

lDdDC«d  CDnenU 

nlk«>  ...      UeUiodDrLDnDi 

ItBUiDd  of  Loiani  - 

Inilnc*4  CumnlB 

RolmtlngCaU    .~ 

IndHoad  CntT*nt« 

(  Di.nirlng   of   ■  1 
-    (      M>Lgan ; 


B.A.  nnlt       Obmln 
In  OluDt.       Cnit.  of 


■euii 

■»SM 


lM-31 


'HliDitedt     .„    ... 


I  bAen  decided  <1B»3)  bT  tbe  Britlah  ABaoclstlon  Committee  od  E]t«tiinl 
rda  14  dsflne  tb<  ohm  for  pncticil  purposFB  lU  tb*  miatuiL-e  nt  tf  of  k 
1  coluiBn  ot  merenrr  nelgfitng  H-i6Bl  granin.M,  in  ■  tube  1088  cim.  long, 
mwpondito  cniu.|iect:an  I  iq.  mm.,  and  denjlt;  of  mercur]'  13*S8M. 
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CHAPTEK  XI 
OOUPASISOS  OF  UlflTS 

The  experimental  comparison  of  the  ordioary  electro- 
static and  clectromafpietic  units  of  an  electrical  quantity 
is  of  great  importance  in  the  electromagnetic  theory  of 
light,  as  it  enables  the  velocity  of  propagation,  accord- 
ing to  that  theory,  of  an  electromagnetic  disturbance  to 
be  determined  numerically,  and  compared  with  the 
observed  velocity  of  light  To. make  clear  how  the  Bstioof 
ratio  of  the  two  unite  of  the  same  quantity  is  related 
to  the  velocity  of  propagation  of  electromagnetic  waves, 
we  shall  use  here  one  or  two  illustrations  due  to  Clerk 
Maxwell,  modifying  however  the  mode  of  applying  them 
in  accordance  with  the  more  general  theory  of  dimen- 
sions adopted  in  Chapter  VIIl.  above. 

It  ban  been  shown  (p.  118)  that  the  electromagnetic  iiimtra- 
force  acting  on  an  element  tjs  of  a  conductor  carrying  Velocity 
a  current  7  in  a  magnetic  field  is  By  sin  0dt,  if  B  be  the  °^  .?'*'", 
magnetic  induction  at  the  element,  and  6  the  angle  Electro- 
betweea  the  element  and  the  direction  of  the  magnetic  "j^^^'": 
induction. 

If  the  field  be  produced  by  a  current  7'  on  a  straight      Fint 
conductor  parallel  to  da  at  distance  h  from  it,  we  get  by      ticn. 
integration    of   the    expression  y' aiaff'ds'lr'  (p.    143 
above)  the  expression  Zy'jb  for  the  field  intensity  at  dt 
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due  to  the  current  7',  if  the  conductor  in  which  it  flows 
be  infinitely  long.  Hence,  if  /the  the  permeability  of 
the  medium,  the  electromagnetic  force  on  ds  is  2fiyy'ds/b ; 
and  if  the  first  conductor  be  straight  the  force  on  a 
length  i/2  is  ft^'. 

Now  let  the  quantities  of  electricity  yt,  y't,  conveyed 
by  the  currents  in  time  (,  be  used  to  charge  two  spheres 
whose  centres  are  at  a  distance  r  apart  great  in  com- 
parison with  the  radius  of  either.  The  electrostatic 
repulsion  between  the  spheres  would  then  be  yy't^jKt^, 
if  K  denote  the  electric  inductive  capacity  of  the 
medium.  If  r  be  chosen  so  that  this  force  is  the  same 
as  the  attraction  between  the  conductors  exerted  on  a 
length  equal  to  half  the  distance  between  them,  we 
have 

~  JCr*' 


(1) 


that  is,  ll\//iJCm&j  be  expressed  as  a  velocity.  This 
is  true  whatever  hypothesis  as  to  dimensions  is  adopted 
for  fi  and  K. 

This  velocity,  moreover,  is  perfectly  definite.  For, 
if  fi/?^  remain  constant,  the  electrostatic  force  of  re- 
pulsion between  the  spheres  will  remain  unchanged, 
while  tbeir  charges  are  increased  at  the  titne-ratea  7, 7', 
respectively;  and,  therefore,  lj\//j,JC  is  equal  to  the 
velocity  with  which  the  spheres  must  be  separated  in 
order   that  their  mutual   repulsion  may   then  remain 
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eqnal  to  the  force  of  attraction  on  a  length  of  either  of 
the  parallel  conductors  equal  to  half  the  distance  be- 
tween them.  It  has  been  shown,  p.  200  above,  that 
1  '/Kfi  is  the  velocity  of  propagation  of  an  electroiuag- 
netic  wave  in  an  isotropic  insulating  medium. 

If  now  we  denote  by  v  the  ratio  of  the  electromag-      unit" 
netic  to  the  electrostatic  unit  of  quantity,  the  chaises        of. 
on  the  spheres  expressed  in  ordinary  electrostatic  units  coiSdoWd 
are,  if  7,  7',  now  denote  the  ordinary  electromagnetic   y  f"  *, 
measure   of  the  currents,   vy,   vy'.     Hence   the  forcn 
^tween  the  two  spheres  is 

where  K,  denotes  the  specific  inductive  capacity  of  the 
medium,  defined  in  the  ordinary  way  as  the  ratio  of  the 
electric  inductive  capacity  to  that  of  the  medium  of 
reference  (air  or  vacuum  for  example).  But  if  ft^  denote 
the  ordinary  electromagnetic  value  of  the  permeability 
,  *    -  77V 


that  is 


or  by  (1). 


^T*' 


If  the  medium  be  air,  for  which  ^  =  1   /*«  =  1,  we 
have 


vs 


(3) 


D,s,i,7ert  by  Google 


60S  C0MPAEI80N  OF  UK1T8 

or  V  13  equal  to  the  velocity  of  propagation  of  an  electro- 
magnetic disturbance  ia  air. 
Seooud         The  following  illnstration,  also  dae  to  Uftiwell,  gives  ft  re- 
lUutrft'    markable  physical  meaning  to  the  velocity  l/v/iATof  propaga- 
tion-      tion  of  an  electrom agnatic  diaturbauce.     In  tlie  first  place  it  ia 
assumed  that  sn  electrified  surface  in  motion  may  be  regarded 
IS  equivaJent  to  a  current. 


This  asBumption  is  justified  by  the  ezperimenta  of  Rowland, 
nrbo  has  founa  that  a  statically  electrified  surface  act  into  rapid 
motion  affects  a  magnet  properly  placed  in  its  vicinity,  and  baa 


made  measurements  of  the  msgnitude  of  the  effect  produced. 

BepuMnD       Considering  then  a  plane  surface  of  indefinite  extent  electrified 

between     ^'>  ^  surface  density  ir  taken  in  any  chosen  system  of  units,  we 

Two  Elec-  have  uir  ns  the  measure  of  the  convection  current  across  unit 

trifled      hreadlb  at  right  angles  to  the  direction  of  motion,  if  h  be  the 

Surfaces,    velocity.     Let  now  another  surface  parallel  to  the  first  and  at  a 

distance  6  from  it  be   electrified  to  a  uniform  density  <r',  and 

move  with  velocity  u',  in  the  same  direction  as  in  tlie  former 

ease.    A  current  in  this  case  of  strength  u'd-',  per  unit  of  breadth 

of  the  electrified  surface,  may  ba  regarded  as  flowing  parallel  to 

the  former  current. 

The  two  surfaces  will  repel  one  another  electroBlatically  and  at- 
tract one  another  electro  magnetic  ally.     The  electrostatic  repal- 
sioD  between  two  elemente  of  surface   dS,  dS',  at  diatance  r  is 
irdS.r'dS'lKr*,  and  integrating  over  the  first  surface  we  get 
^itaa'dS'lK  for  the  resultant  force  on  an  element  dS'  of  the 
second  surface.     Hence  the  force  over  unit  area  is  2irir<r'IK. 
Atttaclion       The  electromagnetic  force   between   the  two   plane  current 
between    aheeta  can  be  found  as  follows.     Consider  two  narrow  strips  of 
Two        ^^^^  ivfo  planes  in  the  direction  of  motion.     Let  di,  d^,  be  their 
Moving     breadths,  and  i'  the  distance  of  the  second  strip  from  a  plane 
EUctnfied  Qoinciding  with  the  first  atrip,  and  cutting  the  two  moving  plane 
rftd    »"rf''°eH»t  right  angles.    The  distance  between  the  two  strips  is 
iw  Two      V*'  +  "''■      '^^^   attraction    between    them   is    iitvJi.iu'v'd^l 
Plane      jb'  i- 1^  per  unit  of  length  o£  either.    The  total  attraction, 
Currsut    F  gay,  per  unit  of  length  on  the  strip  of  breadth  di,  ia  at  right 
Sheeta.     angles  to  the  planes,  and  can  be  found  by  resolving  the  attrac- 
tion just  found  in  that  direction,  and  integrating  from  ('=—<» 
to  i'  -  -<■  00 .    Thus 

'di' 
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TliUB  the  electron! ognutiu  attraction  on  unit  area  of  eitlier 
plane  ia  2wniai'<rv'. 

It  the  electrofltatic  Tepiilaion  be  euppoaed  to  balance  the 
electromagnetjo  attraction  and  «  be  taken  equal  to  u',  we  get 


□f  Deter* 
mining  i. 


TbuB  tlie  velocity  of  propi^ation  of  an  electromagnetic  distnrb- 
noce  in  the  medium  ia  equal  to  the  velocity  with  which  the  two 
electrified  planea  muat  move  Telativel;  to  the  medium  in  order 
that  there  may  be  no  mutual  force  between  tliem. 

It  lias  been  shown  above  (p.  685)  that  v  may  be    Methodi 
obtained  from  the  ratio  of  the  electrostatic  and  electro- 
magnetic  measures  of  any  electric  oi  magnetic  quantity. 
It  baa  been  found  experimentally  in  at  least  six  of  the 
following  different  ways ; — 

I.  By  measuring  electrostatically  and  electromag- 
netically  a  given  quantity  of  electricity, 

II.  By  measuring  electrostatically  and  electromag- 
netically  a  given  difference  of  potential, 

III.  By  comparing  the  value  of  the  electrostatic 
capacity  of  a  given  standard  condenser,  obtained  by 
calculation  from  its  dimensions  and  arrangement,  with 
it?  capacity  in  electromagnetic  measure  as  given  by 
experiment, 

lY,  By  comparing  an  electrostatic  capacity,  obtained 
by  calculation  as  in  III.,  with  the  self-inductance  of 
a  coil. 

v.  By  determining  (in  either  system  of  units)  the 
product  CL  of  the  capacity  of  a  given  condenser,  and 
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the  self-inductaace  of  n  given  coil,  and  comparing  thU 
with  the  product  of  the  electrostatic  value  C,  of  the 
capacity  and  the  electromagnetic  valne  X.  <^  the  self- 
itiductauce.  [The  product  CL  is  the  same  in  both 
systems  of  units.] 

VI.  By  measuring  electrostatically  and  electromag- 
netically  a  given  resistance. 

VII.  By  observation  of  the  period  of  oscillatory  dis- 
charge of  a  condenser  of  known  capacity  (in  electrostatic 
units),  through  a  circuit  of  known  self- inductance. 

Experi-        The  first  attempt  to  determine  v  was  made  by  Weber 
W«bereiid  and  KohlrauBch,  who  employed  method  I.*     A  Leyden 

JJ™}*  jar  was  charged  to  a  potential  measured  electrostatically 
by  meaus  of  an  electrometer,  and  was  then  dischaiged 
thmugh  a  ballistic  galvanometer,  which  measured  by 
the  throw  of  the  needle  the  quantity  of  electricity  with 
which  the  jar  was  charged.  This  quantity  was  known 
in  electrostatic  measure  from  the  measured  potential 
and  the  capacity  of  the  jar,  which  was  obtained  by 
comparison  with  that  of  a  sphere  insulated  at  a  distance 
from  other  conductors.  The  valae  obtained  for  v  was 
31,074,000,000  cms.  per  second. 

This  determination  cannot  be  regarded  as  one  of  high 
accuracy,  chiefly  on  account  of  the  unsuitableness  of  a 
condenser  with  a  solid  dielectric  for  exact  experiment. 
The  construction  also  of  absolute  electrometers  for  exact 
work  had  not  then  been  brought  to  so  high  a  pitch  of 
excellence  as  has  since  been  reached. 

A   determination  by   this   method    with   the   most 

*  Abk.  d.  KBnigl.  SScki.  Oa.  d.  WUtitu.  ISGfl. 
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refined    appliances    has    since    been    carried   out   by  Bowland's 
Professor  Rowland  at  Baltimore,*  and  of  this  we  give     ment*. 
here  a  more  detailed  account. 

The  electrometer  employed  wu  an  absolute  inBtrument  made  Tetaila   of 
on  Thomeon'H  gUaid-ring   principle.     The   protected  disk   was     Electro- 
10'18  cma.  in  diameter,  and  was  Huapended  in  an  aperture  in  the      meter, 
guard-ling  of  I  mro.  greater  radius. 

The  diameters  of  the  guard-plate  and  attracting- plate  were 
each  330  cms.  The  surfaces  were  all  nickel  plated,  and  worked 
true,  BO  that  the  distance  between  the  surfaces  could  be  accu- 
rately found.  The  disk  could  be  adjusted  in  the  plane  of  the 
guard-ring,  and  the  attracting-plate  and  disk  to  paralleiism,  to 
j^  mm.  External  action  was  screened  from  the  disks  by  a  case 
of  sheet  brass. 

The  protected  disk  was  hung  from  one  arm  of  a  sensitive 
balance,  and  the  exact  poaition  of  the  beam  was  observecl  by 
nieaoa  of  a  hair  moving  in  fiont  of  a  scale  in  the  manner 
described  above  (Vol.  I.  p.  263). 

In  the  actual  use  of  the  electrometer,  since  the  suspended  disk  Mode  ol 
could  not  be  in  stable  equilibrium  under  the  action  of  electro-  Using 
otatic  attraction,  its  swing  woe  limited  to  a  range  of  A  mm.  on  Elrctro- 
each  side  of  the  sighted  position  ;  and  the  attract! ng-plat a  then  nietur. 
placed  at  two  near  positions,  for  one  of  which  the  pla' 
(LtiAVA  t.liA  fiiirhti^rl  nnnitinn.  fnr  tbn  /ilhthr  fpll  liAlntv  it     'PVii 


If  d  be  the  distance  of  the  electrometer  plates  apart,  w  the 
weight  on  the  balance,  and  S  the  area  of  the  disk,  we  have  (see 
Vol.  I.  p.  58)  for  the  electrostatic  measure,  Ft,  of  the  difference 
of  potential  between  them 

K-^ (6) 

and  by  a  formula  given  by  Maxwell  f  for  the  effective  area  of  a 
protected  disk  of  radius  R,  in  an  opening  of  radius  Jif, 


where  n  -  (B'  -  £)  (log  2)/ir  -  -221  (,R  -  S)  nearly. 
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Thua  the  working  equation  for  V,  was 

r.  -  17221  rfVi^l  +  ^Y     ....    (7) 

The  standftTd  condenser  consiBted  of  two  conceatric  spheres. 
The  Bpharea  were  very  accuratelj  conBtmcted,  and  the  inner  was 
hiiDg  concentrically  within  theouterb7aailkcord(BeealBop.  629 
below).  Two  billB  of  different  diameters  were  provided  for  use 
as  inner  spheres.  The  electrostatic  capacity  was  obtained  by 
determining  the  diameters  of  the  balls  by  weighing  in  water, 
and  was  50-069  C.Q.S.  or  29'656  C.a.S.  according  as  the  larger 
or  smaller  inner  sphere  was  used. 

The  galvanometer  used  for  the  dischargee  was  a  specially 
constructed  and  carefally  insulated  instrument.  It  had  two 
coils,  each  of  about  5600  turns  of  No.  36  silk-covered  copper 
wire.  These  were  fixed  on  the  two  sides  of  a  plate  of  Tulcanite, 
The  needle  was  surrounded  by  a  metal  box  to  screen  off  possible 
electroBtAtio  action  of  the  coils  from  the  needle. 

The  constant  of  this  galvanometer  was  determined  by  com- 
parison with  the  galvanometer  described  above  (p.  S47).  The 
constant  of  this  had  been  slightly  altered,  and  was  now  found 
to  be  by  measuremenl  of  its  coils  1332'24,  by  compariaon  with 
an  electrodynnmometer  1633'67,  and  by  comparison  with  a  single 
circle  (p.  548}  1832-56,  giving  a  mean  of  1832-82  instead  of 
1833-19  as  before.  The  ratio  of  the  constant  of  the  new  gal- 
vanometer to  this  was  found  to  be  10-4141,  ao  that  for  the 
balliatic  galvanometer  used 

a  -  19087, 


including  the  factor  for  the  number  of  tarns. 
Deter-         An  absolute  electrodynamometer  on  Hclmholtz's  double-coil 
mination    jirinciple,  similar  to  that  described  at  p.  365  above,  was  used  to 
oF  H  at     tind  the  directive  force  H  at  the  ballistic  galvanometer,  at  any 
Ballistic   instant  during  the  progress  of  the  experiment,  so  aa  to  eliminate 
Galvano-    maffnetic   changes    which   were   continually  going    on   in   the 
meter      bniTding  used  for  the  investigation  ;  changes  which  were  all  the 
more  important  as  H  was  only  about  \  of  the  horizontal  com- 
ponent of  the  earth's  field  at  the  place.    The  suspension  of  the 
instrument  was  a  bifilar  one,  and  it  was  found  that  no  correction 
was  nBceasary  for  the  torsion  of  the  wire. 

It  follows  from  (10),  p.  368  above,  that  if  e  he  a  constant  de- 
pending OD  the  coils,  and  the  electrodynamometer  be  set  up  so 
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that  H  does  not  ttSect  it,  or  readings  be  taken  bo  as  to  eliminatQ 

it,  and  the  same  current  paas  through  both  coils,  we  may  write 

y  =  eV?VBhrs;       (B) 

where  Fi»  tho  coefficient  of  ain^,  in  the  couple  applied  by  the  by  Em- 
biGlar  ^  being  the  angle  throQgli  which  the  iiianenaion  head  is  ployment 
turned  to  bring  the  auaponded  coil  back  to  paralleliam  wilh  the  of  El«- 
fiied  coil.  But  it  is  clear  that,  if  mJfl  be  the  moment  of  inertia  '"•• 
of  the  coil,  by  the  theory  of  aimple  harmonic  motion  we  "y"'^''" 
have  /3/S  =.  -  4W/I*,  an^  p  -  -  /"  sin  ^/ni*,  se  that  °"     * 

Thus,  including  2ir  in  the  constant  e,  we  bav« 

y-'^^STa (9) 

for  the  electrodynamotseter. 

The  value  of  e  was  calculated  from  the  particulars  of  the 
coils  which  were 

L«Tg*  OoUt.  BoipeDded  CoU*.         Constant 

Mean  radius 13-741  cms.      2760  cms.  of  Elec- 

Mean  distance 15-786    „  2707    „               ^  ^^■ 

Radial  depth -84    „  -41     „              dynamo- 
Axial  width -86    „  -38    „                '"*""'■ 

No.  oftnras 240  126 

From  which  by  (10)  p.  368  above,  and  the  valaes  of  G|,y„  given 
at  p.  269 

e  =  ■0I2dl4.« 

To  verify  this  constant  B  circle  80  cms.  in  diameter  was  made 
and  used  ae  the  coil  of  a  tangent  galvsngmeter.  The  ballistic 
galranometsr  was  set  up  so  that  its  needle  was  at  the  centre  of 
tbia  circle,  and  acted,  wnen  reqnired,  as  the  suspended  needle  uf 
the  tangent  galvanometer  of  which  the  circle  was  the  coil.  The 
current  from  the  electrodynamometer  was  passed  through  the 
circle,  and  the  horizontal  field  intensity  a  deduced  from  the 

*  This  Is  doable  the  valne  given  by  Prof.  Rowland  in  his  paper. 
The  full  period  of  vibration  appears  in  equation  (7J,  whereas  Frot 
Rowland  as«d  the  half  period. 
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galvanometer  deflection  and  tlie  current  as  given  by  tlie  eleotro- 
dyiiBiiionieter.  The  value  of  JI  wtie  found  also  by  the  magnetic 
method,  and  the  two  resulta  were  found  to  differ  by  only  about 
1  in  lOUO.  ThuH  the  tanfeut  galviiiometer  gave  J  i!=-006451, 
and  the  mean  '006J54  of  ttiia  and  the  formsr  result  waa  used. 

The  moment  of  inertia  niH  was  found  by  placing  weights  at 
different  diatancea  along  a  tube  passed  through  the  centre  of  the 
suspended  coil,  and  observing  the  period  of  free  swing  of  tlie 
coih     It  was  thus  found  that  ml^  =  826'6  in  gramme-centimetre 

Method        The  value  of  B  at  the  needle  of  the  ballistic  galvanometer 
□r  Deter-    was  found,  when  required,  by  sending  the  same  current  through 
mining  E.  the  dynDmometer  and  tlie  galvanometer,  observing  the  deflec- 
tions in  the  two  caaee,  calculating  the  value  of  tiie  current  from 
the  deflection  from  tho  former,  and  hence  deducing  R  by  the 
tangent  galvanometer  formula. 
Method  of     '^'^  condenser  waa  charged  by  bung  connected  to  a  large 
Eiperi-     charged  battery  of  Leyden  jars.     This  battery  was  kept  con- 
—  --"--     nected  to  the  electrometer.     The   potential   reading   waa   first 
observed,  then  the  battery  connected  to  the  condenser  for  an 
instant,  after  which  the  condenser  was  disconnected  from  the 
Leyden  jar  battery  and  discharged  through  the  ballistic  galvano- 
lueter.     Tliia  was  repeated  1,  %  3, 4,  or  5  times  in  succession,  so 
that  the  galvanometer  received  that  number  of  very  nearly  equal 
impulses  in  the  same  direction  before  it  had  moved  far  from  the 
position  of  real.    Tho  reading  of  the  position  of  tlie  electro- 
meter attracting  disk  was  again  taken  after  the  aeriea  of  impulses, 
on  disconnection  of  the  battery  from  the  condenser,  and  was 
slightly  leaa  than  before  of   course.     Corrections   for   the  dis- 
placemtiQtB  of  the  needle  from  zero  at  the  times  of  the  successive 
impulsea  were  calculated  and  applied. 

The  mean  of  the  electrometer  readings  before  and  after  a 
single  discharge  was,  with  a  correction,  taken  as  the  potential  of 
that  discharge.  This  correction  arose  from  the  fact  that  the 
first  reading  was  higher  than  that  for  the  potential  of  discharge 
by  a  certain  small  amount  depending  on  the  capacities  of  the 
battery  of  jars  and  the  condenser.  It  was  obtained  by  multiply- 
ing the  mean  reading  i  of  distance  between  the  plates  by  a 
factor  1  —  '0013,  when  the  larger  sphere  was  used  in  the  con- 
denser, and  by  the  factor  1  ~  '0008  when  the  smaller  sphere 
was  used.     The  other  series  were  similarly  corrected. 

A  correction  was  applied  for  the  time  occupied  in  producing 
the  series  of  impulses.  This  was  calculated  approximately  on 
the  supposition  that  the  time  between  one  impulse  and  the  next 
waa  I  of  a  second,  and  without  taking  into  account  the  altered 
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poaition  of  the  magnet  relatively   to  the  coil  or  the  induced  Correc- 

inagnelimu   of   the   needla.     The  inclination,   however,  of  the  ^j°P  f"' 

magaet   to   tlis  plane   of  the  coil   would  cause  the  impnlaive  '"■Vq 

couple  on  tlia  needle  to  be  leae  for  impulses  later  tiian  tlie  "^"'J"^ 

firat,  while  tlie  induced  nio([neti7ation  uf  the  needle  hroiight  -u^.  "" 

about  by  the  same  inclination  would  have  an  opposite  effect  ij^^jg 
Prof.   Rowland  came  to  the  concliiaian  by  experiment  that  no 
aenaihle  error  from  neglect  of  theae  refinements  of  correction 
could  result. 

The  principal  equations  used  in  reducing  the  reautts  were  (7}  ReJtie- 

above,  and  othera  obtained  as  followa  :—  tioii  of 

First,  the  ballistic  galvanometer  equation  for  the  quantity,  ^  Eoinlis. 
(in  electrom°.gnetic  unite),  of  electricity  diecharged,  ia 

«-^(i+W"«J» (10) 

where  0  is  the  ballistic  defiection,  corrected  for  everything 
except  damping. 

But  if  C$  be  the  capacity  of  the  condenser  in  electrostatic 
units,  and  1/  the  number  of  dischargee, 

v-x'^: (u) 

Also  H  woe  obtained  from  the  constant  current  measured  hy 
the  dynamoiueter  while  it  flowed  round  the  80  cms.  circle,  at  the 
centre  of  which  the  ballistic  galvanometer  needle  wae  situated. 
Thus  denoting  hy  ^  the  deflection  of  the  ueedie  produced  by  the 
CODHtant  current,  by  r  the  radius  of  the  large  circle,  and  by  6  the 
diatance  of  its  plane  from  the  centre  of  the  ballistic  needle,  we 
have  by  (9)  and  the  elementary  theory  of  the  tangent  galvano- 


r-'-i?VHr,-<i+f>'if..«*, 


■JTrr' 


JV  +  i'JlUn^ 


'^   AVnit"^;8Cl+iX)einifl' 
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where  V,  ia  giveD  hy  (7),  knd  Ct  by  the  dimeDsiotig  of  the 
condenser, 
Deduc-  The  approxiintto  eqnation 

■  S"  2.i.i,.a(i-j5) („, 

tionafrom  "^  '^' 

ReftdiDgs. 

WM  used  to  find  the  value  o£  sin  (d  from  the  obaerved  deflection 
8  and  the  scde  dktaoce  i7.  This  approzimation  is  easily  obtained 
aa  foUcwB  :  aince 

blB  -  Un  20  ~  2  Bin  6  cos  0/(1  -  2  Bin*tf}, 


Putting  aia6  —  ^d/D  on  the  right  the  equation  liecoinee 
approximately 

In  the  last  factor  on  the  right  which  ia  not  very  different  from 
unity  ain^ff  may  be  put  equal  to  iHD.  The  equation  then 
becomes 

«..nJ.=j|(.-||)(l  +  A5)=4(.-«|) 
-tj('-»|)'"""- 


The  valae  of  tan  ip  was  calculated,  by  sucoessive  approxi- 
malioD  from  the  value  of  tan  2^  f^'v'enby  A,  aud  the  distance  D^ 
of  the  scale  from  the  mirror,  bo  that 

«"*-4.('-»i7+*l:0-  •  ■  ■  ('=' 
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The  following  are  tli«  reaulu  obtained  : — 


Ndnitnor 
OKcbugM. 

HwnntiiltmciM. 
pwweond. 

NnmlHroriwilti 

of  1.111611 

1 

2 

3 
4 
6 

298-80  xlO« 
298-48  xlC 
297-26  xlO» 
297-16  xlO» 
296-69  xlO« 

9 
5 

0 

5 

5 

To  tbese  were  given  weights  inTarsely  as  the  number  of  dia-       Final 
cliarge^  except  ia  the  case  of  the  Srst  which  was  given  twice    BeanlU. 
the  weight  of  the  secoDcl,  on  account  of  the  larger  number  of 
observalions.  ThuR  the  final  result  obtained  wae  t>— 2-981SX10"' 
in  ctnu.  per  uecond. 

Detenniaations  by  method  II.  vliich  is  due  to  Lord 
Kelvin  (Sir  W.  Thomson)  have  been  made  by  Lord 
Kelvin  himself,*  Mr.  D.  McKichaD,f  F.  Exner^  and 
Mr.  R  Shida.§ 

A  current  is  made  to  Sow  through  a  coil  the  absolute  l^^, 
value  S  of  the  resistance  of  which  is  known,  and  the  Methwi! 
current  is  measured  electromagnetically  by  an  absolute 
current-meter,  while  the  difference  of  potential  between 
the  extremities  of  the  coil  is  measured  by  an  absolute 
electrometer.  If  I'"  be  the  difference  of  potential  in 
electrostatic  measure,  the  work  done  in  the  passage  of 
oae  electrostatic  unit  of  electricity  is  V.  But  one 
electrostatic  unit  of  electricity   is   1/t  of  an  elettro- 

'  Phit.  Trant.  R.S.  1868, 
■h  Ibid.  187B. 
t   Wien.  Ber.  86,  1882. 
I  Phit.  Hag.  10,  19S0. 
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magnetic  unit;  and  if  <y  be  the  measured  current,  the 
time  (  taken  for  a  quantity  l/»  of  electricity  to  pass  i8 
l/j;^.  Hence  the  work  done  in  the  conductor  or  7*^ 
is  yR/v.     ThuB 

.-f (16) 


The  result  therefore  involves  the  absolute  value  of  a 
resistance  S  in  electromagnetic  units.  Now  in  the 
earlier  experiments  by  this  method  the  resistance  of  a 
conductor  was  not  known  with  accuracy,  and  the  results 
are  unreliable,  unless  some  means  exists  of  converting 
the  values  of  S  which  were  used. 

Lord  Kelvin's  first  result  (corrected  for  the  value  of 
the  B.A.  unit)  was  2808  x  10'"  cms.  per  second, 
Mr.  D.  McKichan's  2-896  x  10"  cms.  per  second. 

Shida's  determination  was  made  later  and  gave 
V  =  2-955  X  10^*  cms.  per  second.  The  difference  of 
potential  at  the  terminals  of  a  battery  of  large  tray 
Daniell  cells  was  measured  by  a  Thomson's  absolute 
electrometer,  while  the  current  maintained  by  the 
battery  through  a  tangent  galvanometer  was  measured. 

In  reducing  hia  reaulfs  Mr.  Sbida  multiplied  botli  numerator 
nnd  denominator  of  (16)  by  the  footor  (fl  +  t)IR,  where  r  was 
the  resiatnnce  of  the  battery  and  connections.  On  thia  account 
tlie  Bcourocy  of  tli«  result  wua  mistakenly  called  in  question. 
For  though  the  factor  R+r  was  of  uncertain  value,  ita  introdnc- 
tioD  in  both  numerator  and  denominator  could  in  no  way  affect 
the  value  of  the  ratio  yIt/V.  The  real  ground  for  uncertainty 
lay  in  the  construction  of  the  tangent  galvaQomeLer,  which  could 
barely  work  np  to  the  degree  of  accurocy  required. 

A  maaaurement  of  o  was  made  by  this  method  again  in  1889 
by  Lord  Kelvin,  who  nsod  an  improved  absolute  electrometer  of 
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bis  own  invention ;  but  tlie  detaila  of  the  investif^ation  do  not       ^'^, 
seem  yet  to  have  been  publielied,     Tlie  result  obtained  w«a  Kelvin's 

V  =  3004  X  10'"  cme.  per  second.  Experf- 

Einer's  result  obtained  by  a  modification  of  this  method  was 
wiih  the  value  -941  ohm  for  one  SieinenB'  unit,  292  x  l(fi  cms. 
per  second. 

Another  form  of  this  method  has  been  given  by 
Maxwell,*  and  used  by  him  in  a  determination  of  v.  ^JJ^^  ' 
The  electromagnetic  repnlsion  between  two  parallel 
coils  produced  by  the  same  current  flowing  in  opposite 
directions  through  them,  waa  balanced  by  the  attraction 
between  two  disks  to  the  backs  of  which  the  coils  were 
attached,  and  betweea  which  a  difference  of  potential 
was  produced  by  another  current  the  ratio  of  which  to 
the  former  current  was  known.  One  of  the  disks  was 
the  protected  disk  of  a  Thomson's  guard-ring  condenser, 
and  to  the  back  of  this  one  of  the  coils  was  attached 
directly  :  the  other  coil  was  carefully  insulated  from  the 
attracting  disk  by  a  plate  of  glass  and  a  layer  of 
insulating  material. 

The  apparatus  is  shown  in  Fig.  139,  and  shortly  dsscribed  in 
tlie  liat  of  references  attached.  The  small  disk  (diuineter  four 
inches)  and  attached  coil  were  canied  at  one  end  of  a  torsion 
balance  suspended  by  a  No.  20  copper  wire  from  a  graduated 
torsion  head  movable  by  a  tangent  screw.  The  disk  and  coil 
were  protected  by  a  cylindrical  brass  box  7  inches  in  dinineler, 
one  end  of  fvhich  formed  the  guard-Hng.  The  disk  carried  on 
the  aide  towards  the  interior  of  the  box  a  glass  scale  divided  to 
y)^  of  an  inch,  which  was  viewed  by  a  reading  microscope  fixed 
on  the  outside  of  the  box. 

To  eliminate  the  turning  couple  due  to  the  earth's  6c]d  a  coil 
waa  attached  to  the  other  end  of  the  balance,  and  connected  with 
the  firat  coil  in  anch  a  way  that  the  current  flowed  through  the 
coils  in  opposite  directions. 

'  Phil.  Traiu.  K.S.  158  (18(18),  or  Ktp.  i^ Papers,  Vol.  II.  p.  126. 
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Tlie  attracting  diak  (wliioh  wae  6  iacheB  in  diameter)  was,  with 
its  attached  coil,  oa  a  slide  worked  by  a  micrometer  so  that  the 
diatance  of  the  diaka  could  be  varied  and  measured.  The  plane 
of  tills  disk  was  adjusted  parallel  to  the  guard-ring,  which  was 
placed  exactly  vertical  by  means  of  adjusting  acrews. 


.  Graduated  glaso  Bcale- 
I.  £l«ctradeaf  fl(ed  digk. 
.    Current  through  the  Uuse  colli 


T.    Toraion  head  and  tangent  urew. 

Adjust-  The  gradualiona  of  the  glaas  scale  and  the  micrometer  were 
ment  of  compared  by  pressing  the  suspended  disk  forward  by  a  light 
-^PP"'  spring  against  the  large  disk,  and  theo  working  the  screw  ao  as 
ratus.  ^^  ggjjij  jjjg  gjuftii  Jigtt  i)g(.[r  towarde  the  plane  of  the  guard-ring, 
while  readings  of  the  niicromctar  were  taken  for  successive 
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Guard- 

ring  »ud 
Disk  to 


DNITS  OF  POTENTIAL 

diriBJone  of  the  glass  scsle.  This  motion  was  quite  regular  until 
the  large  disk  came  into  contact  with  the  guard-ring  at  one 
point  It  was  found  theu  that  a  motion  of  about  ^g^  of  an  incli 
euffioed  to  bring  the  whole  of  the  guard-ring  into  contact  with 
the  large  disk. 

Whan  the  small  disk  hod  thus  been  brought  into  the  plane  of 
the  guard-ring,  the  reading  microscope  had  its  cross-wires 
focUHSed  on  a  known  division  of  the  glass-scale,  and  two  pieces 
of  silvered  glass  were  fixed,  one  to  the  back  of  the  guard-ring, 
the  other  to  the  back  of  the  suspended  disk,  so  that  when  the 
disk  and  guard-ring  were  in  one  plane  these  mirrors  were  also, 
and  gave  a  continuous  image  of  objects  in  front  of  them.  This 
arrangement  gave  a  teat  of  coplanaritj  of  the  surfaces  to  ^^^ 
of  an  inch. 

The  tonion  wire,  which  was  of  soft  copper  stretched  to  straight- 
neas,  seemed  in  great  measure  free  from  imperfectnesB  of 
elasticity.  The  torsion  balance  conld  be  adjusted  bv  moving 
the  supporting  pillar,  which  could  be  adjusted  and  clamped  in 
poaiUan  bv  screws  at  its  base.  The  balance  itself  could  be  raised 
or  lowered,  turned  about  any  horizontal  axis  by  slidiog  weights 
attached  to  it,  and  about  the  axis  of  suspension  by  the  torsion 
bead. 

A  large  battery,  the  property  of  Mr.  Oaasiot,  containing  2600    Arrange- 
cella  charged  with  bichloride  of  inercury,  was  used  to  electrify    ment  of 
the  diaka.     One  terminal  of  the  battery  was  connected  through  *    Conents. 
key  with  the  large  disk,  the  other  with  the  case  of  the  inatru- 
nient,  and  the  circuit  between  was  composed  of  a  large  resist- 
ance of  over  a  megohm,  in  series  with  one  (hereafter  called  the 
first)  coil  of  a  standard  galvanometer  shunted  by  a  coil  of  reaist- 

A  current  was  sent  from  another  battery  UirougU  a  second  coil 
of  the  tangent  galvanometer  (in  th»  direction  opposed  to  the 
other  coil),  through  the  coil  b«hind  the  large  disk,  and  thence  to 
the  suspended  coils  by  the  suspension  wires.  A  common  con- 
nection was  given  to  earth,  the  case,  and  the  other  electrode  of 
the  batterv,  by  a  copper  wire  hanging  from  the  centre  of  the 
toraion  balance,  and  dipping  into  a  mercury  cnp. 

When  the  suspended  disk  was  at  rest  at  zero  the  battery  con-    Mode  of 
tacts  were  made  simultaneously,  and,  according  as  the  suspended     Eipcri- 
disk  was  attracted  or  repelled,  the  other  was  moved  farther  from    mentiug. 
or  nearer  to  the  suspended  one.    It  was  necessary,  on  account  of 
the  instability  of  the  small  disk,  when  at  the  zero  position  under 
the  action  of  the  electric  forces,  to  work  the  micromnter  disk 
gradually  up  by  successive  trials  from  a  distance  initially  too 
great,  making  contacts  as  zero  was  approached,  so  as  if  possible 
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to  bring  tlie  saspended  diak  to  rest  under  tlie  action  of  the 
opposing  forues  due  to  the  disks  nnil  coils.    An  observer  at  tlio 
giilvaoometer  altered  tlie  sltunt  iS,  wbile  the  contacts  were  being 
made,  so  bb  to  bring  ttio  needle  to  zero. 
Compari-       To  compare  the  m'lgneti?  effects  produced  by  tlie  two  gulfa- 
Bon  of     nometer  coils  at  the  needle,  a  ourrent  was  sent  through  the 
CoiU  of    gecond  coil  of  the  galvanometer,  tlien  through  a  divided  circuit, 
Oalvano-   consisting  of  a  rasiatance  of  31  B.A.  unite  placed  across  a  brancli 
"■*'*'■      made  up  of  the  first  coil  of  the  galvanometer  and  ao  added  re- 
sistance S".     The  latter  resistance  was  varied  until  the  effects  on 
the  needle  balanced  one  anotlier. 
Theory  of       If  F  denote  in  electrostatic  units  the  difference  of  potential 
Method,     between  tlie  disks,  n  the  radius  of  the  smalt  one,  and  b  their 
distance  apart,  tlio  attritction  between  them  was,  clearly, 

3  i  Amb         a      f 

The  repulsion  between  the  two  coils  la  y^dMjdx,  if  y  be  the 
current  in  each,  x  the  distance  apart  of  tlieir  mean  planee,  and 
M  their  mutual  inductance.    Thus  we  have 

-^S-/? !") 


But  the  difference  of  potential,  F,  between  the  disks  is  pro- 
duced l)y  the  large  tiattery,  which  sends  a  cnrrent  y,  through  the 
resiBtance  H,  and  n  current  yiS/(<?  +  S),{  =  y',  say),  through  the 
"'■■'■'■  ■       "  "    '       'etlie:      ■  *  '  "    ' 


first  coil  of  the  galvanometer,  if  Q  denote  tlie  rusistiince  of  that 
coil.  Hence  if  E  be  the  electronisgnetic  measure  of  this  difference 
of  potential 

^-(*  +  i;f-> (■«) 

Again  if  Fi,  F^,  be  the  magnetic  forces  produced  at  the  needle 
by  unit  current  in  the  two  coils,  we  hare  F.y'  ■■  F^y,  or 
FiYiSliG  +  S)  =  Fif.  But  if  in  the  compariaon  of  the  magnetic 
forces  which  was  made  y',,  y'^  denote  the  currents  in  tlio  two 
coils,  /'it'i  =  f|>'ii  and  by  the  arrangement  of  the  circuits 
(G  +  S)y\  -  31  (y',  -  y\),  fo  that  F^l  F^  -  Sl/(ff  +  S^  +  31). 
This  suhsUtuttd  in  the  former  equation  gives 

0  +  S  31 
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ftnd  (18)  becomeB,  with  this  v&lue  of  y^, 

Bat  if  ym,  y„  denote  the  electromagnotic  and  electrostittic 

values  of  Ibe  same  current,  Kym  =  ^y.  since  tiiey  denote  tlie 
same  rate  of  working  :  and  we  liuve  t^  =  yt.  Hence  F  =  ff/r. 
Substituting  this  value  of  r«  in  (17J  with  that  of  £  given  bj- 
(19),  and  solving  for  t>,  we  get 

The  value  of  dMlJx  f^ven  in  terms  of  elliptic  integrals  at 
p.  402  Above  was  used  in  the  calculation  of  t>  by  this  foniiula. 
The  numbers  of  turns  in  the  coils  were  144  and  121,  and  their 
mean  radius  was  1-934  inch. 

The  mean  of  17  experiments  gave  Final 

V  —  2-8798  X  19",  in  cms.  per  second, 

on  the  assumplion  that  1  B.A.  unit  was  10"  C.0.8.  The  corrected 

c  =  2-811  X  10"*,  in  cms.  per  second, 

if  1  B.A.  unit  be  taken  as  -98674  ohm. 

Method  HI.  has  been  used  by  Professors  Ajrton  and  Peny,      Third 
J.  J.  Thomson,  E.  B.  liosa,  and  others.  Method  of 

If  Gi,  be  the  capacity  of  the  condenser  in  ciectromagnetio      Deter- 
units  determined  by  any  process,  and  Cm  its  capacity  in  electro-  ■"■i"»g  * 
static  units  as  given  by  measurement,  then  if  Q«  and  Q,  denote 
the  electromagnetic  and  electrostatic  values  of  the  same  oharse, 
we  have  (^mlCm  =  (PilCt,  since  each  denotes  the  same  quantity 
of  electric  energy.    Thus 

C,       ^-_  1 
0,  ^  <i,*    ~  s' 

or  

"-Jh m 


D,s,i,7ertbyG00t^le 


COMPAEISON  OF  UNITS 

The  arrangeraent  of  Ajrton  and  Perry'*  apparatus*  ia  shown 
in  Fig.  140,  The  attracting  plate  P  of  a  guard-ring  condenser 
was  connected  to  a  key  K,  by  which  it  would  be  put  in  contact 
with  either  terminal,  A  or  B,  of  a  resistance  of  about  10000 
ohms.  Unless  the  key  was  depreased  it  was  kept  in  contact 
with  £  by  means  of  a  spring.  The  resiBtancB  wns  in  circnit 
with  a  battery  of  382  Danielt'a  cells,  and  the  point  B  was  con- 
nected with  the  earth  and  with  the  guard-ring  as  ahown.  A  fork 
turning  round  a  pivot  was  used  to  connect  the  guard-ring  to  the 
projectinK  electrode  of  tlie  protected  disk,  or  the  latter  to  earth 
through  the  galvanometer  G, 


Arrange-       The  protected  disk,  H,  of  the  condenser  was  a  sqnare  of  area  of 

ment  of     1325  14  aq.  cms.,  and  was  separated  from  the  gnard-ring  by  a 

Appa-      gap  2-5  mm.  wide.     The  distance  between  the  plates  waa  '7728 

ratos.      cm.     The  plates  were  supported  on  well  paratBned  levelling 

screws  of  ebonite,  and  were  strengthened  by  diagonal  ribs  on 

the  upper  aide  of  the  plate  P,  and  the  under  side  of  the 

disk  h. 

*  Jmn^  Sot.  Tel.  Sng.  1879. 
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The  galvftDometer  was  a  Thomaon'B  ast&tic  instrnment  of 
about  20  ohms  reBistance.  The  ordinary  neeillee  were  however 
replaced  hy  small  spheres  each  built  up  of  a  number  of  tiay 
magnelB  having  tlieir  like  poles  all  turned  the  same  way,  the 
spheres  being  completed  with  pieces  of  lead.  The  period  T  of 
the  needle  was  39'5  seconds,  and  its  logarithmic  decrement 
■1566. 

The  mode  of  operating  was  oa  follows.    The  key  K  was    Mode  of 
depressed,  and  the  plate  P  thereby  connected  to  ^ ;  at  the  same     Eiperi- 
time  the  electrode  t  was  connected  to  /i    Thus  the  condenser   meniing. 
was  charged  to  the  diiference  of  potential  existing  between  A 
and  S.     Then  the  contact  waa  broken  between  e  and_^  and  the 
key  released  so  as  to  make  contact  between  P  and  B.    This 
connected  F  and  the  guard-ring  to  earth  while  D  was  left  jn- 
aulated.    The  electrode  e  nss  then  connected  to  g  by  the  fork, 
and  discharged  the  disk  D  through  the  galvanometer,  the  reading 
of  which  was  observed. 

The  difference  of  potential  S  given  by  the  hattory  between  A  Theory  of 
and  B  was  measured  in  the  following  manner.  A  very  high  Hithod. 
resistance  H  was  put  in  the  circuit  of  the  galvanometer,  and  its 
terminals  were  then  connected  to  A  and  another  point  Cin  AB, 
enclosing  between  thein  a  known  fraction  k  of  the  whole  resint- 
ance.  Tne  difference  of  potential  between  A  and  C  was  thus 
ig.  The  galvanometer  was  ahunted  through  a  resistance  iS*,  so 
that  0  being  the  resistance  of  the  coil  a  current  kSS/{R{Q  +  S) 
+  0S\  was  sent  through  the  instrument,  Tlie  deflection  thus 
produced  was  observed. 

Now  if  0  and  a  denote  the  angular  deflections  given  by  the 
transient  and  the  steady  current  respectively,  and  Cm  the 
capacity  in  electro-magnetic  units  of  the  protected  disk  O,  we 
have  by  the  ballistic  and  tangent  galvanometer  formnin 

CmB  rsinjtf 

iSS/{R{0  +  S)  +  QSi~7  una' 


C~=i--, 


kS  sin  \d 


r  «{G  +  5)  H 

Thus  Ci  denoting  the  calculated  capacity  we  6nd 

^_  ft  _  p  IT  J?(0  +  .?)  +  GS  tan g 
Cw,        'T  iS  Binjtf   ■ 
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Kiaal  Three  series  of  experimeutH  ware  made  conHiattog  of  39,  41, 

Reaults.     and  18  diochargea  for  T,  26-3,  39-5, 42-2  seconds  respec lively. 
Tlie  mean  reault  obtained  was 


This  however  must  be  corrected  for  the  value  of  tho  B.A. 
unit,  and  becomes 


Klemen.  This  method  was  used  by 

cic  a  that  a  rapid  succeBsian  of   dischargea  was  sent  through  the 

Expert,  galvanometer  so  that  a  conatant  deflection  was  produced.     The 

ments.  mean  result  of  two  diilsrent  researches  by  this  method  waa 

u  =  3041  X  10'" 

Similar  eiperiments  by  Stoletowf  gave 


in  cms.  per  second. 

MaiwcH's  The  following  form  of  the  method,  due  to  Maxwell^J 
Form  of  ^^  ^^^  advantage  over  that  just  described  of  being  a, 
Method  null  method,  and  therefore  of  not  requiring  any  correc- 
tion for  torsion,  damping,  &c.,  while  it  shares  with  the 
former  the  advantage  of  involving  the  square  root  only 
of  JCijCw,,  and  therefore  only  half  of  any  error  mado 
in  determining  (7„  or  C,.  A  Wheatstone  bridge  (Fig. 
141)  has  a  gap  in  one  of  the  arms  at  p,  q,  and  a  contact 
piece  or  tongue,  w,  is  made  to  vibrate  across  the  gap  so 
as  to  connect  one  plate  of  a  condenser  alternately  to  p 
and  to  q,  while  the  other  plate  is  kept  permanently  in 
contact  with  the  point  G.    The  resistances  of  the  wires 

•   JVien.  Btr.  88,  1881. 

+  Soc.  Franc,  de  Phyt.  Nov.  4.  1881. 

]  Et.  and  Mag.  ToL  ii.  arta.  776,  776. 
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Cp,  qS  are  made  inappreciable,  bo  that  the  plates  of 
the  coadenser  are  alternately  brought  to  the  same 
potential,  and  charged  to  the  potential  existing  between 
Ca-ndB. 

A  snccesBtoa  of  transient  currents  are  thus  produced 
in  the  aame  direction  through  the  galvanometer,  and  if 
F,  Q,  S  are  properly  adjusted,  are  prevented  by  a.  steady 
current  in  the  opposite  direction  from  producing  any 
deflection.  From  the  condition,  (29)  below,  fulfilled  by 
the  resistances  of  the  bridge,  the  value  of  Cm  can  be 


found,  and  compared  as  before  with  the  value  0,  of  the 
capacity  in  electrostatic  units. 

So  far  03  C,  ia  concerned  the  error  of  this  method  Accuracy 
(and  of  others  which  require  the  capacity  of  a  standard  Method. 
condenser)  is  only  that  involved  in  the  measurement 
of  the  dimensions  of  the  condenser,  and  reduces  finally 
to  that  of  the  measurement  of  a  length.  Proper 
allowances  can  easily  be  made  for  want  of  acccurate 
adjustment  of  the  parts  of  the  condenser. 

VOL.  II.  8  8 
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TLe  detenu inatioQ  of  C„  is  limited  in  accuracy  only 
by  the  error  involved  in  the  use  of  the  galvanometer, 
which  mtiBt  be  so  sensitive  as  to  detect  a  sufficiently 
small  variation  of  resistance.  _  This  error  in  the  esperi- 
meots  described  below  was  well  within  the  limits  of 
accuracy  aimed  at.  In  Thomson  and  Searle's  investi- 
gations below  it  was  estimated  that  the  error  from  the 
galvanometer  was  not  more  than  1  in  2500  in  the 
value  of  V. 

Theory  of  Calling  the  resistanceB  P,  Q,  S  aa  marked  on  the  figure,  and 
Method,  denoting  the  currents  from  Ctop,  Cto  D,  and  B  to  A,  by  i,  i, 
i,  the  resistance  and  self-induction  of  the  galvanoraeter  b^'  6 
and  L,  we  have  from  the  circuits  ACDA,  ADSA,  the  eqaadons 
of  currents,  sappoaing  all  the  branches,  except  CD,  devoid  of 
inductance, 


P{i-\-t)-q{i-i-i)-\-U-\-Gi  =  Q\ 
§(«  -  i  -  i)  +  5(«  -  i)  +  5»  -  fi  =  0  J 


(23) 

At  the  beeinning  and  end  of  the  charging  of  the  condenser 
the  currents  nave  their  steady  values  and  therefore  these  equa- 
tions become 

-Pi.  -  ?C«.  -  i,)  +  ei.  -  0 

q{M,-ii-\-{B-\-S)u.-E^Q 

where  the  sufBxes  indicate  the  steady  values  of  the  currents. 

Subtracting  these  last  equations  from  the  corresponding 
equations  (23^  for  the  variable  state,  and  putting  ii,  t^,  for  i—  ■„ 


I  P(i,-f-*)-C(*i-i,-*)+-"  +  Oi,"01 
Ct«,  -  i,  -  i)  -I-  5(i,  -  i)  -I-  J!*,  =  0  J 


(24) 


The  quantities  i^,  i^,  it  is  to  be  noticed  denote  the  ezcoss  in 
aaoh  cose  of  the  current  flowing  at  any  instant  above  the  steady 
current^  in  consequence  of  the  charging  of  the  condenser,  while 
i  is  the  charging  current. 

Integrating,  from  the  beginning  of  the  charging  to  the  end. 
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the  equationa  just  found,  remeinberiDg  that  i  fane  tbe  Tftlne  ii  at 
both  limit!,  and  rearronging,  we  get 

(P  +  «*  +  (0  +  P  +  C)^,  -  <?•,  -  0  1  „ 

-(q  +  S)^-qz,  +  {Q  +  S+B)u,-Ol  ■    •    ^    ' 

where  z  denotes  the  whole  charge  of  the  condenser,  and  v.,  i,.  Theory  of 
the  excess  in  each  oaeeof  quantiiy  of  the  electric  ily  conducted  by    Method. 
the  currents  i,  i,  above  that  which  would  have  flawed  in  the 
same  time  if  the  current  had  remained  constant. 
Eliminating  h,  from  (25)  we  find 


(26) 


But  when  the  condenser  is  fnlty  charged  the  difference  of 
potential  between  its  coatings  is  z/C.,  and  this  is  6i,  +  Sii,  so 
that 

x-Cm(Gi,  +  Si,). 

AUoclearlyCe  +  P) /,«•§(«,-#,),  and  therefore 


If  the  condenser  is  chai^d  and  discharged  n  times  a  second, 
the  quantity  of  electricity  which  passes  throngh  the  galrano- 
meter  over  and  above  that  which  passes  in  the  steady  current  is 
»»,,  Henee,  if  there  iw  no  defleotion,  we  must  have  i,  +  ni,=0, 
OTi,"-  lUi-    Thus  (27)  becomes 


,-,«.(»+ se±|_±9).,. 


(28) 


This  v«]i]e  of  x  used  in  (26)  gives  Vilne  ut 


i?i(«  +  ^+Jl(g  +  f  +  ^)-(yi 

if«(+i'+i!)+o«(«(o+p+«+o«r 

s  s  2 


(20) 
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If  P  and  S  are  very  fireat  in  f»)inparisoii  wilh  the  other  reeist- 
anccB,  this  redncea  to  the  approximate  BoluUon 

-a.-^ (30) 

The  electromagnetio  value  of  the  capacity  of  tlie  cottdenger 
having  thus  been  found,  that  of  o  ia  of  coune  obtained  aa  before 
from  the  ratio  JClCm- 

The  method  hae  been  carried  out  wilh  thia  mode  of  determin- 
ing Cwt  by  Prof.  J.  J.  Thomson  *  in  a  very  careful  aeries  of 
experiments  giving  the  result 

V  K  2-963  X  10>°,  in  oma.  per  aecond, 

by  Mr.  E,  B.  Bosa  t  at  Baltimore,  and  agiun  by  Prof.  J.  J. 
Thomson  and  Mr.  Q.  F.  C.  Searle;  at  Cambridge  in  an  elaborate 
research  made  with  improved  anparatiiB. 

We  shall  describe  here  Hr.  Kosa's  experimeots  and  the  later 
investigation  of  Thomson  and  Searle. 
Roaa'a  y^,  B^ga   used   the  standard   apherical   condonaer   described 

Eipen-     above  as  need  by  Prof.  Bowland  in  his  experiments  on  this 
•""""•     subject. 

'S\>a  vibratingtongue  ■  was  operated  by  one  or  other  at  two 

forks  raa<ie  by  Kcenig,  of  Paris,  of  frequencies  32  and  130  per 

second.     Tliesii  were  maintained  in  vibration  in   the   ordinary 

way  by  an  electromagnet  betweea  the  prongs  worked  by  the 

current  from  three  or  four  Bunseo  cells. 

ATTanfi^-         With  the  slower  fork  a  commutator  was  used,  but  with  tlie 

ment  of     faster  fork  a  different  arrangement  was  adopted.     A  wire  led 

Appa-      from  the  inner  coating  of  the  condenser  was  forked,  and  a  branch 

ratus.       Qf  it  connected  by  wax  to  the  end  face  of  each  prong  of  tha 

tuning-fork.     The  plane  of  vibration  waa  vertical,  and  each  wire 

was  turned  ao  as  to  dip  into  two  mercury  cups  cut  in  fixed  pieces 

of  vulcanite,  at  a  vertical  distance  apart  equal  to  that  between 

the  prongs  of  the  fork.     The  upper  cup  was  connected  with  the 

point  C  of  Fig.  141,  the  lower  cup  to  B.    Thus  when  the  pronga 

J 1.  .u.  I ;-g  JipjjeJ  jnto  tha  meroury,  connecting 

'o  B,  while  the  upper  broke  con- 

•  Phil.  Traw.  R.S.  1888. 

+  Fhil.  Mag.  Oct  1889. 

I  PkU.  Trant.  B.S.     Vol.  181  {18B0). 
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tact ;  when  the  pronga  approached  one  another  the  upper  con- 
tact WHS  iDade  and  the  lower  broken,  itnd  the  two  plates  of  the 
condenser  were  put  into  direct  contnct.  Thus  in  the  farmer  caae 
the  coadenaer  was  charged,  in  tlie  latter  discharged. 

The  galvanometer  used  was  a  very  senntive  Thomson's  aHtatic 
JDstrumeDt. 

The  battery  consisted  of  about  40  cells  o£  a  storage  battery, 
giving  an  electromotive  force  of  about  80  volts. 

The  resistances  Q  and  S  were  taken  from  two  resistance 
boxes  by  Elliott,  containing  12,000  ohms  and  100,000  ohma 
respectively. 

The  i-esistance  F,  which  was  very  great,  was  made  by  ruling  Coartrue- 
penci]  lines  on  ground  gloss,  and  protecting  the  surface  of  glass     tion  of 
and  graphite  with  a  thick  coat  of  shellac  varnish.     Connection      „^'.^^ 
was  made  at  the  ends  hy  tinfoil  pressed  against  the  graphite  by      Henist- 
rubber  packing.     Ten  such  resistances  were  made  and  mounted      anccs. 
in  cylindrical  cases,  so  that  their  temperatares  might  be  main- 
tained ae  nearly  constant  aa  possible.    Their  values  were  deter- 
mined by  a  comparison  (maae  by  the  method  of  Wheatstoue's 
bridge  with  a  ratio  of  about  100)  with  the  resistances  of  the 
boxes  osed  for  Q  and  S,  and  proved  very  constant  and  reliable. 

The  capacity  of  the  Tibrating  piece  and  the  connecting  wires  Adjust- 
was  determined  experimentally  by  separating  them  from  the  ment  of 
condenser.  Special  attention  was  given  to  the  question  aa  (o  Con- 
wheiher  the  capacity  of  the  charging  wire  might  be  taken  as  denser, 
the  same  when  the  wire  was  in  contact  as  when  detached,  and 
no  appreciable  difEerence  was  found. 

The  inner  sphere  was  adjusted  by  lifting  oS  the  upper  half  of 
the  outer  shell,  and  adjusting  the  position  of  the  ball  relatively 
to  the  equatorial  circumference  of  the  shell,  then  replacing  the 
hemisphere,  and  moving  the  ball  vertically  from  contact  at  top 
to  contact  at  bottom  of  the  shell,  and  causing  the  coutact  in  each 
case  to  be  indicated  hy  the  closmg  of  an  electric  circuit  The 
readings  of  a  shdiiig  vernier  gave  the  top  and  bottom  positions, 
and  the  mean  of  these  readings  the  central  position.  It  was 
estimated  that  the  ball  was  centred  to  '1  mm.  vertically  and 
•2  mm.  horizontally,  or  to  an  error  of  lees  than  1  per  cent,  of  the 
distance  between  ball  and  shell. 

Now,  for  an  eccentric  cylinder,  theory  shows'*  that  a  similar 
displacement  of  1  per  cent,  from  centrality  would  give  an  error 
of  capacity  of  1/200  per  cent.,  and  a  smaller  error  for  a  spherical 

'  Phil.  Traju.  S.S. 
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oondenMr.  A  diBplaoBment  of  four  per  cent.,  it  was  found  by 
trial,  caused  a  quite  inappreciobie  chao^  in  onpaoity, 
Meaiure-  _  The  drmenwonH  of  the  outer  shell  were  determined  by  filling 
ment  of  it  with  water  and  weighing,  and  of  the  inuer  ball  by  weighing  it 
Diman-  Bunk  in  water  by  an  attached  mass,  and  making  all  neceaaary 
sions  or  corrections  for  displaced  air,  4o.  The  resulta  were  checked 
i-on-  by  measurements  made  by  callipers,  compared  with  a  standard 
Qenaar.  a  ^^^^  ^^^^     ,J.^^^  reeulta  were  :— 


Shell     .    .    . 
Bail  A  .    .    . 
Ball  B  .    .    . 

Badhu. 

Bjwelghli*. 

Bjainct 

12-6806  cms. 
101180    „ 
8'8736    „ 

12G791  omB. 
I0-II83    „ 
8-8736    „ 

The  expeiimenta  were  made  with  the  larger  ball,  and  four 
series  ware  made,  the  first,  second,  and  fourth  with  both  forks, 
the  third  with  the  slow  fork  a'one. 

It  was  found  that  the  resiilta  for  the  fast  fork  were  slightly 
lower  than  tbose  for  the  alow  fork,  coming  out  according  to  the 
weighlB  given  to  the  ohservationB. 

V  -  2-9994  X  10^  in  cms.  per  second  for  the  fast  fork,  and 

V  -  3-0023  X  10'*  in  cms.  per  second  for  the  alow  fork. 

Tbe  results  for  the  fast  fork  were  the  more  uniform  and  it 
was  thoU)(ht  the  more  accurate,  and  were  given  double  weight 
io  striking  the  final  mean.  Thus  the  final  result  of  all  the 
experiments  was 

V  =  3-0004  X  10>i>  in  cms.  per  second. 

Tlie  results  of  Series  IL  and  IIT.  were  greater  than  those  of  I. 
and  IV.,  and  it  was  thought  possible  that  the  halrea  of  the  outer 
shell  had  been  very  slightly  separated  in  the  former  case  by  a 
obstruction  in  the  flange  of  junotjon     t*  ;„  *^  k- „„.;„-.  ■ 


It  is  to  be  noticed  that 
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the  resalts  with  tbe  alow  forh  are  the  greater,  indicating  too 
imall  a,  value  of  Cm.  This  is  the  kind  of  reealt  which  the^a^t 
fork  might  be  expected  to  givo  if  the  period  wbb  not  long 
enough  to  allow  the  condenaer  to  be  fully  charged.  The  rejec- 
tion of  the  observations  of  Series  II.  and  III.  would  give 

V  -  2*3993  y.  lO'o  in  cms.  per  second, 

which  only  differs  from  the  former  value  by  ^  per  cent. 


In  Thomson  and  Searle's  investigation  the  condenser  used  Thotuaon 

was  cylindrical,  and  was  provided  with  a  guard-ring  at  top  and  and  ^ 

bottom,  so  that  the  effect  of  the  ends  was  in  great  measure  Searle's 

avoided.    The  condenser  is  shown  in  section  in  Fig.  142.    The  £'P«i'i- 
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Amnge-  dimeuaions  of  the  inner  cylinder  were  measured  by  accnrate 

mant  and  calliperB  in  the  most  oarefol  manner.     It  waa  found  that  tlie 

M""8>"^  cylinder  was  slightly  elliptic  in  aection,  as  ahown  in  the  follow- 

nient  j^-  gtateuient  of  results  of  measurement : — 

of  Con-  " 

Deter    .  .  23-S.102  cms. 

,.  .  .  23-6161     „ 

Bottom  end :  tnaiiiiinm  diameter  .  235348    „ 

„  minimum         „  .  23-6169    „ 

Mean    23-6245 

The  internal  diameter  of  the  outer  cylinder  was  measured  by 
cnllipera  apecially  proTided  for  this  purpose  with  projecting 
steel  pieces  on  their  jawa.  The  results  obtained  for  two 
diameters  at  right  anflea  to  one  another  at  each  end  of  the 
cylinder  gave  a  mean  oiameter  of  25-4114  cms. 

The  internal   cylinder  was  supported   On   pieces   of   ebonite 

placed  on  the  lower  ring;,  and  the  upper  ring  on  similar  pieces 

on  the  internal  cylinder.    The  outer  cylinder  was  also  in  three 

parts,  two  ring  pieces  for  top  and  bottom,  and  a  long  central 

piece  correspondiDf;  to  the  internal  cylinder. 

Ueaanre-        The  lengtTi  of  the  internal  cylinder  waa  measured  by  applying 

ment  of    the  jawa  of  a  beam  compass  to  its  ends  and  meaauring  under 

Dunen-    microscopes  first  the  distance  between  two  marks,  one  on  each 

Vi?'      jaw,  then  the  diatatice  between  these  marks  when  the  jaws  were 

t^.T    putcloae. 

^^■.        The  length  of  the  cyUnder  was  found  to  he  60-9784  cms.    The 

tion  for     correction  for  want  of  eqaality  in  the  distribution  caused  by  the 

Qnaid-     '*'>  equal  air  spaces  was  calculated  and  found  to  amount,  within 

ring  Gap.     ^  part  in  SOOO,  to  a  lengthening  of  the  internal  cylinder  by  the 

breadth  of  one  air-space.    The  mean  allowance  for  the  gaps  at 

the  guard-ring  was  thus  found  to  be  -2907  cm.,  so  that  the  total 

effective  length  of  the  internal  cylinder  was  61-26?1  cms. 

The  distance  between  the  inner  and  outer  cylinders  waa 
determined  by  fastening  down  the  internal  cylinder,  and  the 
outer  cj^linder  of  the  same  lengih,  in  co-axial  position  on  a  glass 
plate  with  cement,  and  fixing  a  kIsss  cover  on  top  ;  then  filling, 
by  means  of  two  openinge  left  in  the  cover,  the  annular  apace 
between  the  cylinders  with  water.  The  water  was  taken  from 
a  flask  containing  a  known  weight  of  water,  and  so  by  a  second 
weighing  of  the  flask  the  weight  of  water  used  was  obtained. 
The  weighings  were  all  corrected  to  vacuum,  and  for  error  in 
weights,  effect  of  temperature,  Ao. 
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The  volume  w&b  found  to  he  J4T2'08  cubic  cms.,  ho  that  tlie  Electro 

mean  diBtatice  d  between  the  cylinden  y/w,  with  the  radii  Ki^en  aUtic 

abore,  -94128  cm.     The  ratio  of  external  and  internal  radii  ajb  ^"l"*  of 

used  waa  thus  1  + ■94128/11-76225  =  1-0800262.    Thiu  Capacity. 


21og| 


61-2691 

'  "isBgToes  ° 


in  centimetres. 

The  meaBurement  of  capacity  in  electroroagnetic  aniU  was 
made  by  the  method  alrend}'  dcHcribed,  aomewbat  modiSed  on 
account  of  the  existence  of  the  guard-ring.  The  arrangement  of 
apparatus  ia  ebown  in  Fig.  143.    The  condeneer  plate  is  shown 


Deteimi- 
nation  of 

Electro- 
magnetic 
ViJue  of 
Capacity. 


Fig.  149. 

connected  as  before  to  a  contact-making  piece  u,  which  makes 
contact  altamutely  with  p  and  j,  while  one  guard-ring  is  con- 
nected with  a  secood  contact-piece  v,  which  makes  contact 
alternately  with  r  and  «.  The  pieces  p  and  q  repreaent  the  con- 
tact-plates of  a  commutator  which  alternately  came  into  contact 
with  a  spring  or  brush,  u,  connected  with  the  inner  coaling  of 
the  condenEer;  r  and  »  represent  the  contact- plates  of  another 
coinmntator,  u  a  brush  which  alternately  connected  them  with 
tlio  guard-ring. 
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Action  of       The  twa  commntstore  were  niouDted  on  the  Bsme  azia,  bo  th>t 

Comron-    they  were  kept  ilwaTe  in  the  Bamo  relative  poaition.    When  the 

tatoia.      commutators  were  worked  the  following  contents  were  made  in 

the  order  indicated  hy  the  numbera.     Vjj  Vb,  Vc,  denote  the 

potentiala  of  the  poiuls  ji,  B,  C,  respective! 7. 


(uttap:  condenser  begins  to  charge. 


{«on;:  condeDMrcharg«d  to  potential  Tj - 
V  on  r :  gnard-ring  obarged  to  poteDtia]  7^,  - 

/  »  on  J :  condenser  begins  to  discliarge. 


.    fwong:  condenser  diaciiarged. 
\«  on  « :  guard-ring  discharged. 

r  According  to  the  notation  already  adopted  above  we  denote 
the  currentB  in  Qd,  CD,  SA,  by  i,i,i;  in  addition,  in  the  pre- 
sent case  we  have,  when  t>  is  in  contact  with  r,  a  current  in  Jr. 
Let  this  be  denoted  by  it.  The  circuits  JVDJ,  ADBA,  give 
the  equations 


~C(*-i-i-*)+i'(i  +  i)  +  ii+W  =  0| 

q{i-±-i~A)  +  S{i-i-i,)-\-Bi 


•^s-™ 


At  the  beginning  and  end  of  the  chaining  the  currents  have 
their  steady  values,  and  tlien  as  at  p.  626, 

These  subtracted  from  the  corresponding  pair  of  equations  (81) 
for  the  varying  state,  give,  if  ij,  i,  denote  i-i„i-i„  reapect- 


-<l(^ 


ii-i,-i-*)  +  5(*,~i-w)  +  J»,     =0/' 
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These  integrated  from  the  beginniDg  of  the  charging  to  the 
end  yield 

(P  +  «)»  +  (O  +  f+«).,  +  «»-«.,-0  1 

-(«+«).- «.,-(«+s)»+w+«+ji).,-or 

where  «,  as  before,  denotM  the  whole  charge  of  the  ioner  coating 
of  the  condenBer,  while  u>  deootee  that  of  the  guard-ring. 
Elimination  of  V)  from  (34)  gives 

lP(«-|-.!+ J)  +  21««  +  J««. 

This  differs  from  the  former  eqaation  (26)  only  in  having  tho 
term  BQa  on  the  left 

When  the  oondenMr  is  fnlly  charged  we  have  aa  before 

..a.(o+i?±|±«)<..  .  .  .  m 

andfarther  if  C'm  be  the  capacity  of  the  guard-ring 

v,^c,^a+p+s^±^±^y..  .   .  (.17) 

sinoe  the  multiplier  of  Cm  on  the  right  b  the  fioal  difference  of 
potential  between  J  and  S. 

Again  if  there  be  no  galvanometer  deflection  is  +  lUi-^O,  or 
i,=  -MZu  BO  that  (36)  and  (37)  become 

>     .    .    (38) 

Theae  subatituted  in  (36)  give  Talae  of 

•a.|P(e  +  «+-8)  +  -»01(«(e  +  i'+«)  +  fi«  lnT."„na 

+  .«.i«l(0  +  i1s  +  s((;  +  p+Cl  "^^i;;- 

-«l(0  +  P  +  «)(«+S-(-J)-«    .     (39)     Bridge. 
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Corrac-  Tlie  eecond  term  on  the  left  was  negligible  in  the  experiments 

tioo  for  made,  inasmuch  as  the  resisLsnce  B  of  the  battery  was  small  in 

DineraBca  companBon  with  tha  other  rasistanoes.     Thus  the  value  of  Cm 

of  Poton.  „^g  gj^g„  ^  hetoro  by  (29).     It  waa  neeeBsafy  to  apply  a  cor- 

betwMn  ''*'^'^<*"  f'"'  ^^^  small  difierence  of  potential  bF  balween  the 

Qoard-  gusrd-fing  *"<!  ^^^  inner  cylinder  after  charging,  which  pre- 

rina  and  '^^ted.  the  distribution  on   the  inner  cylinder  from  being  ao 

Protected  nearly  uniform  as  it  otherwise  would  have  been.    It  is  shown  in 

Cyllndar.  ^be  paper  that  thie  correction  could  be  made  by  adding  to  the 
ia'.ernal  cylinder  a  atrip  of  breadth 


./t      2 ,      4<;\  ir 


where  f  is  the  difference  of  potential  between  the  cylinders,  t  the 
thicknaas  of  the  guard-ring,  e  the  half  thickness  of  the  piecea  of 
ebonite  aupporting  the  guard-ring,  ji  the  distance  between  tlie 
cylinders,  and  <  the  base  of  the  Napierian  aystem  of  logarithms. 
The  coefficient  of  iF/V  was  approximately  7 '5,  and  from  the 
values  given  above 

BO  that 

ir       1  , 

TIiuB  the  correction  wag  a  atrip  of  breadth  75/183  cm.,  or 
about  1  part  in  1800  of  the  whole. 

Each  commutator  conaiptcd  of  two  rings  with  projecting  aemi- 
cylindrioal  pieces  overlapping,  as  shown  in  Fig.  144,  mounted 
on  an  ebonite  casing  round  tha  common  axis. 

Two  springs,  shown  in  Fig.  146,  made  permanent  contact 
with  grooves  in  the  ring  portions  of  the  contact-pieces,  and 
funned  the  connections  to  the  points  C-d  and  AS  of  the  bridge. 
The  charging  contacts  on  the  commutator  were  made  with  n 
brush  of  fine  brass  wire.  On  the  axle  are  fixed  the  driving 
pulleys  and  a  stroboscopic  disk  for  tlie  obaervation  of  the  speed, 
by  means  of  a  maintained  fork  in  tbe  manner  already  sufficiently 
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described  at  p.  669  ftbove.  A  aide  view  of  the  stroboBcopic  disk 
is  shown  on  the  right  in  Fig.  144. 

Tbo  worm-wheBl  and  endless  screw  were  used  to  make  a  con- 
tact with  a  spring  at  every  revolution  of  the  wheel,  that  is  every 
30  tarns  of  the  commutator,  to  excite  one  of  the  electromagnets 
of  the  recording  apparatus  referred  to  below.  The  commutator 
was  driven  by  a  water-motor  and  long  cord  made  of  fishing-line 
joined  in  a  long  splice  to  prevent  inequalities  in  speed.  The 
speed  was  regulated  by  letting  the  cord  run  through  the  tingers. 

The  strohoscopic  disk,  Fig.  144,  had,  as  shown,  five  circles 


containing  4,  6,  6,  7,  8  black  spots  at  equal  intervals ;  the  fork      Strobo- 
making  64  complete  vibrations  per  second,  and  the  commutator      scopic 
not  running  much  faster  than  80  revolutions,  the  speeds  of  the       Disk. 
disk  from  16  revolutions  per  second  upwards  when  a  stationary 
pattern  was  visible  were  the  fractions 

},!,!,!,  J.  »,§,!.(.  ♦,!,♦,  I.  i,(,  I, 

of  64  revolutions  per  second. 

The  electrically  driven  fork  maintained  another  of  abont  twice 
its  frequency,  and  the  latter  gave  beats  with  Lord  Rayleigb'a 
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Btandanl  fork,  ao  tbkt  the  Bpeed  of  tho  observing  fork  was 

obtained. 
Doter-  The  frequency  of  the  standard   fork   wna   redetermined  by 

minatioQ    cauaing  the  worm-wheel  driven  by  the  commntator  to  make  a 
ef  mark  on  a  running  tape  every  30  revolutions  of  the  commutator. 

Frequency  This  was  effected  hy  the  completion  of  a  circuit  which  escited 
°'  nn  electromagnet,  and  tiiereby  caused  an  armatnre  to  descend 
Btan^Urd  slightly,  and  bring  an  inked  roller  down  on  the  paper.  A  mark 
WHS  similarly  made  on  the  tape  every  aecond  by  the  completion 
of  a  circuit  by  the  laboratory  clock.  Fig.  146  shows  the  electro- 
magnets, armature,  and  marking  roller,  with  an  inking  drum 
above,  on  which  the  roller  made  contact  when  the  armature  was 
notpnlled  down. 

The  method  of  experimenting  was  as  follows. 

The  beata  between,  standard  and  auxiliary  forks  were  counted. 


Mode  of  The  motor  was  then  started  and  tlie  commutator  kept  at  a  con- 
Experi-  stant  speed  by  the  disk,  and  after  the  apparatus  was  stopped 
menting  the  beats  were  again  counted.  Thus  the  speed  of  the  observ- 
ing fork  was  directly  meeeured,  and  that  of  the  standard 
obtained  from  tlie  beata.  Three  observations  gave  a  mean  of 
1281045  for  the  frequency  at  16"C.,  a  8lif[htly  smaller  frec^uency 
then  that  found  by  Lord  Rayleigh.  The  difference  was  attributed 
to  secular  sefteniog  of  the  steel  in  the  intervening  six  or  seven 

The  resistances  were  taken  from  resistance  boxes  which  were 
carefully  compared  with  standard  coils. 

The  galvanometer  had  a  resistance  of  17380  ohms,  and  had 
two  coils  of  about  16000  tuma  each.    The  coils  were  very  care- 
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taWy  insulated,  and  showed  no  leakkse  when  tested  by  a  gold- 
lenf  electroscope. 

The  current  was  produced  witli36  hidbII  storage  cells,  arranged 
in  two  parallels  of  18  cells  each.  It  was  also  carefully  in- 
sulated. 

All  the  quantities  observed  were  corrected  with  great  care  for 


FlO.  148. 

temperature  variations,  and  tlie  capacity  of  tjie  connecting  wires 
to  the  condenser  was  taken  into  account. 

Three  sets  of  experiments  7,  10,  and  6  in  number  were  taken, 
and  gave  as  mean  values  of  Ci„«3-471  JclO"",  443-417x10-", 
443-569x10-"  C.G.9.;  or  ns  mean  of  all  (1,  -  443-486x10"" 
C.O.S.  eloctromagnelic  units.    Thns 


""  v« 


397-!)27 


=  3-99B5  X  10", 


a  cms.  per  second. 


Determi- 


Melhoda  of  comparing  the  capacity  CU  of  a  condenser  with  Mettiod 
the  aelf-inductance  £  of  a  coil  nave  been  given  above,  Chap. 
VIII.     If  then  the  capacity  of  a  condenser  has  been  thus  found, 

in  terms  of  a  self- inductance  L  which  can  be  exactly  calculated,  ^    . 

the  value  Ci  in  electrostatic  units  can  be  found  either  direcUy  Compm. 

by  calculation  for  the  condenser,  or,  if  that  is  not  possible,  by  ,j^ 

comparison  with  the  accurately  known  capacity  of  a  Standard  Indnct- 

condenser.  once. 


of 
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ThtiB  if,  as  at  p,  491  above, 


Method  V.      The  next  two  methods  are  mainly  of  theoretical  interest 

Dotarmin-  According  to  Method  V.,  a  magnet  ie  rotated  within  a  coil  bub- 
'^°  t^  r  f^"*^^  '^^^^  't8  plane  Tertical  by  a  bifilar.  The  current  indaced 

frodnctof  ^^  jjjg  ^qJi  causes  it  to  turn  round  a  Tertical  axis,  andj  if  the 
nd* ^*''l     P^"'^'^  °f  rotation  be  constant  and  Bmall  in  comparison  with  the 

"duotMica'  P^""^  '^^  vibration,  to  take  up  a  constant  deflection.  The  eoil 
IB  in  circnit  with  a  fixed  coil  of  considerable  Belf-indnctance,  bo 
that  the  whole  inductance  of  the  circuit  is  L,  and  with  a  condenser 
of  capacity  iX  The  value  of  CL  can  be  found  by  observing  the 
deflections  J)i,  J}„  I>„  for  three  different  angular  velocitieB 
"ii  "ii  "ti  o'  the  magnet.    Then 

Ci" ! £l ....   (41) 

"■"'•Slw-v) 

If  the  induction  through  the  coil  due  to  the  magnet  when  ita 
axis  is  parallel  tothnt  of  toecoil  be  JIf,  then  when  the  magnet  has 
turned  through  the  angle  0  from  that  position  the  induction  is 
Jfcos  fl,  or  JtfcOBnf,  if  n  denote  the  angular  velocity,  and  t  be 
reckoned  from  the  instant  at  which  6  =  0. 
Theory  of  l(  x  be  the  whole  quantity  of  electricity  which  has  flowed 
Method,  through  the  circnit  from  the  era  of  reckoning,  the  current  is  i, 
and  the  induction  tlirongh  the  circuit  due  to  the  current  in  it  is 
Li.  Thus  if  S  denote  Uie  difference  of  potential  between  the 
plates  of  the  condenser,  the  electromotive  force  prodacing  the 
current  ie  E  +  d\,Li  +  if  cos  nf)dt,  and  the  equation  of  currents 

iir  +  ^(If  +  3fco9«0  +  S=0. 

But  CB  •=  X,  so  that  this  equation  becomes 

CL^  +  CRj^  +  s=CMnK^nt  .    .    .    (42) 
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Prom  (42)  it  is  clear  that  the  values  of  CL  and  CR  are  tlie 
same  whether  the  electroma^^netic  oi  the  eleotrostatic  Byetein  of 
units  is  used. 

Thia  differential  eqaation  is  one  of  forced  OBcillation,  so  that 
for  X  we  have  the  equation 

.-     .  JfQ.    ^eoa(W-.}     .    .    (43) 

*/>6'W  +  (l-Ci»»)« 
where 

1  -  CL^ 

Xxae  = . 

KC* 

The  couple  on  the  euapended  ooil  produced  by  eleotronag- 
netic  action  is  at  time  t 

and  the  mean  vulud  O  of  thia  orer  one  revolution  ia,  aince  3ir/s 
ia  the  period, 

9  =  -.^_^^^g^^_fsin(.<-.)ain,/.rfi 

i'  %/iPC'»*  +  (l-C'i»')»J 


2  J»C>»»  +  (1  -  Cia')" 


(44) 


If  the  coil  have  a  sufficiently  great  moment  of  inertia  the 
variationa  of  the  couple  acting  on  it  will  not  cause  it  to  oscillate 
eeneibly,  but  it  will  take  up  a  position  of  equilibriura  depending 
on  the  mean  couple  e.  _ 

The  mean  deflection  D  ia  proportional  to  B  and  ao 

J'l  =  iPC»  +  (l  _  Ctny    ....     (45) 

where  P  is  a  constant.  By  meana  of  three  different  angular 
velocities  three  equations  of  this  form  are  obtained,  which  give 
(41)  by  elimination  of  P  and  R. 

If  tliB  experiment  were  carried  out  it  would  be  desirable  to 
take  say  HjttB  that  for  which  nlD  is  a  minimum,  that  iin^^ilCL, 
and  Ttj,  n,,  one  greater,  the  other  less  than  % 

Sinue  v'  •=  C/Cm,  we  have,  if  L,,  Lm  denote  the  eiectroatatio 
nnd  electromagnetic  values  of  L, 

C,U~^C,L,  =  i?Cv,U. 
VOL    II.  T  T 
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-s£ <«> 

The  denominator  of  tbe  BXpreesIon  on  tlie  light  is  (lelermincd 

ezperimentully,   as    explained   above,    aud    the    numerator    in 

obtaJQod  by  direct  calculation  of  Ct  nnAL^t,  or  by  compariaoD  of 

the  condenBer  and  circuit  with  proper  Btandarde, 

Method         Method   VI.  involves  the  determination  of  the  electrostatic 

yji        value,  J?,,  of  a  iiigli  reaistsnce,  through  which  a  condeneer  of 

By  Elec-    capacity  C,  ia  digcharged.     Tliia  c»n  be  done  by  measaring  the 

^ostfttio    j^^  pf  f^ij  gf  difference  of  potential  between  the  plotee  of  the 

mar^^of"   condenser  by  ineans  of  an  electrometer  coonected  with  them. 

Hiith      '^  ''  '■*  **  olectroatatic  value  of  the  difference  of  potential  at 

Beaut-      "ny  *■"»»  '  ^"^  *"»"» 


e  get  from  this  eijuation 
^~IogJ« 


If  r=irn,ft  =  //c,iog2. 

If  now  R^  is  known  we  have,  since  C,E,  =  Cm^n,  SmJR,  • 
C/Cm  —  t'l  and  therefore 


^=, 


je«aioE2 


The  method  of  electrical  oscillations  has  been  used  by  Lodge 
and  Glazebrook.*    An  air  condenser  was  made  to  disuharge 

*  B.  A.  Report,  1889,  or  EUarieum,  voL  2S  (1889),  p.  lit. 
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through  a   coil   of  measurable   inductance   acroas  a   spark-gap  Method 

between   a  pair  of  kDobs  about  a  millimetre  npart.     The  con-  VII. 

denser  cotiBieted  of  II  squares  (each  2  feet  in  side)  of  plate  glasa  ^7  ^°''' 

silvered  on  both  sides,  set  up  parallel  to  one  another  with  a  suremtiit 

distance  of  6  mms.  between  eoch  pair  of  opposed  silvered  sur-  "  r  p[' 

faces,  and  the  silvered  Burfaces  of  the   alternate  plates  joined  tn™l ' 

metallically  to  form  the  coatinga  of  the  condenser.     It  had  thus  Qscilla- 

a  capacity  of  about  600  metres  in  electrostatic  meoeure.     The  tions. 

coil  was  composed  of  about  three  miles  of  india-rubber  covered  Lndge 

'   wire  of  No.  2*2  gauge,  and  had  diameters  19  inches  and  11  inclies,  and  offiie- 

and  thickness  4  inches.    Its  inductance  was  about  4'Ci  x  10^  cms.  brook's 


sctromagnetio  n 

The  condenser  was  charged  by  a  Vosa  macliine  arranged  to     ments. 
give  a  brush  discharge  across  half  an  inch  of  ur  to  the  inner 
coating,  while  the  other  coating  [that  is,  the  two  outer  plates 
and   t£e   four    alternate    interior    plates)    were    connected    to 

The  sparks  were  photographed  on  a  rerolvinK  sensitive  plate 
on  which  the  knobs  were  focused  by  a  quartz  lens.  The  plate 
was  driven  by  a  water  motor  at  a  speed  of  about  64  turns  per 
second,  and  its  speed  measured  as  in  Lord  Rayleigb's  determi- 
nation of  the  ohm,  by  observation  of  a  stroboacopic  disk  through 
a  slit  alternately  opened  and  closed  by  the  vibration  of  an  elec- 
trically maintained  tunidg-fork.  The  result  was  that  a  pattem 
was  produced  on  the  plate  consisting  of  a  long  band,  with  a 
bf>ad-like  broadening  for  each  half -oscillation.  The  period  of 
vibration  was  thus  measured  with  great  exactness. 

The  resistance  and  inductance  of  the  circuit  could  also  be 
obtained  with  very  considerable  accuracy,  as  the  resistance  of 
the  spark-gap  was  inappreciable.  The  value  of  L  for  the  coil 
conid  also  he  obtained  by  direct  calculation  or  by  comparison 
with  anotlier  coil. 

The  value  of  the  period  given  above  (p,  18fi)  fumishea  for 
these  data  the  electromagnetic  value  of  the  capacity  of  the  con- 
denser. (See  also  Chap.  XIV.  below.)  Also  C,  can  be  found 
from  an  exact  comparison  with  a  standard  condenser,  and  thus 
V  can  be  obtained  by  (SI)  above. 

The  final  results  of  the  experiment  do  not  seem  yet  (July, 
1892)  to  have  been  published. 

The  following  table  gives  the  values  of  v  obtained  by  different     General 
experimenters,  and  for  comparing  the  velocity  of  light  as  deter-    Table  ol 
mined  experimentally  by  the  methods  of  Fizeau  and  Foucault.    Roanlta. 
It  is  in  great  part  taken  from  Mr.  E.  B,  Rosa's  paper  already 
referred  to.     The  various  results  given  were  corrected  by  Rosa 
where  necessary  to  the  value  "DSSSl  ohm  for  the  B.A.  nnit : 
TT   2 
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CHAPTER  XI 1 


When  a  circuit  in  vbich  a  current  of  electricity  iB    Aotivity 
flowing  contains  a  motor,  or  machine  by  which  work  is  circuit  of 
done  in  virtue  of  electrom^netic  action,  the   whole  '^^u'^^j 
electrical  work  done  in  the  circuit  consist.><,  as  was  first 
shown  by  Joule,  of  two  parts,  work  spent  in  heat  in  the 
generator  and  motor  and  in  the  conductors  connecting 
them,  and  work  done  in   moving  the   motor  against 
external  resistance.     The  total  rate  at  which  electrical 
energy  is  given  out  in  the  circuit  is,  as  we  have  seen, 
£y  watts,  where  £  is  the  total  electromotive  force  of 
the  generator  in  volt.s,  and  y  is  the  number  of  amperes 
of  current  flowing.     The  rate  at  which  work  is  spent  in 
heat  is  in  watts,  by  Joule's  law,  y^B,  where  S  is  the 
total  resistance  in  circuit  io  ohms ;  hence,  if  we  call  W 
the  rate  at  which  work  is  done  in  the  motor,*  we  have, 

3/  =  y^R-¥  W (1) 

We  may  write  this  equation  in  the  form, 
£-  W/y 


(2) 


a  regarding  the  coiutructioa  of  practical  motors  and  their 
see  a  paper  by  Profa.  Ayrton  and  rerry,  Ftoe.  Soc.  Tel.  Engs.. 
TBpaWiflhedin  the  electrical  journaU,  Ka.p-p't  Eltdrie  Tranamu 
Power,  and  Prof.  S.  P.  Thampaon's  Dynamo- EUclric  Hachinery. 
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which  shows  that  the  current  Sowing  is  equal  to  that 
which  would  flow  in  the  circuit  if,  the  resistance  re- 
maining the  same,  the  motor  were  held  at  rest,  and  the 
electromotive  force  diminished  by  an  amount  equal  to 
E.M.F.of  Wjiy.  This  is  what  is  called  the  back  electromotive  force 
Motor.  Qf  jjig  motor,  and  is  due  to  the  action  of  the  motor  in 
setting  up  an  electromotive  force  tending  to  send  a 
current  through  the  circuit  in  the  opposite  direction 
to  that  of  the  current  by  which  the  motor  is  driven. 
We  shall  denote  the  back  electromotive  force  by  E^. 
Hence  equation  (2)  becomes, 

->  -  -^ (■'> 

and  the  rate  at  which  work  is  spent  in  driving  the 
motor  is  E^f. 

To  determine  E  we  have  simply  to  measure  with  a 
potential  galvanometer  or  voltmeter,  the  difference  of 
potential  between  the  two  terminals  of  the  generator. 
Calling  this  V,  »nd  R^  the  effective  resistance  of  the 
generator,  we  have  plainly, 

E-r+^S, (4) 

Again,  since  7  and  also  the  total  resistance  B  in  the 
circuit  can  be  found  by  measurement,  we  find  by  (S) 

E^  =  E-fR (5) 

where  all  the  quantities  on  the  right-hand  side  are 
known. 
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The  ratio  of  E,y,  the  electrical  enei^  spent  per  unit  l^^'"^'^' 

of  time  in  the  circuit  otherwise  than  in  heating  the  of 

conductors,  to  the  whole  electrical  energy  Ey  spent  in  the  '^^"'^"f 

circuit  per  anit  of  time,  that  is  the  ratio  of  £,  to  E,  we  Oeneiwot 

may  call  the  electrical  efHciency  of  the  arrangement.  Motor. 
Denoting  this  efficiency  by  e,  we  find,  by  equation  (4), 


l3      1       -^--^1 
E 


.i-m-i-i^^  .  .  m 


Hence  the  smaller  y  is  made,  that  is,  the  slower  the  A™nB«; 
energy  is  given  out,  the  value  of  the  etBciency  of  the  Muimiim 
arrangement  is  the  more  nearly  equal  to  unity,  the  value  g^^™, 
of  the  efficiency  of  an  arrangement  in  which  the  energy 
in  the  motor  done  against  external  resistance  is  exactly 
equal  to  the  whole  electrical  energy  given  out  in  tlie 
circuit. 

When  however  energy  is  spent  at  the  maximum  rate 
in  working  the  motor,  E^y  lias  its  greatest  value.  But 
by  (5) 

E^ymEy-'fR=  W. 

This  equation  may  be  written, 

•^R-  Ey  +  IT  =  0, 

a  quadratic  equation  of  which  the  solution  is, 

E±  -J^  -  ^RW 
T=-       ~-iR 

Now  in  order  that  these  values  of  y  may  be  retd,  iRW 
cannot  be  greater  than  E*.  Hence  the  greatest  value 
W  can  have  is  E^liS.    When  W  has  this  maximum 
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Amnge-  value,  T  is  equal  to  Ej2R,  and  therefore  £i  equal  to 
MMimnm  -S/S.     Hence  the  electrical  efficiency  is  J.     It  ia  to  be 

Activity,  ^gjy  carefully  observed  that  although  in  this  case  the 
arrangement  is  that  of  greatest  electrical  activity,  it  is 
not  that  of  greatest  electrical  effUncTicy,  aa  it  has  only 
about  one-half  the  eEGciency  of  one  in  which  energy  is 
given  out  at  a  very  slow  ri\te.  The  case  is  exactly 
analogous  to  that  of  a  battery  arranged  so  as  to  give 
maximum  current  through  a  given  external  resistance 
(see  Vol.  I.  p.  148). 

All  that  has  been  stated  above  is  applicable  to  the 
case  of  a  motor  fed  by  any  kind  of  generator  wliatever. 
The  generator  employed  however  is  generally  some 
form  of  dynamo-  or  magneto-electric  machine  driven 
by  an  external  motor,  such  as  a  steam-  or  gas-engine  or 
a  water-wheel,  and  a  few  of  the  results  obtained  below 
apply  only  to  such  cases,  which  will  be  indicated  as 
they  occur. 
.    Case  ot        When  the  generator  and  motor  are  exactly  similar 

^"l^tor  nifchines,  and  the  same  current  passes  through  both, 
Similar  the  ratio  oi  E^  to  E  will  be  that  of  nAf{y)  to 
n'Af{y) ;  where  n  and  n'  are  the  speeds  of  the 
machines,  A  a  constant  depending  on  the  form  and 
disposition  of  the  magnets,  and  _/(iy)  a  function  of  the 
current.  Hence  in  this  case  the  efBciency  is  measured 
simply  by  the  ratio  of  the  speed  of  the  motor  to  that  of 
the  dynamo.  The  more  nearly  therefore  the  speed  of 
the  motor  approaches  to  that  of  the  generator,  the 
greater  is  the  efficiency.  It  is  to  be  observed  however 
that  two  machines  identically  alike  will  not  in  practice 
be  perfectly  similar  in  their  action,  even  with  the  same 
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currents  flowing  in  their  armatures  and  field-magnet 
coih.  The  armature  currents  tend  to  weaken  the  field 
in  the  generator,  and  to  ntrengthen  the  field  in  the 
motor. 

In  general,  the  higher  the  speed  at  which  the  motor 
is  run,  the  greater  ia  the  electrical  efficiency  of  any 
arrangement,  for  it  is  ohvious  that  the  higher  the  speed 
the  more  nearly  does  S^  approach  to  S,  and  therefore 
the  value  of  SJE,  the  measure  of  efficiency,  to  unity. 

For  a  constant  difference  £  —  E^,  the  ratio  of  the 
enei^  spent  in  heating  the  conductors  by  the  current 
to  the  whole  energy  expended  in  the  circuit,  may  be 
reduced  by  increasing  the  electromotive  force  E  of  the 
circuit.  If  ^  he  increased  to  nE  while  E^  is  changed 
to  ^i,B0  that  »J-^,-.S-^i,  the  electrical  efBciency 
is  raised  to  {n~l)ln+EJnE,  or  {(n  -  l)/w  +  1/n'^}  of 
the  former  efficiency.  Clearly  as  »  is  increased  this 
approaches  more  and  more  nearly  to  unity. 

The  BMrgy  spent  in  lieat  is  -^R,  or  ( E~  £)VA  and  the  ratio  Elaetricsl 
of  thie  to  Sy  is  yRIE.      But  yS  is  equal  to  the  conatant  differ-  Effiuiency 
ence   S- B„   hence   the   ratio   is   {E-E^]jE.  and   this   becomes    increased 
smaller  as  E  is  incrensed.    A   greater  elficiencr  is  therafore      ^J  'f' 
obtained  by  using  high  potentials  than  by  using  low  potentials.  p'TJ'i'"? 
Hence  a  ftreater  electrical  efficiency  is  realized,  with  a  given  "^■'-  '" 
magneto-  or  dynamo- electric  machine  nsed  as  generator  and  a     ^"^'"'■ 
given  motor,  when  both  generator  and  motor  are  run  at  higher 
speeds.    Consequently  the  generator  should  be  run  as  fast  as 
possible,  snd  the  motor  loaded  lightly,  or  the  speed  with  which 
the  working  resistance  is  overcome  reduced  by  gearing  between 
it  and  the  motor. 

When  high  potentials  are  obtuned  by  the  use  of  machines  EfTect  of 
wound  with  fine  wire,  or  by  using  as  generator  a  battery  of  a  increased 
large  number  of  cells  joined  in  series  to  drive  a  high  potential  E.M.F.  in 
motor,  the  gain  of  electromotive  force  is  occompaniea  by  an  ditTerent 
increase  of  resistance  in  the  circuit    But  if  we  suppose  the      Cases. 
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speeJ  of  the  motor  to  be  bo  regulated  that  the  difference 
between  the  total  electromotive  force  tn  the  circuit  and  the  hack 
electromotive  force  of  the  motor  remains  the  same  in  the  differ- 
ent cases,  it  ii)  eaaj  to  show  thnt  the  eleclrical  efficiency  of  the 
arrangement  is  greater  for  high  electromotive  forces  than  for 
low.  If,  as  supposed,  £-£,  remains  constant,  while  S  is 
changed  to  nE,  we  have  for  the  total  activity  of  the  motor 
vEy-  (E-  £^  y.  Dividing  this  by  nEy  we  gel  for  the  electrital 
efHcicncf, 


As  s  is  made  greater  and  greater,  the  first  term  on  the  right 
becomes  more  ana  more  nearly  equal  to  unity,  and  the  last  term 
to  zero.  Hence,  on  the  enppoaition  made,  the  efBciency  is  in- 
creased by  increiising  the  working  electromotive  forces,  Taking 
us  a  particular  casen  =  2,  we  see  that  the  efficiency  is  }  together 
with  one-half  of  the  former  efficiency ;  if  ij  =  4,  the  efficiency  is 
I  together  with  one-fourth  of  tl  e  former  efficiency,  and  ho  on  for 
other  values  of  n.  This  result  holds  for  any  case  whatever  in 
which  the  condition  that  E  —  E,  should  remain  constant  is 
fulBlled  ;  and  hence  it  is  independent  of  any  change  that  may 
have  been  ujade  in  the  resistances  of  the  generator  or  motor  in 
order  to  obtain  Uie  higher  electromotive  force  nE.  For  eiample, 
it  is  plain  that  no  sensible  change  in  the  actual  rate  of  losn  by 
heating  of  the  conductors  by  the  current  will  be  produced  by 
increasing  the  resistanceii  of  the  generator  and  motor,  if  thete 
be  very  small  in  comparison  with  the  remaindor  of  the  resistance 
in  circuit;  as,  siocs  £— £,  remains  constant  and  the  restetance 
is  practically  the  same  as  before,  the  current  strength  will  not  be 
pereeptibly  altered.  The  ratio,  however,  of  the  activity  wasted 
in  heatlDK  to  the  total  activity  will  be  only  1/nth  of  what  it  was 
before,  in  the  opposite  extreme  case,  in  which  the  generator 
and  motor  have  practically  all  the  resistance  in  circuit,  the 
currentjj  (  =  (£-£i)/5),iB  diminished  in  the  ratio  in  which  the 
resistance  is  increased;  and  the  actual  rate  of  loss  by  heat 
according  to  Joule's  law,  ^E  —  Eyj^jR,  is  diminished  in  the  same 
ratio,  so  that,  as  in  the  fornier  case,  its  ratio  to  the  total  activity 
rtEy  is  1/nth  of  what  it  was  for  the  electromotive  force  E.  We 
see,  therefore,  that  here  also  the  efficiency  must  be  the  same  in 
both  cases. 
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We  have  called  EJE  ihe  electrical  efKcieney  of  the  ^°^^^^ 

1  1  ■     ■  n  !■  1     1       ■  1      1       Efficiency 

arrangement,  but  this  la  not  to  be  confountled  with  the  of  Motor. 

efficiency  of  the  motor  itself.  The  activity  E^f  in- 
cludes the  wasted  activity,  or  rate  at  wliich  work  is  done 
against  frictional  resistances  in  the  motor  itself,  and  in 
the  gearing  which  connects  it  with  its  load,  as  well  as 
the  useful  activity  or  rate  at  which  it  performs  useful 
work.  Hence,  although  the  electrical  efficiency  of  the 
arrangement  be  very  great,  only  a  small  amount  com- 
paratively of  the  energy  given  to  the  motor  may  be 
usefully  expended,  and  vice  versA;  and  we  define  there- 
fore the  efficiency  of  a  motor  at  any  given  speed  as  the 
ratio  of  the  useful  activity  to  the  whole  activity,  taking 
as  the  Intter  the  total  rate  at  which  electrical  energy  is 
e^ipended  in  the  motor ;  that  is,  E-ij  -}-  y^Ri,  or,  which 
is  the  same,  Vy,  where  V  is  the  difference  of  potential 
between  the  terminals  of  the  motor.  Accordingly,  if  A 
be  the  useful  activity,  we  have  for  the  efficiency  of  the 
motor  the  ratio  A/Vy.  We  may  call  this  the  working 
efficiency  of  the  motor. 

To  determiae  this  ratio  in  any  particular  case  the  motor  is  run    Measnre- 
at  the  required  speed,  F  ia  tueaeured  with  a  potential  galvano-     ment  of 
meter,  and  y  with  a  current  galvanometer,  and  their  product   Working 
taken,  or  fy  is  determined  with  some  form  of  electrical  activity-  Efficiancy 
meter,  while  A  ie  determined  by  means  ot  a  euitabia  ergometer.   of  Motor. 
A   ^ery   coriveuient   and   accurate   friction   ergomefer  may  be 
formed  by  passing  a  cord  oncp  completely  round  the  pulley  of 
the  motor,  and  hanging  a  weight  on  the  downward  end,  while 
the  other  is  made  to  pull  on  a  spiral  spring  fixed  at  its  upper 
end  aod  provided  with  an  index  to  show  its  exteanion.    The 
weight  is  adjusted  so  thut  the  motor  runs  at  the  required  speed, 
while  wasting  all  its  work  in  overcoming  the  friction  of  the 
card,  and  the  extension  of  the  spring  is  noted,  and  the  corre- 
sponding pull  found  in  the  same  unite  of  force  as  those  used  in 
eetiinating  tlie  downward  pull  due  to  the  weight.  Let  the  weight 
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uMfl  in  any  experiment  be  Ulcen  in  grammeB,  and  be  denoted 
fay  a,  and  let  10'  be  the  number  of  grammes  required  to  ntretch 
the  aprin^  by  gravity  to  the  same  amount,  then  the  total  force 
overcome  is  in  dynea(ia  —  w')3,  wharep  is  the  acceleration,  in  cen- 
timetree  per  second  per  second,  produced  by  gravity  at  the  place  of 
experiment  (at  London  g  —  981'17  nearly ).  If  n  be  the  number 
of  revolutiona  per  second,  end  c  the  circumference  in  cms.  of  tlie 
pulley  at  the  part  touched  by  the  rope,  the  velocity  with  which 
this  force  is  overcome  is  nc,  and  therefore  the  activity  in  ergs 
per  second  is  nc(iD  —  tB')ij.  It  A  is  reckoned  in  watts,  we  have 
the  equation, 

-'-ffi?"*"-"^' <*> 

\i  V)  ~  vf  be  taken  in  pounds,  and  e  in  feet,  nnd  n  be  the 
number  of  revolutions  per  mimite,  the  activity  in  horse-power  is 

given  by 

^-SSSo"""--^ W 

and  in  watts  approximately  fay 

A  -  -oaaeatfCw  -  «>') (9') 

Generator       ^g  have  DOW  considered  cases  in  which  electrical 
Coaiging 

stot»ge    energy  is  transformed  into  mechanical  work  by  means 
RlecttiMl  "*"  '^10^'^  working  by  electromagnetic  action,  and  have 
EBiciency  seen  that  the  whole  electrical  activity  Ef  in  the  circuit 
Arrange-    is  equal  to  the  useful  activity  of  the  motor  together 
■"*"*■      with  the  unavailable  part  spent  in  heating  the  con- 
ductors in  circuit,  and  in  overcoming  the   frictional 
resiatancea  opposing  the  motion  of  the  motor.     Fart  of 
the  electrical  energy  developed  by  a  generator  may 
however  be  spent  in  effecting  chemical  decompositions 
in  electrolytic  cells  placed  in  the  circuit,  as,  for  example, 
in   charging   a   secondary   battery   or   "accumulator." 
Each  cell  in  which  electrolytic  action  takes  place,  so 
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that  the  result  is  chemical  separation  at  the  plates  of  the 
constituents  of  the  solution  acted  on,  opposes  a  counter 
electromotive  force  to  that  causing  the  current,  and  the 
work  done  per  second  io  each  cell  over  and  above  that 
spent  in  heat  according  to  Joule's  law  (p.  75),  is  equal 
to  the  product  of  this  counter  electromotive  force  into 
the  strength  of  the  current.  In  most  cases  the  counter 
electromotive  force  exceeds  the  electromotive  force  re- 
quired to  effect  the  chemical  decompositions,  and  the 
energy  corresponding  to  the  difference  of  electromotive 
force  appears  in  the  form  of  vrbat  has  been  called  local 
heat  in  the  electrolytic  cells. 

In  the  case  of  a  secondary  battery  charged  by  the 
current  from  an  electrical  generator,  which  is  the  only 
case  we  shall  here  consider,  the  activity  spent  in  the 
battery  while  it  is  being  charged  is  equal  to  the  product 
of  the  difference  of  potential  existing  between  the 
terminals  of  the  battery  while  the  current  is  flowing, 
multiplied  by  the  strength  of  the  current.  Let  V  be 
this  difference  of  potential  in  volts,  and  7  the  current 
strength  in  amperes,  then  Vf  joules  is  the  whole  work 
per  unit  of  time  spent  in  the  battery.  The  whole 
activity  spent  in  the  circuit  is  E^,  or  F7  +  7'^,  where 
E  is  the  total  electromotive  force  of  the  generator,  and 
B  is  the  resistance  of  the  generator  and  the  wires  con- 
necting it  with  the  secondary.  Again,  if  E^  volts  be 
the  electromotive  furce  of  the  secondary  battery,  which 
may  be  measured  by  removing  the  charging  battery  for 
an  instant  and  applying  a  potential  galvanometer  to 
the  terminals  of  the  secondary,  the  activity  actually 
spent  in  charging  the  battery  may  be  taken  as  E^f. 
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Hence  the  ratio  of  the  activity  spent  in  charging 
the  battery  to  the  whole  activity  in  the  circuit  is 
£J(V+Jiy)  or  I!JS,&nd  the  activity  wasted  in  heat- 
ing the  conductors  in  circuit  is  {E  —  Ef)y.  This  ratio 
E^jE  is  the  same  as  that  Tound  above  in  the  case  of  a 
generator  and  a  motor,  and  may  be  called  as  before  the 
electrical  efficiency  of  the  arrangement. 
Arranga.       Hence,  in  order  that  as  nearly  as  possible  tbe  whole 

Maximum  electrical  energy  given  out  in  the  circuit  may  be  spent 

Effi^f^*^  in  charging  the  battery,  as  many  cells  should  be  placed 
in  circuit  as  s^uffice  to  nearly  balance  the  electromotive 
force  E  of  tbe  generator,  that  is,  tbe  charging  should  be 
made  to  proceed  as  slowly  as  possible.  In  practice, 
however,  a  very  slow  rate  of  charging  is  not  economical, 
as  the  work  spent  in  driving  the  generator,  if  a  dynamo- 
or  magneto-electric  machine,  against  frictional  resist- 
ances would  be  greater  than  the  useful  work  done  in 
the  circuit ;  and  if  the  speed  of  the  generator  slackened 
for  a  little  the  battery  would  tend  to  dischai^ 
through  it. 
Effect  ot        _4g  in  the  case  of  the  motor  (p.  265),  the  electrical 

InoreaBed  .  .       .  i    i       . 

E.M.F.  in  efficiency  of  the  arrangement  can  be  increased  by  in- 
Circuit.  creating  E  and  E■^,  so  that  E—  E^  is  maintained  con- 
stant. E  may,  in  the  present  case,  be  increased  by 
running  the  generator  faster,  or  by  using  a  machine 
adapted  to  give  higher  potentials.  As  before,  if  E  he 
increased  to  nE,  while  E^  is  changed  to  ^  so  that 
nE  —  E  =  E—  E^,  tbe  electrical  efficiency  becomes 
(n  -  l}/n  -\-  EJnE  as  in  (7)  above. 
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The  electromotive  force  of  a  Faure  or  etomge  cell  is  rather  MeMure- 
over  2  volts  when  fully  charged,  but  is  considerably  less  when  mant  of 
nearly  discharged.  When  the  cell  is  plnced  in  the  charging  Enarg^ 
circuit,  the  counter  electromotive  force  which  it  opposes  rises  pj**"  -  '° 
quickly  to  a  little  less  than  this  value,  and  therBafter  gradually  Charging, 
increases,  while  the  charging  current  falls  in  strength.  In  order 
to  measure,  therefore,  the  whole  energy  spent  in  charging  a 
secondary  battery,  we  must  either  use  some  form  of  integrating 
Bnergy-niet«r  which  gives  accurate  results,  or  measure,  at  short 
intervals  of  time,  ^with  a  potential  gnlvaoometer,  and  y  with  a 
current  galvanometer  placed  permanently  id  the  circuit.  After 
the  battery  has  been  charged,  the  total  number  of  joules  spent 
ia  obtained  by  multiplying  each  value  of  Vy  by  the  number  of 
seconds  between  the  instant  at  which  the  corresponding  readings 
were  taken  and  that  at  which  the  nest  pair  of  readings  were 
taken,  and  adding  all  the  results.  Or,  more  exactly,  values  V 
aud  y  are  obtained  for  each  interval  by  finding  the  arithmetic 
means  of  the  values  of  V  and  of  y  at  the  beginning  and  end  of 
each  interval,  and  taking  the  product  of  tliese  two  means  as  the 
value  of  the  activity  for  that  interval.  Each  produot  is  multi- 
plied by  the  number  of  seconds  in  the  correaponding  interral, 
and  the  sum  of  the  produt'ta  is  the  whole  energy  spent.  The 
integral  work  in  joules  having  been  thus  estimated,  the  efGciency 
of  the  battery  may  he  obtained  by  finding  in  the  same  mnnner 
the  total  number  of  joules  given  outinthe  esternal  working  circuit 
while  the  battery  is  diacharging.  The  ratio  of  the  useful  work 
thus  obtained  to  the  whole  work  spent  in  charging  is  the  efficiency 
of  the  bnttery.  In  discharging  in  an  electric  light  circuit,  tlie 
greotest  economy  is  obtained  when  the  resistance  of  the  working 

Eart  of  the  circuit  ia  very  great  in  comparison  with  that  of  the 
attery  and  main  conductors.  Neglecting  the  latter  part  of  the 
resistance,  we  see  that,  if  a  large  number  of  lamps  are  arranged 
in  multiple  arc,  a  large  number  of  cells  should  also  be  joined  in 
niultiple  arc,  so  that,  while  the  requisite  difference  of  potential  ia 
obtained,  the  resistance  of  the  battery  is  still  small  in  comparison 
with  that  of  the  external  circuit. 


As  regards  the  measurement  of  energy  spent  in  electric  Measure- 
light  circuits,  in  which  continuous  currents  are  flowing,  ?^^^tl 
we  have  already  suEGciently  indicated  above  how  this  Spent  in 
may  be  done.  To  find  the  activity,  or  work  spent  per  cunent 
unit  of  time,  in  any  part  of  a  circuit,  we  have  only  to  Circ'"'^ 
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find  the  diEference  of  potential,  V,  in  volta  betweoD  its 
extremities  with  a  potential  galvanometer,  and  the 
current,  y,  in  amperes  flowing  through  it  with  a  cnrrent 
instrument.  If  the  activity  be  constant,  we  have  simply 
to  multiply  Vf  by  the  number  of  seconds  in  any 
interval  of  time,  to  find  the  number  of  joules  spent  in 
that  time  in  the  part  of  the  circuit  in  question.  If 
the  activity  is  variable,  the  whole  energy  spent  in  any 
time  may  be  estimated  by  iinding  Vy  at  short  in- 
tervals of  time,  and  calculating  the  int^ral  as  just 
explained. 

EUctrical       So  far  we  have  been  considerini?  only  measurements 
Activity  m         ,     ,       ,       .       .        , ,  .  ,. 

AlternKt-  made  m  the  circuits  of  battenes  or  ol  continuous  cuf- 
Cumnt  "^^^  generators.  Alternating  machines  in  which  the 
Circaito,  direction  of  the  current  is  reversed  two  or  three  hundred 
times  a  second  are,  however,  frequently  employed, 
especially  in  electric  light  circuits,  and  it  is  necessary 
therefore  to  consider  the  methods  of  electrical  measure- 
ment available  in  such  cases. 

The  only  electromagnetic  instruments  which  can  be 
used  in  alternating  circuits  are  such  as  depend  on  the 
mutual  force  between  two  current-carrying  conductors. 
Electrodynamo meters  generally,  and  current  weighers, 
such  as  those  described  in  Chap.  VIL,  are  instmments 
which  act  on  this  principle,  and  can  be  used  both  in 
alternating  and  in  continuous  current  circuits.  We 
have  only  to  indicate  here  how  they  can  be  applied  to 
measure  currents,  differences  of  potential,  and  activity 
in  constant  or  alternating  current  circuits. 
I^tical  ju  practical  work  the  instruments  on  this  principle 
nionia      usually  employed  are  such  as  require  to  have  their  con- 
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ataots  determined  by  comparison  with  standard  in- 
strumentB,  such  as  a  atandard  tangent  galvanometer, 
or  a  standard  dynamometer,  and  are  dealt  nith  in 
Chap.  VII.  We  may  here  mention,  in  addition, 
Siemens'  electrodynamometer,  in  which  a  suspended 
coil  is  acted  on  by  a  fixed  coil,  and  the  strength  of 
the  current  deduced  by  means  of  a  table  of  values  for 
different  angles,  from  the  torsion  which  must  be  given 
to  a  spiral  spring  to  bring  the  coil  back  to  the  zero 
position. 

When  an  instrument  on  this  principle  is  arranged  for  Activity- 
use  as  an  activity-meter,  one  set  of  coils,  the  fixed  or  ***"' 
the  movable,  is  made  of  thick  wire  so  as  to  carry  the 
whole  current  in  the  circuit,  while  the  other  set  is  made 
of  high  resistance  and  is  connected  to  the  two  ends  of 
the  part  of  the  circuit  in  which  the  electrical  activity 
is  to  be  measured.  In  this  case  the  force  or  couple 
required  to  restore  the  movable  cotls  to  the  zero  posi- 
tion is  proportional  to  the  product  Vy  of  the  difference 
of  potential  and  current,  that  is  to  the  activity,  for  that 
part  of  the  circuit;  and  if  the  instrument  has  been 
properly  graduated  this  can  be  at  once  read  off  in  watts, 
or  in  any  other  chosen  units  of  activity.  Instruments 
of  this  kind  have  been  made  by  Frofessors  Ayrton  and 
Perry,  Sir  William  Siemens,  and  Lord  Kelvin.  Lord 
Kelvin's  form  *  is  a  modification  of  the  balance 
described  above  (Chap.  VII.),  in  which  the  main  current 
is  sent  through  one  set  of  the  mutually  acting  coils, 

*  For  sfnil  dMcriptioD  MetbekDthor'iSouiUarTiMtiBe,  Chap.  VII. 
VOL.  IL  u  tr 
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which  are  therefore  of  low  resistaDce  ;  while  the  other 

set  of  coils  are  of  high  realstance  and  are  applied  at 

the  termiDalB  of  the  portion  of  the  circuit  in  which  the 

activity  is  to  be  measured,  and  therefore  carry  a  cuirent 

proportional  to  the  difference  of  potential  between  those 

two  points, 

Heunro-       We  shall  now  consider  the  measurement  of  currents 

Alto^tc  *"**  differences  of  potential,  and  therefore  also  of  elec- 

Carnut    trical  energy  in  the  circuits  of  alternating  machines  or 

of  transformers.     In  all  such  circuits  the  march  of  the 


current  in  each  complete  alternation  may  be  stated 
roughly  as  a  rise  from  zero  to  maximum  in  one  direc- 
tion, then  a  diminution  to  zero,  then  a  change  of  sign 
and  a  rise  to  maximum  in  the  opposite  direction, 
followed  by  a  diminution  again  to  zero.  The  law  ac- 
cording to  which  these  changes  take  place  is  more  or 
less  complex  in  the  various  cases,  and  the  complete 
mathematical  representation  of  the  current  strength  at 
any  time  would  require  an  application  of  Fourier's 
method  of  representing  any  arbitrary  periodic  function, 
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by  means  of  an  infinite  series  of  simple  harmonic  terms 
of  the  form  ^,  sin  (int  -  «<),  where  »  is  27r  divided  by 
the  period  f  of  a  complete  alternation,  Ai  and  ei  con- 
stants and  i  any  integer.  It  has  been  found  experi-  Law  of 
mentally  by  M.  Joubert  that  the  variation  of  electro-  i'ltarnato' 
motive  force  in  a  Siemens'  alternating  machine  can  be  Oarrent 
expressed  by  the  single  harmonic  term  ^sinTi^,  where 
we  reckon  t  from  the  instant  at  whioh  the  electromotive 
force  was  zero  when  changing  from  the  direction 
reckoned  as  negative  to  that  reckoned  as  positive. 
The  values  of  Esinnt  are  shown  graphically  by  the 
ordinates  of  the  curve  in  Fig.  147,  t  being  measured 
&om  A  along  AB.  The  maximum  and  minimum  ordi- 
nates CB,  SF  are  in  length  numerically  equal  to  the 
electromotive  force  E,  This  law  applies  fairly  to  many 
alternating  machines,  and  we  assume  its  truth  in  most 
of  what  follows  (see  however,  Hopkinson's  experiments 
on  rapid  cycles  of  magnetization,  curves  A,  Chap.  XIII. 
Sect.  III.).  The  more  general  case  can  be  dealt  with, 
when  results  for  it  are  interesting  or  useful.  By  means 
of  a  proper  contact  arrangement,  which  makes  connec- 
tion with  an  electrometer  at  diSerent  instants  during 
an  alternation,  the  values  of  the  difference  of  potential 
between  the  terminals  at  these  instants  can  be  obtained. 
If  the  difference  of  potential  does  not  follow  the  simple 
law  of  signs,  the  simple  harmonic  constituents  can  be 
deduced  by  the  method  of  Least  Squares  (see  Appendix), 
from  a  sufficient  number  of  such  observations. 

The  current  strei^h   is  affected  by  the  action  of 
self-induction  to  a  greater  or  less  extent  in   all  such 
u  u  2 
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niEtchines  independently  of  the  dispodtion  of  the 
external  circuit,  especially  if  the  revolving  annatnre 
coDtaina  iron ;  but,  as  shown  below,  it  follows,  with  a 
difTereDce  in  phrase,  the  same  law  as  does  the  electro- 
motive force.  The  effect  of  variatione  in  the  field 
magnets  produced  hy  the  rotating  armature  has  also  in 
a  rigorous  theory  to  he  taken  into  account,  but  this  effect, 
in  well-designed  machines  withont  iron  in  their  arma- 
tures is  not  great,  and  where  experiments  have  been 
made  to  detect  it,  has  been  found  to  he  slight,  and  we 
shall  therefore  neglect  it. 


tn  Alter- 
Ciwmt. 


y  =  ^  Bin  n( 


(11) 


Jl^ydl^jfyuntJl.dl     ....     (12) 
Hence  if  C  denote  the  meaa  current  in  that  time,  we  b&ve 

r.-^ (13) 


Meisnre.        Now  if  an  elactrodynamorneter  bs  placed  in  tlie  cirenit   bo 

ment  of    that  the  same  cunent  peases  through  both  ita  fixed  and  movable 

H»n      coils,  the  current  in  both  will  be  reversed  at  the  same  instent, 

Current    ahd  their  mutual  action  will  be  the  same  for  the  same  current 

strength,  and  will  be  proportional  to  C  that  is  to  ^*Bin*n(,     If 

the  period  of  the  alternation  he  tmall  in  comparison  with  the 

period  of  free  oscillation  of  the  movable  coit  system  of  the 

aynamometer,  the  mutual  action  of  the  fixed  and  movable  eoila 


D,s,i,7ert  by  Google 


ALTEENATING  CIRCUITS  881 

will  be  the  Bftme  u  if  a  contJnaoDB  cnrrent  y'  giveo  by  the 
equution 

^^-r-^dl  =  :^r Bin* Midi.    .    .    .     (14)     lUUoor 

Cuneut  to 
were  kept  flowing  through  them.    But  by  integration  Sqiure 

Boot  of 
jt  H«an 

y*  =■  — (16)    Square  of 

'  CurKDt. 

and  Bubstituting  from  (19)  in  this  equation,  we  get 

y,  =  ^y_-9003/ (16) 


In  order  therefore  to  find  the  actual  mean  current 
strength  in  the  circuit  of  aa  alternating  machine  from 
the  value  of  y  given  hy  a  current  dynamometer  we 
must  multiply  the  latter  by  '9 ;  in  other  words  the  mean 
current  strength  is  9/10  of  the  strength  of  the  conttu- 
U0U3  current  which  would  give  the  same  deflection. 
The  product,  if  7'  has  heen  taken  in  amperes,  multiplied 
by  the  number  of  seconds  in  any  interval  of  time  during  ' 
which  the  machine  has  been  working  uniformly  on 
the  same  circuit,  will  give  the  number  of  coulombs  of 
electricity  which  has  flowed  through  the  circuit  in  that 
time. 

The  measurement  of  differences  of  potential  is  how-  ***""™- 
ever  attended  with  more  difficulty  on  account  of  the  DitTeieuco 
effect  of  the  self-induction  of  any  electromagnetic  in-  "j^^y' 
strument  which  can  be  applied  to  the  circuit  for  this  i<iiostaiic 
purpose.  The  following  method  of  employing  a  meter. 
quadrant  electrometer  for  this  purpose  has  been  used 
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Idiostatio  by  It,  Joiibert.*  The  needle  of  the  inatninoeot  is  left 
Electro,  unchaiged,  aad  tlie  charging  rod  connected  with  it  and 
""^^■■-  aaed  as  a  third  electrode.  If  the  needle  be  connected 
to  a  point  i0  the  circuit  at  which  the  potential  is  V 
relatively  to  the  outside  case,  one  pair  of  quadrants  at 
a  point  at  which  the  potential  is  F*!,  and  the  other  pair 
at  a  third  point  where  the  potential  is  V^,  and  if  i)  be 
the  deflection  of  the  spot  of  light  corresponding  to  the 
angle  (supposed  small)  through  which  the  needle  has 
been  turned  gainst  the  bifilar  suspension,  then  subject 
to  the  caution  below  we  have  (Vol.  I.  p.  297) 

Z).S(r,-ro(r-^&i5)  .   .  (i7) 

where  %  is  a  constant.  M.  Joubert  connected  the 
needle  (and  case)  to  the  pair  of  quadrants  at  potential 
Vj^,  so  that 

I>=Uj^i-'t^,r (18) 

This  equation  is  applicable,  whatever  the  law  of  the 
electrometer,  provided  k  be  determined  by  a  process 
of  calibration  with  known  difTcrences  of  potential. 

It  has  been  found  by  Profesaora  Ayrton  and  Perry 
and  Mr.  Sumpner  f  that  when  a  quadrant  electrometer 
is  used  idioatatically  the  metallic  cheeks  left  where  the 
guard-tube  is  cut  away  for  the  needle  exert  an  influence 
on  the  needle  in  its  unsymmetrical  position  when 

*  Campla  Smdtu,  Julj  ISSO.     Amialtt  dt  Ckimic  tl  d*  Physique, 

May,  1883. 
t  Phil.  Trani.  R.S.,  A.  18B1. 
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deflected  which  readers  the  formula  (17)  seriously  in- 
accurate. It  may  be  used  however  without  correction 
for  values  of  F  up  to  about  100  volts.  In  quadrant 
electrometers  now  (1892)  being  maouEactured,  the 
guard-tube  is  dispensed  with.* 

A  multicellular  or  vertical  voltmeter  f  may  (pre- 
ferably) be  used  instead  of  the  quadrant  electrometer, 
except  when  three  points  at  different  potentials  are  to 
be  connected  to  the  electrometer  at  the  same  time. 
Any  doubt  as  to  the  applicability  of  the  expression  on 
the  right  of  (18),  with  k  a  constant,  is  avoided,  for  in 
these  instmmeats  the  values  of  different  deflections  on 
the  scale  have  been  fixed  by  experiment. 

If  the  terminals  of  the  electrometer  employed  be  con- 
nected to  any  two  points  in  the  circuit  of  a  machine  in 
which  the  period  of  alteroation  is  short  in  comparison 
with  the  free  period  of  the  needle,  the  couple  acting  on 
the  needle  will  be  at  each  instant  proportional  to  the 
second  power  of  the  difference  V^-  V^  of  potential 
existing  between  these  two  points  at  that  instant. 
Also  as  in  the  similar  case  of  the  dynamometer  above, 
the  deflection  of  the  needle  will  be  the  same  as  that 
which  would  be  produced  by  a  constant  difference  of 
potential  V  giveu  by  the  equation 

r'.j/V,-KJW    ....    (19) 

*  To  MeMN.  Ayrlou  and  Perry's  uutrument  (18)  iru  applicable 
ouly  when  the  dialance  apart  of  the  quadrants  vbb  3'S  nms.  Tbe 
distance,  if  anj,  of  the  qnadmiis  apart  for  which  tlie  formnlB  is 
correct,  ahonld  Im  found  bj  oiperiment  for  each  electrometer  used  in 
this  munncr. 

t  See  Smaller  Trcntiae  Chap.  VII.,  and  Vol.  I.,  p.  801. 
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Differonce       Jf  we  denote  the  actual  mean  diSeience  of  potential 
tial:  Tnia  ^y  ^m  then  aiDce  the  difference  of  potential  follows 
^J*"'     the  same  law  of  variation  as  the  current  we  sret  also 

"^°^°^  r.  = -90031^' (20) 

If  we  know  the  resistance  in  the  part  of  the  external 
circuit  between  the  points  at  which  the  electrometer 
electrodes  are  applied,  then  calling  this  resistance  M, 
and  supposing  that  this  part  of  the  circuit  contains  no 
motor  or  other  arrangement  giving  a  back  electro- 
motive force,  and  that  the  ratio  of  its  self-induction  to 
the  period  of  altematioo  is  zero  or  negligible  in  com- 
parison with  B,  we  have  for  the  mean  value  of  the 
current  V^jB,  and  thus  by  means  of  an  electrometer 
alone  we  can  measure  not  only  the  difference  of  poten- 
tial between  the  ends  of,  but  also  the  current  in,  that 
portion  of  the  circuit. 
Enb«nced       jj.  jg  j^  y^  noticed  that  the  resistance  of  the  con- 

ResiBtBDce 

to  Altar-   ductors  in  circuit  is  less  the  greater  the  frequency  of 
Currant:   alternation.     This   variation,  as  explained   at   p.  325 
("•tin-     above,  is  due  to  the  fact  that  as  the  alternation  in- 
from      creases  in  rapidity  the  current  is  more  and  more  con- 
^Pf"     fined  by  inductive  action  to  the  outer  strata  of  the  con- 
ductor, which  is  therefore  virtually  reduced  in  section. 
This  is  not  to  be  confounded  with  the  fictitious  increase 
of  resistance  seen  in  the  expression  JIC  +  n^I/  (see  p. 
667  belowj  which  arises  directly  from  the  electromotive 
force  of  self-induction;  but  is  a  real  increase  of  the 
value  of  R  for  the  current  in  question.   (See  table  of  the 
resistances  of  conductors  at  different  periods  of  alterna- 
tion in  Appendix.) 
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DeootinK  by  Am  the  mean  valDe  of  tbe  electricu  activily  m  Mnn 
this  part  of  the  circuit,  still  supposiog  the  b elf-induction  of  tbia  Activity 
part  to  be  nogliftible,  we  have  plainly  >°  ^^"' 


1    f^ 
If  3  a     •  ' 


r;)*di  - 


In  the  same  way,  since  tho  value  of  the  electrical  activity  at 
any  instant  is  -/H,  we  have  from  the  results  of  esperimenta 
mude  by  an  electrodynamometer, 

-'-=|/V'/t  =  y-'« (22) 

From  these  two  reaulta  we  get 

-f--ry (23) 

That  is 

The  true  mean  value  of  the  electrical  activity  is  eqaal  to  ^^*  *^ 
the  product  of  the  square  root  of  the  mean  square  of  the  induction. 
differeuce  of  potential,  by  the  square  root  of  the  mean 
square  of  the  current  strength.  It  can  therefore  be 
determined  by  means  of  an  electrometer  and  an  electro- 
dynamometer  of  negligible  self-induction  without  its 
being  necessary  to  know  the  resistance. 

We  shall  now  consider  the  case  in  which  the  self-induction 
cannot  be  neglected.  Let  R  be  the  total  resistance  in  the 
circuit,  y  tbe  current  flowing  in  it  at  the  time  /,  E  tbe  total 
electromotive  force  of  the  machine,  and  L  tbe  inductance  for 
the  whole  circuit,  that  ia,  the  number  which  multiplied  into 
dyldl  gives  the  electromotive  force  opposing  the  increase  or 
diminution  of  tbe  current.  We  shuJI  suppose  L  a  constant, 
sltbougb  there  can  be  no  doubt  that  in  some  alternating 
machines  ite  value  is  different  in  different  positions  of  tlie  arma- 
ture. The  iron  cores  of  tbe  field  mngiietB  act  to  a  greater  or 
lees  extent  bb  corea  for  tbe  armature  coiIh,  and  bb  tbe  magnetio 
susceptibility  of  iron  is  a  function  of  the  strength  of  the  mag- 
netizing current,  L,  which  ia  the  magnetio  induction  through 
the  armature  produced  per  unit  of  its  own  current,  must  vary 
accordingly. 
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TheoTj  of  Still  for  certatD  alternators  which  have  HO  iron  in  their  arniA- 

Cireoit  tures  the  variation  of  L  with  the  pOBition  of  the  atmaturo  is 

9°?'  slight.*    It  will  also  be  assumed  that  there  are  no  masses  of 

"""".S  metal  in  which  local  currents  can  be  generated  moving  in  the 

Harraonio  ''^'''-    ^°  these  aaaumptions  the  equation  of  the  current  ie 

E.M.F.  , 

My^E-ir^^ (24) 


But  by  the  law  which  we  have  assumed  for  the  machine, 

S  =  n,  sin  nt~E^t.\nnt {-25) 

where  q  is  a  constant  such  that  Eg  is  the  maximum  value  of  E 
for  the  given  speed.     Substituting  in  (24)  we  get 


Z^ 


+  ify  -  j't  sin  n( (26) 


which  integrated  becomes 


«o 


rin.=  "^      ^■oos,=  ^  .     .     (28) 

•JS*  +  uU'  V^  +  n'i» 

B, 

The  tenn  At~ h  ia  only  important  immediately  after  the  circuit 
is  closed,  and  will  therefore  bo  neglected. 

We  may  remark  that  if  L  were  eqiial  to  sero  (27)  would 
reduce  to  y  >=  E^R.  sin  ■<,  which  corresponds  to  (1!)  above. 
Mean  From  (27)  we  get  for  the  mean  current 

Current. 

1--  r(ii.+'.-..)././."""'-"'"-.(^+::-^-)>-'"' 


•  See  the  discniBion  on  Mr.  W.  H  Mordey'a  paper  on  "  Alttmating 
Cnrrent  Working"  Init.  of  Elect  Eng.  May,  1S89  {Tht  SUdneian, 
llay  21,  31,  June  7,  Aug.  2,  1889). 
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AIbo  for  the  meaa  square  of  the  carrent  strenf^th  u  given      Usui 

direotly    by  an    electrodyaamomeler  we    have    by  (27)    the  Squsre  of 

equation  Carwnt 


/>'"«-"*-5^|W<*" 


'        T{^  +  n'i"). 
and  we  have  therefore  as  before,  the  relation 

y»  -  -90037'. 
From  (27)  we  see  that  the  effect  of  self-inductioD  is  to  diminish  Differancs 
every  value  of  the  current   in  the  ratio   of  EJ[IP  +  ii»i')l  to   of  Phaw 
^IR,  and  to  produce  a  retardation  of  phase  which  measured  in         ^f 
time  is  e/n  aeconds;  that  is,  the  resistance  is  virtually  incraued     Cuironl 
in  the  ratio  [S?  +  n'l^ilJt,  and  the  current  in  following  the  law     g^  p 
of  Binea  passes  through  any  value  c/n  seconds  after  it  would 
have  paased  through  tlie  corresponding  value  if  there  had  bees 
no  self-indnction.    If  in  Fig.  I4T  above  the  ordinatea  of  the  curve 
of  aines  represent  the  values  of  the  current  at  different  instants 
of  time,  when  L  is  zero,  the  current  would  be  represented  for 
any  given  value  of  L  by  diminishing  tha  ordinatea  of  the  curve 
all  in  the  proportion  olRtoJi*+  i^L*,  and  shifting  the  cnrve 
along  AB  from  left  to  right  through  a  distance  equal  to  i).     It 
is  plain  alao  that,  for  any  finite  resistance  Jt,  by  diminiabing  T, 
that  is,  by  increasing  the  speed  of   the  machine,  the  current 
can,  by  (27),  be  made  to  approach  the  limiting  value 

•    (81) 

which  is  independent  of  the  resiatance,  and  haa  a  retardation  of  Uaxitnam 
if  T/4  seconds,  a  quarter  period  of  a  complete  alternation.      Hean 
Lnte|;rating  over  a  half  period  from  zero  current  to  sero     Current 


2l 


To  find  the  mean  valne  Am  of  the  total  electrical  activity  in      Uean 
the  circuit,  we  have  by  (26),  and  (S7)  Elactrical 


1  f  T 
Am-jj^Eyil- 


Aetivity 


(JP  +  n*L*)U  „ 

1       BJ'Jt 
"IjP  +  TflA' 
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nence  by  (30)  if  the  sotivity  ia  spent  in  beat 

Am=-i*S. (34) 

that  is,  the  true  meaa  value  of  tho  total  electrical  activity  ia 
equal  to  the  mean  square  of  the  ourrent  streagth  multiplied  by  the 
total  resistance  ia  circuit.  This  aiao  applies  to  part  of  a  circuit. 
1  It  may  easily  be  Bhown,  from  (33),  by  the  ordinary  method 
that  the  total  activity  in  the  circuit  is  greatest  when  R  =  nL, 
that  is,  Jbr  a  given  ipeed  and  a  given  value  of  L,  the  activity 
is  u  maximum  when  R=nL.  It  must  be  observed  however  that 
for  a  given  resistance  R  the  activity  is  greater  the  siiialler  the 
value  of  T,  that  is,  the  greater  the  speed.  When  R  has  the 
value  nL  we  have,  by  (ST)  t^itH;  that  is,  the  retardation  o£ 
phase  is  then  oua-eighth  of  the  whole  period.* 

Supposing  the  electromotive  force  and  current,  though 
periodic,  not  to  follow  the  simple  sine  law,  then  as  we  have 
seen  above  we  may  represent  either  by  a  Fourier  eeries.     Thus 

Complex-  B  =  S£i  sin  (is/  -  si> (25') 

Periodic 

E.11.F.     where  ■  is  an  integer,  and  takes  all  the  values  required  for  tlie 

simple  components  which  make  up  the  periodic  function  which 

i^is  of  the  time. 
For  equation  of  current  we  have  now  instead  of  (26) 


Speed  and 
'  luduct- 

2.  For 

Besist- 


7.^+  Ry  -  SSt  sin  (inl  -  ei) 

solutioD  is 

y  =  J,~V  +  ^-, '  sin  ('n(  - 

^  ^  ^'J&  +  i<^*JA 


(26') 


x/R'  +  •■" 


s'R"-  +  i-»*J/ 


*  The  condmionB  as  to  maximuta  work  and  retardation  of  phase, 
OS  well  a*  inoat  of  the  theoretical  reBulti  statsd  above  as  to  the  action 
of  alternating  machinee,  were  first  we  bsliGva  glveu  by  M.  Joubert, 
CampUt  Eenditi,  1880.  The  problems  o[  alternating  machines  Joiaed 
in  series,  OT  ill  parelleT,  or  ai  moton,  weru  considered  by  Dr.  J. 
Hopkinson  in  a  lecture  to  the  lost,  of  Civil  Engi.  1883,  and  in  ■  paper 
"  Oa  the  Theory  of  Alternating  Currents,"  Soc  Tel.  Enga.,  and  Els., 
Nov.  1SS4.  The  principal  results  of  this  latter  paper  ore  reproduced 
below.    See  also  Mr.  Uordsy'a  paper  loc.  eit.  p.  flflfl  above. 
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Ab  before  we  may  neglect  the  exponential  term  in  tlie 
solution. 

If  now  wo  wTsli  to  find  tlie  mean  Hqaftre  of  the  carretit 
strength  we  have  only  to  square  the  series  on  the  rij^ht  of  (37') 
and  intetpvte  over  the  whole  compound  period,  Sir/ft,  that  is, 
over  an  intnrval  which  ie  the  least  common  multiple  of  the 
periods  of  the  components.  Now  it  can  be  easily  shown  that 
an  integral  of  the  form 

jsin  (m/  -  «,  -  ^,)  Bin  {jti  -  ej  -  ^)dl 

vanishes  when  taken  over  an  interval  Sir/n,  unleas  i  =j.    For 
the  product  under  the  integral  sizn  can  by  elementary  trigono- 
metiy  be  resolved  into  the  dinerenoe  oiE  two   cosines,  each 
yisldiog  a  simple  integral,  which  obTiously  vanishes. 
Then  since 


.V.^:^^"'""-"-*"'-*^^^-.     =f„ 


we  get  for  the  taean  sqnare  of  the  ourrent  Com; 


that  is,  the  mean  square  of  the  current  is  tlie  sam^of  the  mean 
squares  of  the  carrents  wlitch  would  be  given  by  the  componeats 
of  V  if  each  existed  separately. 
The  mean  activity  is  given  by  the  equation  i  Uean 

Activity 

1      /*»/".-t  =8nm  of 

2wlifJo     ^  "  ActiHties 

□F  Com- 

If  the  multiplication  of  the  two  series  on  the  right  ie  performed 
a  numher  of  integrals  of  the  form 

2^«  L  '■'''  ^"^  "  '*'  ""  ^J"  ~  '^  ~  **'■" 
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before  except  those  for 


2ff/M  V^  +  ii,v^ 


8IQ  (in*  -  et)  81 


-4'd'tt 


"I7 


•Jje  +  i'n'L*         •«*  +  »'«'.y 


that  is,  tbe  mean  activity  ie  the  sum  at  the  mean  ai 
the  component  currents  would  give  separately. 
Also  by  (300  and  (33') 

Jw.-y'^R     .    .    . 


...     (MO 

Practical        "^''^   practical  importance   of  this  result  lies  in  tliis,  that  it 
Applies-    proves  that  any  method  of  Tneasurinf;  power  which  is  demon- 
tion  of     strftted  for  a  current  following  tbe  Bimple  sine  law  of  varistion 
'    Besult.     with  the  time,  is  also  true  for  any  periodic  current  whatever,  in- 
asmuch as  Buch  a  current  can  be  regarded  as  made  up  of  simple 
sine  currents  of  different  periods.     For  example,  the  generality 
of  the  metliod,  given  below,  of  measuring  power  in  the  circuit 
of  a  transformer  can  be  inferred  from   this  result,  as  haa  been 
remarked  by  Prof.  Ferry,* 
Circuit          I^  i'l  ^^^  circuit  there  be  two  socrces  of  electromotive  force  of 
with  two   the  same  period  T,  but  of  different  phases ;  for  example,  two 
E.H.F.Bof  machines  driven  so  as  to  have  the  same  period  of  alternation, 
same       the   solution   here   given   applies.     For  the  two  electromotive 
Period,     forces  combine  to  give  a  single  electromotive  force  of  the  same 
period  as  the  componenta,  but  differing  in  phase  from  either;  so 
that,  to  use  the  solution  it  is  only  necessary  to  take  this  reHullant 
electromotive  force  as  EoaiaHi,  reckoning  the  time   from  an 
instant  at  which  sin  nl  is  aero  and  increasing.     If  the  difference 
of  phasRH  be  2<p  reckoned  in  angle,  the  interval  between  the  suc- 
cessive instants  at  which  a  component  is  increasing  through  lero 
is  S^/n,    Hence  taking  the  zero  of  reckoning  of  time  midway 
u.t .»,._.  .-.-,  instants  we  may  denote  the  two  compo- 


between  these  t 


*  Phil  Mag.,  Aug.  1891. 
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tionts  hy  £iBin (at +  <p),  Etain{nt—ip).    C&Uing  their  ruultant 
£gein(nt-^),  we  have 

E^  ain  (n(  -  f )  -  £,  Bin  (nt  +  ^)  +  £,  am  (nl  -  ^)     (36) 

Uy  elementary  trigonometry  wo  get 

E^*  =  E,*  +  £,'  +  2E^Et  COB  2^  N 

""  J.         £  t   .     .     .     (36) 

WlioD  0  ==  0,  ^  —  o,  and  £>  -s  fJ,  +  Ep  as  ia  evident  without 
oalcuUtioD.  since  the  macluDBB  are  then  m  the  same  phase.  If 
Ef  "  £].  that  is  if  the  machines  are  equal,  the  reHultant  ia  in 
phasB  halfway  between  its  coniponents.    When  thia  ia  the  case 

£,-aBiCOB0 (37) 

which  when  tp  =  o  gives,  as  it  ought,  £,  •>  2E,. 

Conaidering  still  two  unequal  macliiueB,  and  remembeiing  that  1^° 
when  the  value  of  the  resultant  electromotive  force  ia  increes-  H"u^^ 
ing  through  zero,  the  value  of  the  current  is  given  by  (27),  ^.M.F.b 
that  then  the  electromotive  force  of  the  leading  machine  is  ti-J  t 
£,  Bin  (ni  +  <J.  +  *),  and  that  of  the  following  machine  ^'"^""'^ 
Ef  sin  (nt  -<!>  +  ^),  we  have  for  the  mean  activity  ^(^  of  the 
leading  machine 

1  /T 


Fha>«. 


^(^ 


^^J  __  Bin  (n(  -  «)  sin  (nt  +  *  +  ^)rf( 


EgE, 


2  (£•  +  «>I,*)l 
1      E.E, 


COB  (<f,  +  ^+t) 


To  find  the  mean  activity  of  the  following  machine  we  have 
only  to  change  the  sign  of  ^  in  this  expression.    We  get 
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If  tbe  macbineg  be  equal  £,  «  £„  end  ^  »  0,  so  that 


Tendencj       Since  0  ie  lesB  than  n'/2,  both  coa  i^  and  ein  <^  are  poaitive.  and 

of  Tito     therefore  the  following  machine  dooa  more  work  than  tlie  Isad- 

BquI       ing  machine.     Hence,  unless  each  ia  completely  controlled  by 

Uachtnea   the.  prime -mover,  the  leading  machine  will  increase  ita  lead,  and 

to  Oppoai-  this  will  go  on  until  20  =  w,  when  the  two  machinea  will  be  in 

tion  of     exactly  oppoaite  phases,  and  will  exactly  neutralise  one  another. 

Poue.      fhia  tendency  to  asaume  oppoBition  of  phase  depends  on  the 

difference  A/m  -  A,m.  and  thia  having  the  factor  nL/(,R*  +  n*L'), 

lias  a  maximum  valoe,  for  a  given  resiatance  and  a  given  period 

of  alternation,  when  nL  =•  R. 

The  machines  thua  arrange  themselves  so  that  no  current 
pasBea  in  the  wires  joining  their  terminals,  and  these  wires 
alternate  in  relative  potential  with  the  period  of  the  machines, 
and  each  is  at  any  instant  very  anproxtmately  at  one  potential 
throughout.  It  might  therefore  be  inferred  that  if  a  working 
circuit  be  joined  from  one  wire  to  the  otiier,  a  current  will  paaa 
through  that  circait,  and  that  the  two  machines  will  control  one 
another  so  as  to  keep  in  the  same  phase  in  supplying  it.  We 
shall  cimsider  thia  case  as  a  further  example  of  the  theory. 
Two  Gq Dal  ^'^^  ^0  ^^  ^''^  difTerence  of  phase  with  reference  to  tbe 
Alter-  external  circuit,  so  that  at  time  t,  Sain  (n(-f  0),  E  Bin(iit-<f>] 
natora  in  are  the  electromotive  forces  of  the  two  machines,  y,,y,  the 
FaralleL  currents,  ii  the  coefficient  (supposed  constant)  of  self-induction 
for  each,  r  the  resistance  of  each  machine  from  one  point  of 
attachment  to  the  other  point,  and  R  the  resiatance  of  the 
external  circuit  We  shnll  suppose  that  the  external  circuit  baa 
no  sensible  self-induction,  and  that  the  whole  work  there 
developed  ia  spent  in  overcoming  resistance,  for  example,  in 
hgbting  glow-lamps.  By  considering  the  circuit  through  each 
machine  and  the  external  resistance,*  remembering  that  the 
current  in  the  latter  is  y,  +  y^  and  therefore  the  difference  of 
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of  tha  I«mp  system,  the  -vslue  y'fl*.  The  onirBot-meter  ie  now- 
employed  to  measure  the  whole  current  flowing  to  the  lamps 
while  their  bnllisncy  is  kept  the  same.  Denoting  the  mean 
square  of  this  current  by  yW  we  have  for  the  value  ^n  of  the 
mean  activity  spent  in  the  lamp  system 

J^=.ny-=y'y[R (80) 

Messrs.  J.  and  E.  Hopkinsoo*  have  employed  the  TmIiiik 
following  method  of  testing  the  efBciency  of  dynamo-  Machinei. 
machines,  which  obviates  the  difficulty  of  measuring  ^^  Messrs. 
accurately  the  mechanical  power  transmitted  to  the  Hopkin 
driving  abaft  of  a  dynamo  by  a  steam  engine  or  other 
motor.  Two  equal  dynamos  of  the  type  to  be  tested 
are  used,  and  one  of  these  is  run  as  a  motor  at  the 
required  speed  and  with  the  proper  amount  of  electrical 
activity  in  the  circuit  This  can  be  adjusted  by  suit- 
ably varying  the  m>^et  resistances  of  one  of  the 
machines.  The  motor  is  made  to  spend  the  available 
activity  which  it  gives  out  in  driving  the  generator, 
and  the  difference  in  power  required  is  supplied  by  a 
steam-  or  other  engine,  and  measured  by  a  Hefner- 
Alteneck  dynamometer,  or  by  any  other  similar  method 
by  which  the  difference  of  tensions  of  the  two  parts  of 
the  belt  is  determined.  This  latter  amount  of  power 
represents  the  losses  in  transmission,  and  added  to  the 
power  returned  to  the  generator  Ir?  the  motor  gives  the 
mechanical  power  required  to  drive  the  generator. 
The  errors  inherent  in  the  determination  of  mechanical 
power  transmitted  to  a  driven  shaft  are  thus  made  to 
affect  only  the  comparatively  small  balance  of  power 
'  Phil.  Trant.  R3.     Fart  I.  1888. 

TOL.  U.  Y  T 
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and  the  efficiencj  is  obtained  to  a  much  higher  pcr- 
ceatage  of  accuracy. 

The  whole  electrical  power  Ey  developed  by  tbe 
generator  is  then  found  by  calculating  that  spent  on 
each  part  of.  the  circuit  from  tbe  observed  differences 
of  potential  between  the  terminals  of  the  generator 
and  motor,  the  current  in  tbe  circuit,  and  tbe  known 
resistances  of  the  different  parts  of  the  machines.  By 
adding  to  this  the  power  v,  in  watts,  wasted  in  the 
machine,  the  power  spent  in  driving  it  is  obtained  and 
hence  at  once  the  gross  efficiency  EyjiEy  4- to). 

Then  tbe  Buni  ofthepowen  developed  in  thearmnture and  mag- 
nets of  each  machine,  and  in  thaleadsaudotherreaist&nceBiii  the 
citouit,  subtracted  from  the  power  transmitted  from  the  engioe 
and  measured  hy  the  dyosjDometer,  givee  a  balance  which  re. 
presents  the  total  loea  in  the  circuit  over  and  above  those  here 
enumerated.     This  is  made  up  of  power  wasted  iu  tiie  iron  cores 
of  the  armatures  and  iu  the  pole  pieces  in  coneequenoe  of 
hysteresis  or  eddy  currents,  in  reversals  of  the  currents  in  the 
sectioiie  of  the  armatures,  in  connexions,  in  sparking  if  any,  and 
in  the  friction  of  the  bearings  and  brushea.     Half  of  this  balance 
Gross      may  be  taken  as  spent  in  each   machine.     The  whole  power 
Efflciencj  spent  in  driving  the  generator  is  therefore  the  sum  of  the  whole 
of         electrical  power  £y  given  outin  the  circuit,  and  half  the  balance, 
Dynamo    u  say.     Thus  the  efficiency  is 

ft  +  l.  Ey'°"^- 

Strin.  Mr.  Swinburne  measures  electrically  the  loss  of  power  v)  here 
bume's  described,  and  requires  only  one  machine  of  tbe  tj'pe  to  be 
Method,  tested.  The  magnets  of  the  machine  are  escited  separately  so 
that  the  armature  is  under  the  induction  which  would  exist  if 
the  machine  were  working  nnder  the  load  specified  for  it. 
The  machine  is  then  driven  b^  a  small  dynamo  which  fur- 
nishes current  at  the  electromotive  force  of  the  machine  iust 
sufficient  to  drive  it  at  the  requisite  speed,  without  any  load 
beyond  that  involved  in  w,  namely  the  losses  in  eddy  currents, 
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hystereeia,  ond  friction  in  tlie  machine  being  tested.  The  speed 
can  be  adjuated  &%  in  the  tests  Bbo?e  described  by  suitably 
varying  the  reaistance  of  the  magnet  circuit.  The  power  spent 
on  the  machine  by  the  amall  dynamo  ia  determined  electrically 
in  the  ordinary  way  by  meaauring  the  number  of  volts  difference 
of  potential  between  the  terminals  and  the  current  in  amperes. 
The  former  will  of  course  be  approiiinntely  the  fall  electro- 
motive force  of  the  machine  when  working  under  the  preBcri bed 
load.  The  power  thus  determined,  diminished  by  that  apent  in 
heat  in  the  armature  (which  is  generally  oegligible),  is  the  wosto 
power  10  retjuired. 

The  cfBciency  can  then  be  found  by  calculating  the  total 
electiical  activity  in  the  circuit  when  the  machine  is  running 
under  the  prescribed  load,  by  adding  to  the  activity  in  the 
external  circuit  the  electricul  activities  in  the  armature  and 
mngneta,  found  in  watts  by  multiplying  the  resistance  of  each 
part  in  ohms  by  the  square  of  the  current  in  amperes.  CaU  this 
electrical  activity  Ey,  as  above,  p.  646.  Then  I  he  mechanical 
power  apent  in  driving  is  £y  +  ».  The  gross  efficiency  of  the  __,  _  . 
machine  ia  thus  Eyl{Ey+u,).  The  electrical  efficiency  of  the  Effic^nciea 
nrrsngeraeDt  is  Jlf,y/£y,  if  E^  be  the  difference  of  potential 
between  the  terminals  of  the  eitemal  circuit.  Finally  the  net 
efficiency  is  E^yKEy  +  lo). 

On  the  analogy  of  the  MessTB.  Hopkinson's  method  of  testing   Smnpner's 
dynamos  just  described,  Dr.  Sunipner  lias  based  the  following  Method  of 
method  of  testing  power  supplied  to  trauaformers.     Two  equal     Testing 
transformers   have   their   primary   coils  e,e,  joined  in   parallel      Trans- 
acrosB   the   terminals   of  an  alternating  dynanio  as  shown   in     formeis. 
Fig.  148,  and  their  secondaries  f7j6^a1sojoined  in  parallel  between 
the  points  AB.     Non-inductive  resistances  r  ana  if  aie  included 
in  the  primary  and  secondary  circuits  as  shown. 

Supposing  the  tranaforraera  to  be  alike,  and  the  primary 
circuits  to  have  the  same  resistance,  the  magnetizing  currents 
will  be  the  same  in  both,  and  there  will  be  equal  electromotiye 
forces  at  any  iustant  in  the  aecondariea.  Thus  no  current  will 
flow  in  the  secondary  circuit  whatever  (he  rexiatance  R.  A 
non-inductive  resistance  r  in  the  primary  of  either  will  cause  the 
currents  in  the  primaries  to  be  different,  and  if  r  ia  in  the  circuit 
of  (7)  a  current  will  flow  in  the  secondary  which  will  load  the 
transformer  C|6^,  and  help  to  miignetize  the  core  of  c,Cf, 
thus  raising  the  electromotive  force  in  the  primary  of  tliat 
transformer. 

If   however  tlie  transfonners    be  somewhat    different,  for 
example,  so  that  (to  take  Dr.  Sumpner'e  example)  No.  1  converts 
from  100  to  2100  volts,  and  the  other  from  100  to  2000  volts, 
Y  T  2 
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then  there  will  be  an  electromotive  force  of  lOOvolta  in  the 
circuit  of  the  seconilarieB  which  will  prodnce  any  desired  current 
if  Ji  be  properly  adjusted. 
Determi-         If  then  with  two  unequal  tranaformers  tlie  current  flowing 
nation  of    through  the  eecondaries  be  of  the  proper  ajnount,  each  trans- 
Waste      forroer  will  be  fully  loaded,  but  one,  the  more  powerful,  No.  1 
Power.      Bay,  will  transform  up,  nod  the  other  down.     That  is  the  former 
will  take  eneTjty  from  the  mains,  the  other  will  return  energy  to 
the  mains.     The   power-losses  occurring  in  the  double  trans- 
formation  are  then,  in  the  aggregate,  the  difference   between 
the  power  taken  hj  No.  1,  and  that  given  back  by  No.  S, 


diminished  by  tlie  amount  absorbed  in  the  resistance  R,  and  by 
the  amount  apeot  io  heating  the  connecting  wires  and  instra- 
ments  applied. 

It  is  only  necessary  thererore,  in  order  to  obtain  to,  to  measnre 
tbe  balance  of  power  supplied  to  the  system  at  ab,  and  correct 
it  as  described.  This  may  be  done  with  a  wattmeter,  the  fine 
wire  coil  of  which  is  placed  across  the  terminals  ab,  and  the 
current  coil  in  one  of  the  mains,  or  by  the  electrometer-method 
deacribed  below.  To  calculate  the  efficiency  we  have  then  only 
to  find  the  power  W,  aay,  supplied  to  No.  1  transformer.  This 
can  be  done  nenrly  enough  by  measuring  the  load  on  either 
transformer,  say  by  placing  a  wattmeter  with  its  fine  wire  coils 
across  ai,  and  its  current  coiling,  or  by  measuring  the  difference 
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o(  potential  and  current  of  any  coil  of  eitlier  tranaformer.    Then    Calcnla- 

the  efBciency  of  the  double  trHnafonnation,  ti'  esy,  ia  given  by         tion  of 

■^       *  Efficiency. 

e»=  -     —  =1  --, 
W+1C  W' 

The  efficiency  of  each  tranafonner  is  approximately  the  aqiiate 

root  of  this,  or 

''°^"2*'"8»^ ^^'* 

nearly. 

One  great  Bdvantage  of  thia  inetliod  lies  in  the  fact  that  a 
considerable  error  in  uie  eBtimation  of  id  can  only  aliKbtly  affect     „ 
that  of  D*  or  e,  if  e  benot  very  differentfrom  unity.     This  method     ™»  " 
as  it  stands  is  only  applicable  to  two  transformers  the  electro-      Wg^ 
motive   forces   of  the  secosdarins  of  which  differ  by  at  least      T^nn. 
twice  the ''  drop  "  in  difference  of  potential  between  the  terminals    formcn. 
of  the  secondary  of  either,  when  ita  load  is  raised  from  aero  to 
the  prescribed  value.    In  the  cose  of  two  similar  tranaformers 
Dr.  Sumpner  uses  a  amall  additional  transformer  which  ie  able 
to  supply   the  waste  lo  for  the  two  large  transformers  to  be 
tasted.      The  primary  of  this  is  connected  in  series  with  an 
adjustable  aon-mductive  resistance,  x,  across  the  main  terminals 
ab,  and  the  secondary  ia  placed  in,  say,  No.  2  transformer,  in 
series    with    either  e,  or   C^  in  place  of  the    non-inductive 


This  email  transfonuer  will  supply  an  amount  of  energy, 
depending  on  tlie  value  to  which  x  is  adjusted,  sufficient  to 
cause  any  required  current  to  Sow  in  the  secondanes  of  the 
larf^e  transformers.  It  is  only  necessary  then  to  measure  the 
energy  given  out  by  the  small  tranaformer  by  measuring  the 
current  and  difference  of  potential  on  its  primary  and  secondary, 
and  further  to  measure  as  before  the  power  supplied  by  the 
mains.  The  sum  of  these  corrected  as  before  wilt  tie  u.  Then 
W  ia  meaanred  as  before  for  either  of  the  large  transformers  and 
the  efficiency  is  determined  by  (81)  above. 

Different  arrangements  will  suggest  themselves  to  the 
engineer  carrying  out  these  tents  aa  suitable  in  the  varying 
circumstances  in  which  he  may  be  placed  by  his  instruments, 
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given  out  in  any  portioa  of  a  circuit.  It  will  be  seen 
that  it  is  intimately  related  to  the  electrometer  method 
described  below.  Three  points  on  the  circuit  are  taken, 
two  (Fig.  149)  AB  between  which  ia  the  portion  of  the 
current  in  which  the  activity  ia  to  be  found,  while  the 
portion  £0  consists  of  a  non-inductive  resistance  of  if 
ohms.  Three  alternate  current  volt  meters  of  proper 
construction  are  used  to  give  the  mean  squares  of  the 
dtfTerences  between  A  and  B,  B  and  C,  and  A  and  C. 


If  iJj,  i?j,  D  be  the  readings  of  these  voltmeters  each 
in  volts,  and  Am  the  mean  activity  io  watts 

A,-^{V~D,'-D,')    .    .    .     (82) 

For 

1   {'^^ 


.4/>. 


ThMTf  a/  if  f  J  be  the  difference  of  potential  between  J  nnd  B  at  any 
Method,    inituit.    But  if  F^  be  tlie  difference  of  potential  exieting  at 

■  Ptdc  R.S.  April  S,  1891  aiEUttridan,  April  17,  IS&l. 
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the  Bkm«  instant  between  J  and  (7  we  Uave  y=yjR,    Hence 


^-s-JV'""' 


The  difference  of  potential  between  J  and  C  IB  at  tlie  aame 
inetaat  Fi  +  F„  and  we  have 

Hence 

^-  -  ^■{/.'"^' + ''■>■*  -/'".'*  -/'^■"4 

or 

^-=g^Ci^-A'-A') (82) 

It  can  be  ahown  by  the  Theory  of  Errurs  of  ObseTVation  that 
on  the  aBsnmpCion  of  equal  profioTtional  errors  in  the  qnantitiea 


observed  the  best  arrangement  for  this  messareinent  is  c 


arrangement  in  which  the  power  consumed  in  the  non-inductive 
reaiatauce  is  equal  to  the  power  measured, 

A   modification  of  this  method  has  been  proposed  b;  Prof.  Metliad 

Ajrton  and  Dr.  Sumpner  in  which  two  current-meters  ^i,  j^j,  with  Two 

and  a  voltmeter  Fare  arranged  aa  shown  in  l^ig.  160.  ah  is  the  Conent- 

portion  cf  the  circuit  in  which  the  power  is  to  be  measured,  cd  meteraand 

a  non-inductive  reaiatanoe  placed  across  its  terminals^  K  is  a  Tolt- 

Toltmeter  placed  parallel  to  AS  and  CD,  and  measunng  the  meter, 
mean  square  of  the  difference  of  potential  between  ae  and  bd. 
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If  V  be  the  difference  of  potenUal  between  a  and  6  at  &Dy 
inatalit,  utd  y  the  current  at  that  inetant,  the  activity  is 


<r  if  y  be  the  current  in  cd  at  the  same  instant, 


since  y'  =  FIR.  But  if  D^  be  the  reading  of  the  current-ineter 
Ji,  Pf  that  of  Jf  (each  giving  the  mean  iiquare  of  the  current  in 
amperes},  we  have 

A-i/>. 
A  -  j,/J(r  +  t')«'  -  j/'fr"  +  ■/•  +  !«■)* 

if  1)  be  tho  reading  of  the  voltueter  espreesed  in  volts.  Hence 
by  (83) 

Tliia  was  given*  aa  an  improvement  upon  a  method  proposed 
by  Dr.  J.  A.  Fleming  in  which  a  current- meter  is  placed  in  ed, 
and  Jm  in  given  by  (84},  with  D^  put  for  the  reading  of  this 
current- meter,  and  used  instead  of  tlie  term  D^I?.  The  current- 
meter  introduces  a  certain  nmountof  inductance  into  e^,althougli 
this  might  be  made  negligible  by  taking  cd  large  enough. 

Electro-  An  electrometer  may  be  used  in  the  following  mauDer 
iStW     *"  P^*  ^^  mean  square  of  the  current,  and  of  the 

Measare-  difiference  of  potential  for  any  part  of  a  circuit,  whether 
tleoQ     containing  motors  or  arc  lamps  or  any  arrangement 

Squaraef  ^\\^   or  Without  counter- electromotive   force   or  aelf- 
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ioductaDce.  A  coil  of  thick  Qermaa  silver  wire  (or  to 
prevent  sensible  heating  a  set  of  two  or  more  coils 
arranged  in  multiple  arc)  having  no  self-inductance  is 
included  in  the  part  of  the  circuit  considered,  so  that  the 
current  to  be  measured  also  dows  through  the  wire. 
The  mean  sc^uare  of  the  difference  of  potential  between  3^^^ 
the  ends  of  this  resistance  i^  measured  as  described  Diffaieuce 
above  (p.  279)  by  connecting  one  pair  of  quadrants  of  ti^ 
the  electrometer  to  one  end,  and  the  needle  and  the 
other  pair  of  quadrants  to  the  other  end,  and  the  mean 
square  7'^  of  the  current  by  dividing  by  the  square  of 
the  resistance  of  the  wire.  The  mean  square  of  the 
difference  of  potential  between  the  terminals  of  the 
part  of  the  circuit  considered  is  then  found  in 
the  same  manner.  A  multicellular  electrostatic 
voltmeter  is  very  convenient  for  such  measurements 
on  account  of  its  great  range  of  uensibility  (see  Vol.  I. 
Chap.  v.). 

The  product  is  not  generally  to  be  taken  as  the  mean 
square  of  the  activity  in  the  part  of  the  circuit  con- 
sidered, for  it  is  evident  that  in  this  case  what  is 
obtained  i^  the  value  of 


j/V*  K  fydi. 


where  V  and  7  are  the  difference  of  potential  and  the    Squwe 
current  at  any  instant.     The  square  root  of  this  quan-  product  of 
tity  ia  not  generally  the  same  thing  as  f^"° 

Dot  True 
ActlTity. 


1  f^ 
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the  true  mean  value  of  the  activity.     This  iB,  however, 

given  indirectly  by  the  following  method* 

El«atro-        Let  the   two   ends   of  the   resistaQce   coil   of   zero 

Method  of  self-inductance  and  known  resistance  B  be  called  A  and 

Deter-     B,  and  let  the  extremitiea  of  the  portion  of  the  circuit 

Agtivitj.   f<)'  which  the  meamrementg  are  to  be  made,  be  called 

C  and  B.     One  of  the  pairs  of  quadrants  is  connected 

to  A,  Uie  other  pur  to  B,  and  the  needle  to  C,  and 

the  reading,  d  say,  taken.    The  quadrants  remaining  as 

they  were,  the  needle  is  connected  to  0,and  the  reading 

d'  taken.     Now  if  at  any  instant  K,  be  the  potential  of 

,      A,   F,  of  B,  r^  of  C.  and  F,  of  D,  we  get  if  (17) 

above   is   applicable   to  the   instrument   (see  p.   663 

above) 

d  =  j/V. -»'.)()",-  ^•  +  ^-'' 


And  by  subtraction  and  division  by  kB 

''■  =  :^/Vi  -  ^^)  (^'i  -  ^'^'^  •  (86) 


d-d' 

kB 


But  it  is  clear  that  the  expression  on  the  right  hand 
side  of  (86)  is  the  true  mean  value  of  the  activity 
required. 


A^rton,  and  Prof.  O.  F.  Fitzgcnld  (>ee  Piof.  Ajrtou  on  ■ '  TMting  tha 
Power  and  Efflcfency  of  Trunronnara,"  Proe.  Soc  Tel.  Enft.  aitd  Ett,, 
Feb.  188S). 
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If  ^1-/^1  he  great  in  oompirison  with  fj-^  and /<,  say,  be 
connectad  with  the  cue  of  the  inetrument,  the  first  of  becuinea 


TJ  a     • 


If  A  nnd  D  ooinciHs  '"i+^i.  anf)  the  activity  in  the  part  of  the 
circuit  between  C  und  J)  is,  Dj  (61),  given  by  (62)  alone  when 
put  in  the  form 


Irfy-^i'^i'^' 


kJt      RT. 

This  obHarvation  is  dae  to  Mr.  Sayera,  a  papil  of  Prof.  Ayrton, 
It  is  thus  possible  in  the  case  supposed  to  use  on  electrometer 
as  B  direct  reading  wattmeter. 

If  a  quailront  electrometer  is  used  as  here  explained,  care        Pre- 
must  be  taken  to  see  that  the  equation  (IT)  holds  for  the  instni-    cautions 
ment  (see  p.  633  above).  Dr.  Hopkineon  fonnd  {FhU.  Mag.  Ap.   in  yJte  of 
1885)  that  the  indications  of  hie  iDbtniment  were  very  exactly  QnadrRnt 
cxprBBsed  by  the  equation  Electro- 


-r,(r-?l+Z.), 


where  m  is  a  small  constant.  Henoe  for  high  values  of  F  it  is 
necessary  to  know  and  use  this  second  constant  if  its  value  is 
sensible.  The  deviation  from  fulfilment  of  the  ordinary  equa- 
tion here  shown  was  found  to  be  in  great  part  due  to  downward 
electrical  force  on  the  needle  caused  by  Its  hanging  a  little  too 
low  in  the  quadrants. 
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CHAPTEB  XIII 
MAONBTW  MEASUREMENTS 

Sbction  I 
liSASUSBMENT  OF  INTENSE  MAGNETIC  FIELDS 

We  have  seen  (p.  118  above)  that  every  element  of  a 
conductOT  canTing  a  cuxient  in  a  magnetic  field  ia  acted 
on  by  a  force  tending  to  move  it  in  a  direction  at  right 
angles  to  its  length  and  to  the  direction  of  the  magnetic 
induction  at  the  element,  and  have  stated  how  the 
mi^nitude  of  the  force  may  be  calculated  in  terms  of 
the  induction,  the  streagth  of  the  current  and  the 
UeaiDre-   position  of  the  element.   Hence,  if  we  know  the  strength 
Field      °^  the  current  flowing  in  a  conductor  placed  in  a  mag- 
Intensiiy  ngtic  field,  and  measure  the  force  exerted  in  virtue  of 
Electro-    electromi^netic  action  on  any  element  of  the  conductor, 
"fok»"'  *®  '^^  ^^^  '^®  induction,  that  is,  in  air,  the  intensity 
of  the   field  at  the   element.     On   this  principle  are 
founded   the   following  simple  methods,  mainly  sug- 
gested by  Lord   Kelvin,  of  determining   in   absolute 
measure  the  intensity  of  magnetic  fields  in  dynamo 
machines  or  other  electromagnetic  apparatus. 

We  shall  take  fint  the  case  of  two  long  straight  pole  Facee 
oppositely  maguetized  and  placed  at  a  short  distance  apart 
facing  one  another,  with  their  lengths  vertical.    In  the  middle 
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of  the  epace  between  the  poles  a  stout  wire,»(Fig,  161),  eoniewhftt      Fiald 

longer  than  the  poles,  bo  as  to  extend  a  little  above  and  below  between 

them,   JB  hung  vertically   by   a   cord   four   or   five   feet  long,  ^°  l^^e 

attached  near  itn  upper  end  to  a  fiied  peg  nhove,  and  is  stretched  D'^iRht 

by  the  weight,  W,  attached  near  its  lower  end.   Two  pendulums  jl^ 
made  of  weights  P^,  P„  oarried  by  fine  threads,  are  bung  from 


two  sliding  pieces  which  can  be  moved  along  a  graduated  cross-  Fandainn 
bar  iS|  abov^  so  placed  that  the  ends  are  as  nearly  as  poseible  Methnd  of 
in  a  plane  parallel  lo  the '  pole  faces  and  passing  through  the  Measunng 
'middle  of  the  space  between  them.  The  two  pendulum  threads  Small 
and  the  wire,  v,  are  thus  nearly  in  one  plane.    One  of  these  pi  ™™' 

dolums  is  made  bo  long  as  to  have  its  bob  below  the  level  of  i 
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lowest  part  of  the  pole  faces,  while  tba  other  hoa  ilg  bob  a  tittle 
below  ine  Sevel  of  the  top  of  the  pole  faces,  and  the  fomer  is 
placed  at  the  greater  diBtance  from  the  suspended  wire.  A  thin 
thread  attached  to  the  upper  end  of  the  suspended  wire  is  carried 
out  liorizontall}-  and  made  fast  at  its  other  end  to  the  suspension 
thread  of  the  nearer  pendulutn. 

A  eimilar  thread  is  attached  at  one  end  to  a  point  oT  the  wire 
near  the  bottom  of  the  pole  faces,  and  carried  out  similarly  and 
made  fast  at  the  other  end  to  a  point  nearl}>  on  the  same  level 
in  the  suspensiun  thread  of  the  further  pendulum,  The  upper 
and  lower  ends  of  the  wire,  »,  are  placed,  as  shown,  in  mercury 
caps,  to  which  are  also  connected  the  electrodes  of  a  bHttery,  by 
means  of  which  a  current  can  be  sent  through  the  wire  w,  and 
meaeured  by  means  of  a  Ktlvanometer  in  the  circuit.  A  scale, 
5i,  is  placed  a  little  behind  the  plane  of  the  threads,  so  that  the 
position  of  a  point  iu  each,  on  the  same  level  near  their  lower 
ends,  can  be  easily  read  off. 

When  an  experiment  is  made,  the  eliding  pieces,  p],  jij,  are 
moved  towards  the  left  until  the  threads,  t^,  tf,  are  quile  slack, 
and  the  positions  of  each  thread  on  the  upper  and  lower  scales 
are  read  off  and  noted.  The  position  of  the  wire,  to,  when  t,,  f, 
are  quite  slack  iv  also  marked  at  the  upper  end  lower  ends  of 
the  pole  faces  or  elsewhere.  A  current  is  then  sent  through  the 
wire,  V,  in  such  a  direction  that  the  eleclromngnetic  force  acting 
on  it  moves  it  towards  the  left.  The  sliding  pieces,  t),,jD„  are 
then  moved  towards  the  right  so  as  to  cause  the  pendulums  to 
pull  the  wire  by  means  of  the  threads  ti,  If,  back  again  to  its 
Calcnla-  initial  position.  When  the  upper  and  lower  ends  have  come 
tion  of  back  to  their  former  positions,  the  electromagnetic  force  on  the 
Electro-  wire  is  balanced  by  the  pulls  exerted  by  the  pendulums.  The 
mognBtio  positions  of  the  pendulum  (breads  are  again  read  off  on  the 
Force.  upper  and  lower  scales  and  noted,  with  the  strength  of  the 
current  flowing  in  w.  Prom  these  results  we  can  easi^'  calculate 
the  average  intensity  of  the  tield  at  the  place  occupied  by  the  wire, 
u.  For  let  W  be  the  mass  of  each  of  the  pendulum  bobs  in 
grammes,  if  the  distance  through  which  the  top  of  the  pendulum 
thread  has  been  carried  by  ji,  to  the  right  of  the  point  of  tlje 
thread  opposite  to  the  lower  scale  S„  d^  the  corresponding  dis- 
tance for  the  other  pendulum,  /  the  vertical  distance  between  the 
levela  of  the  tops  of  the  pendulum  threads  and  the  lower  scale 
measured  in  the  saiue  unita  as  d„  df,  L  the  length  of  tho 
opposed  pole  faces,  and  y  the  strength  of  the  current  in  C.G.S. 
units  (one-tenth  the  number  of  amperes).  The  downward  force 
in  dynes  on  each  of  the  masses  in  Jf^ff,  where  g  is  tlie  accelera- 
tion in  centimetres  per  second  per  second  (  ^981-4  in  Utitude  of 
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Qlugow)  produced  by  g^ravity  in  n  falling  body  at  the  place  of 
experiment  Tba  total  pull  to  tlie  right  exerted  by  the  threada 
OD  the  wire  is  tberefore  It^G  {d^  +  d^/l,  and  thig  is  equal  to  tbe 
pull  towards  tUe  laft  on  the  wire  produced  by  the  electromag- 
netic action.  If  y  be  the  average  iutensily  of  the  tield  along  the 
wire  in  C.U.S.  uuita,  we  have  for  thte  pull  in  dynes  Ilg.  Hence 
we  get  the  equation 


r,  <i,  +  rf, 
ir  ■     ' 

In  an  experiment  made  od  September  16, 1862,  with  a  similar  Besnlta  of 
an-atinment,  tf'waa  100  grammes,  1 100  centimetres,  C  '188  in     Actual 
CG.S.  unila  of  current,  L  30  centimetres,  and  <f,  +  rf,  26-84     Eiperi- 
centimetrea     Hence,  nient. 

100x981-4    25-84 
30x188    ■    100  =**"°- 

The  wire,  ie,  should  not  be  eo  flexible  as  to  bend  perceptibly 
under  the  intluenca  of  the  forces  to  which  it  is  subjected,  so 
that  tlie  value  of  /  found  may  be  nearly  enough  the  average 
value  of  the  intenBity  along  a  straight  line  in  the  space  between 
the  pole  faces. 

In  cuaes  in  which,  as  in  many  dynamo  muchines,  the  opposite  Method  by 
pole  faces  of  the  electromagnets  are  at  a  conaiderabte  dietanco    Heaaure- 
Bpnrt,  with  or  without  pieces  of  soft  iron  in  the  iuterinediate     umtof 
apace,  it  ia  |)ractically  useful  to  find  simullaneiiUBly  the  magnetic      Couple 
tield  intensity  along  two  lines  in  the  same  plane,  one  in  the  ■>?  ^I^^'* 
vicinity  of  each  pole  face.    This  may  he  donety  so  placing  the    "■  '™d. 
electromagnets  that  tbe  two  lines  along  which  tlie  held  is 
measured  are  in  a  horizontal  plane,  and  using,  instead  of  the   . 
single  wire  carrying  the  current,  a  rectangle  of  copper  wire  or 
Btnp,  of  which  the  opposite  aides  are  in  these  lines,  supported 
on  kuife-edges  in  the  bisecting  line  parallel  to  the  pole  face  so 
that  it  can  turn  round  that  line  as  axis.     The  frame  should  be 
weighted  symmetricully  on  the  two  sides  of  the  line  of  knife- 
edges,  BO  that  it  rests  with  juat  enough  of  stability  in  the  hori- 
zontal  position.     The  ends   of  the  wire  or  strip  forming  the 
rectangle  are  brought  out  one  above  the  other  at  one  of  the 
knife-edges  with  a  piece  of  insulating  material  between  them, 
and  bent  over  so  that  the  end  of  each  dips  into  a  mercury-cup 
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I'd  line  with  the  knife-edgea.    The  electrodeB  of  a  battery  are 

coonacted  to  the  inercurj-cups  and  a  meBsared  current  is  seat 

round  the  rectangle.   Since  the  poles  have  oppoaile  msgnetistna, 

the  electromagnetic  action  cauneB  one  aide  of  the  rectangle  to 

move  Dpwarda,  the  other  side  to  move  downwards,  and  thas 

tuma  the  rectangle  loiind  the  knife-edgea. 

Oilcn-         The  moment  of  the  electroms.gnetic  forces  is  balanced  by  the 

latioQ  of    uition  of  weights,  which  may  be  riders  of  known  weight  made 

Electro-     of  „ire,  pUced  on   the   sidea  of  the  rectangle,  wliicli  ie  thni 

'^^?'"'    brought  back  to  ita  initial  position.     If  we  call  /  the  average 

^^P  *■      intensity  of  the  fields  along  the  two  sides  of  the  rectangle  in 

the  equilibrium  position,  and   C  the  current  strength,  both  as 

before  measured  in  C.O.S.  units,  L  the  length  of  each  side,  and 

d  the  distance  between  them  in  centimelrea,  the  moment  of  tlie 

electromagnetic  forces  round  the  knife-edgee  ia  ICLd,    The 

opposite  moment  reeiatiog  the  motion  is,  if  only  one  weight  of 

W  grammes  at  a  distance  of  d'  cms.  from  the  line  of  knife- 

edgea  is  used,  Wgd'.    Hence,  equating  these  tnomente,  we  get 

-if- « 

from  which  /  can  be  calculated.  If  more  than  one  weight,  W, 
ia  used,  each  must  be  multiplied  by  ita  dialance  from  the  line  of 
knife-edges,  and  the  sum  of  the  producta  multiplied  by  g  for  the 
equilibrating  moment. 

In  some  oiweB  it  may  be  convenient  to  use  more  than  one  turn 

of  wire  in  the  rectangle.     If  there  be  n  turns,  each  of  length 

L,  »L  is  to  be  used  instead  of  L  in  the  formula  above. 

Circnit        An  obvious  modificaLioc  of  tbia  arrangement,  which  may  be 

Sna^nded  uaeful  in  some  cases,  ia   a  rectangle   auapended  in  a  vertical 

by  Biftlar   plane,  and  kept  in  equilibrium  in  tlie  proper  position  when  no 

with       current  is  flowing  through  it,  by  mean  a  of  a  bililar  auapenaion, 

S^      or  s  single  thread  or  thin  wire  under  toraion.     When  a  current 

Uoi^bl       '"  ^^"^  through  the  frame,  it  is  deflected  round  a  vertical  axis 

'''    by  the  electromagnetic  action,  and  ia  brought  back  to  the  initial 

position  of  equilibrium  by  means  of  two  pendulums,  the  points 

of   Buapension  of   which   are  on  sliding  pieces  which  can  be 

moved  along  horizontal  parallel  bare  fixed  above  at  right  aangle 

to  the  plane  of  the  rectangle  wben  in  the  equilibrium  position, 

and  in  the  same  vertical  planes  as  its  aidea.     Each  pendulum 

cord  has  attached  to  it  a  thread  which  pulla  horizontally  at  the 

middle  of  one  aide  of  the  rectangle.     When  the  rectangle  is 

deflected,  the  sliding  pieces  are  moved  in  opposite  directions,  so 

that,  in  consequence  of  tlie  opposite  inclinatione  of  the  pendu- 
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poUntial  between  the  t«nninals  fl(y,  +  y^,  we  find,  as  at  p.  489 
above,  tbe  equations 


1 


Adding  and  eubtracticg  we  get 
i^Cyi  +  Ti)  +  (2fl  +  r)  (y,  +  y^  =  2BcoB^.l 
i  ^  CYi  '  yi)  +  '■(Ti  -y^=  SBsin  ^ .  COB  nt 
Solviog  these  we  find  as  in  (S7) 


''■  +  ''■-  iSJ  +')'.' +*..zii"" <-'  -  "  ■   •   '«' 


2geini^ 


'■-'■- irfjTSHi""  ("'- "I  •    •     •    («) 


t«n«-jj-^^,    t.a^-'^    ....    (46) 
Hence  if  j4,b  be  the  activity  of  tlie  leading  machine 

''■-  -  fJ,  <''■  +  T.  +  ».  -  r.) "» ("'  +  *'" 

■•"  »■  "°.'^Si/o "' '"'  -  "^  ■»  ("'  +  «'") 

!  +  r)  cos'  ^  -  rZ  Bin  0  cob  ^} 

^(rBin"*  +  ni.in*coB*)     .    .    (47) 
X  X 
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Activity  The  mean  activity  Atm  0*  the  following  muchine  may  be  got 
of  cKh  from  j^jB  by  altering  tlie  sign  of  ^  throughout  the  espreaaion 
Hachine.    on  the  right    Hence 

Thaoryof  A.m—Afn  is  positive,  that  is  raore  work  is  done  by  the 
Spohro-  leading  tiiao  by  the  following  machine.  The  lead  will 
nuing  of  ther^ore  tend  to  zero,  and  the  machines  to  settle  down  into 
i^^u  coincidence  of  phase  with  reference  to  the  external  circuit,  that 
I^rallel     jg^  j^jg   opposite  phases  with   reference  to  their   own   circuit, 

'  which  agrees  with  the  result  already  obtained. 

iateT"  ^^^  '°*'^  consider  only  one  raore  case  of  this  theory,  that  of 
natine  ^^  alternating  motor  connected  by  its  terminals  to  two 
Hoto^  conductors  upon  which  an  alternating  difference  of  potential  is 
impressed  by  other  machines.  Let  the  motor  be  started  ho  as 
to  have  'he  snme  period  of  alternation.  Then  denoting  by  R  the 
resistance  of  the  motor-annature  and  the  leads,  up  to  the  point 
at  which  the  difference  of  potential  ia  impressed,  by  L  the  self- 
inductance  for  the  same  part  of  the  circuit,  by  ff[iiin(»ii-|-0), 
the  impressed  difference  of  potential  at  time  t,  by£',sin(nJ  — 0), 
the  back  electromotive  force  of  the  motor  at  the  same  instant, 
we  hsve  for  the  equation  of  the  current 

i§  +  Jiy  =  £iBin(n(  +  *)-£,8in(n(-*)    .     (49) 

Theory  of  This  equation  differs  only  in  the  sign  of  5,  from  that  from 

Alter-  which  (^%)  and  (39)  above  are  deduced.    Hence  taking  the 

Dating  value  of  J,m  in  (41)  we  have  for  the  mean  electric  solivity 

Motor,  reoeived  by  th«  motor 

***"  "  5 W+^i> '^ ""* <*  -  ■^J  +  "^ "'"  <*  -  ■^^  (SO) 

where 

E^  =  (El'  +  ^'  ~  2£,E,  cos  20)*  1 


-if^- 


D,s,i,7ertbyG00t^le 


ALTERNATE-GUERENT  MOTOE  876 

The  second  of  (61)  gives 

cos  f  =  (fi.  -  JF.)  cos  itlE^     Bin  V-  -  -  (S,  +  E^)  sin  ^/Bo, 
and  ^ese  values  substituted  in  (50)  yield 

^1-  -  I  ^,  ^*^,^,  {^,{iS  cos  2*  +  «i  sin  2*)  -  jE,ai     (62) 

Now  2<tt  being  the  differeoce  of  phase  cannot  be  numericalty  Miximnm 
greater  thun  w^  and  therefore  tlie  woik  received  by  the  motor  is    Value  of 
lees  when  20  is  negative  than  when  it  is  positive,  that  is,  less    Activity 
when  the  motor  is  leading  tlian  when  it  is  following.     Hence  °^  Motor, 
the  motor  will  tend  to  run  slower  wlien  lending  and  fuster  when 
following  ;  or  the  difference  of   phase  will  t«nd  towards  zero. 
Also  so  long  as  20  is  not  far  from  zero  Af»  is  less  the  (greater 
the  lead,  and  greater  the  greater  the  lag,  and  in  nearly  the  same 
proportion.     Hence  when  the  machines  are  once  in  phase  any 
amall  deviation  is  opposed  by  a  pronontonul  corrective  tendency. 
This  depends  almost  entirely  on  tue  terra  involving  the  factor 
nL/(R'  +  n"i')  in  the  value  of  A^m  given  in  (5j!),  and  therefore 
for  a  given  resistance  S,  and  period  of  alternation  T,  has  its 
greatest  value  when  nL^R,  or  L  j  R  =  T hiir. 

Writing  in  (62) 

ein  20' =  W(ff  +  n«i»)*,    cos  20' -«/-/(«'  + "'i*)*  (53) 
we  get 

^i-  °jjp^'^,^,1g|(-«'  +  .'i")*sin2{0  +  0-)  -  .ff^      (64)    Eiplana. 

which  ia  obviously  a  maximum  when  0  +  0'  =  )r/4.    We  have  nhroDi^n 

then  Art>nn_ 


^ 


The  value  of  Afu  is  positive  if 


{Ey{^  +  i^i*)!  -  fjfll  .     .    (55) 


£,^  {R'  +  7.'i»)* 

which  may  be  the  case  even  if  Ei>E^.  Hence  we  have  the 
curiouB  result  that  an  alternating  machine  may  act  as  a  motor 
even  if  ita  electromotive  force  he  greater  than  the  impressed  or 
driving  electromotive  force. 

X  X  2 
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A  qualitative  espUnatiOQ  of  the  reiulti  given  above  for  two 
alternatore  can  be  given  grapbically  by  taking  the  areas  of  eurvex 
drawn  to  represent  tbe  activitf  at  each  iDBtant.  From  theM  it 
will  Ht  once  appear  wbich  machine  ia  doing  the  greater  amount 
of  work.  Tbe  reader  may  easily  conatruct  tlieae  cnrvee  by 
drawing  for  each  machine,  from  tne  curves  giving  tbe  current 
and  electromotive  force  at  each  inatant  a  new  curve,  the 
ordinatea  of  which  are  the  produota  of  the  corresponding 
ordinatea  of  the  former. 
Com-  The  theory  just  given  of  the  working  of  alternating  macbinea 

parlaan  of  in  the  seme  ciruuit  is  (apart  From  notation  and  mode  of  stato- 
Theory  ment)  substantially  that  due  to  l>r.  J.  Hopkinaon*  Its 
and  Ez-    concluaiona  were  verified  by  him  in  1884,  in  experiments  made 

periment.  ,vith  two  De  Heriten's  machines  made  for  the  lighthouse  at  Tino. 
Some  very  striking  eiperimente  are  described  by  Mr.  Mordeyt 
in  a  paper  on  alternate  current  working,  wnich  cootaina 
moreover  much  interesting  practical  information  on  this  subject 
Soma  difference  of  opinion  has  been  expressed  as  to  whether 
Hr.  Mordey'a  results  are  in  accordnnce  with  tbe  mathematical 
theory.  It  18  to  be  remembered  however  that  the  tlieory  does 
not  take  into  account  the  action  of  tbe  armature  currents  in  the 
field-ma^ets,  nor  of  the  variation  of  self-induction.  The  subject 
requires  further  investigBtioiL 

We  may  apply,  as  we  have  already  done  repeatedly 
above  (see  for  example  p.  186),  the  mode  of  traatmeot 
adopted  for  the  whole  circuit  to  a  part  of  it,  taking  for 
E  the  impressed  electromotive  force  on  tbe  part  of  the 
circuit  considered,  and  for  R  aud  L  the  proper  values 
for  that  part  only.  We  find  that  the  e£Fect  of  self- 
induction  is  virtually  to  increase  the  resistance  from  R 
to  i/E^  +  n*i*,  that  is  to  substitute  impedance  for  re- 
sistance,  and  to  produce  a  difference  of  phase  between 
the  current  and  the  impressed  electromotive  force  given 
also  by  (27)  and  (28).     But  the  resistance  of  a  con- 

•  Ptoc  Soe.  TtL  Eng.  and  El.  Nov.  188*,  also  see  Thompeon's 
DynaTno-EUdrie  MaiMiKry,  p.  691  <t  leq. 

t  IttiU  El.  Eng.  Hay  18S»  {The  EUttrician,  May  24,  51,  Jnne  7, 

Aog.  2,  ISSB). 
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ductor  is  the  activity  spent  in  it  by  unit  current  in  pro- 
ducing heat ;  hence  by  (22)  and  (34)  the  resistance  in 
this  sense  is  not  increased. 

The  impedance  of  a  current  electrodynamometer  or  MeMura. 
current  balance,  through  both   coil  systems  ut  which    client 
flows  the  whole  current  in  the  main  circuit,  cannot,  if  it  '"  A'"'' 
be  low  (as  it  generally  is)  in  comparison  with  that  of    Cirouft. 
the  rest  of  the  circuit,  affect  appreciably  the  strength 
of  the  current  by  its  introduction ;  and  since  the  whole 
current  passes  through  both  sets  of  coils,  the  instru- 
ment will  give  the  mean  square  of  the  current  passing- 
It  may  be  otherwise  however  with  a  fine  wire  instru-  HeBBore- 
ment  used  as  a  shunt  to   measure  the  difference  of  Dj^^eg'^.g 
potential  between  two  points  of  the  circuit.     The  in-   otPoten- 
ductance  of  such  an  instrument  may  be  considerable,  and     Altei- 
if  it  he  used  alone  its  impedance  will  seriously  affect  the    c,'*'°l 
result.     Since  the  value  of  the  impedance  depends  on 
the  period  of  alternation,  it  will  have  different  values 
when'  connected  to  circuits  in  which  the  periods  are 
different.   To  obviate  the  uncertainty  and  inconvenience 
arising  from  this  cause,  the  instrument  is  made  sensitive 
enough  to  allow  a  considerable  non-inductive  resistance 
to  be  joined  in  series  with  its  own  coils.     This  makes 
the  value  of  E/  JM^  +  «.*£*  approximately  unity.    Some 
calculations  made  by  Prof.  T.  Gray,  for  Ijord  Kelvin's 
vertical  scale  voltmeter,  give  for  this  ratio  with  only  the 
resistance  of  the  instrument  (640  ohms)  included,  and 
a  period  of  alternation  of  -^  of  a  second,  the  value 
'0976,  which  is  within  \  per  cent,  of  unity.    Plainly  the 
error  caused  by  the  impedance  in  this  case  is  small  with 
any  period  commonly  employed,  and  can  be  made  still 
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amaller  by  the  introduction  of  non-inductive  resistance. 
The  difference  of  phase  between  the  currentB  through 
the  coils  of  the  instrument,  and  tbe  difference  of  poten- 
tial [given  by  (28)  above]  is  therefore  small.  This 
difference  of  phase,  it  is  to  be  remembered,  does  not 
affect  the  value  of  tbe  mean  square  of  the  difference  of 
potential,  provided  tbe  amplitude  be  corrected  for  the 
effect  of  inductance. 

It  is  however  of  importaoca  in  the  aation  of  a  wattmeter,  of 
which  one  coil  is  placed  in  the  main  circuit,  and  the  other  as  a 
Bhunt  between  tbe  eitremitiea  of  tbe  portion  of  tbe  circuit  in 
which  the  Bctivitj"  ia  to  be  eatimated.  For  let  tbe  circuit  divide 
into  two  parta,  each  formiiiK  a  derived  current  with  the  other, 
and  Z],  Lf,  A,,  S^  myi,  nyi,  be  the  indue  tan  cea,  the  redstaoces 
and  the  maximum  currents  in  the  two  parts,  ny  the  inaxiinuin 
total  current  in  the  circuity  and  e'l,  «',,  the  difference  of  phaxe 
between  tiy  and  ayi,  ny],  renpectively,  then  the  general  foimuls 
(91),  p.  167,  above  for  the  difference  of  phase  d  between  the  tat al 
current  in  the  circuit  and  the  applied  electromotive  force  nt  the 
common  terminala  of  a  multiple  arc  gives  in  tbia  case 


tand  = 


*i  {Z,  (fl,*  -I-  n'Z.')  +  J,  (ifi'  +  n't,*)t 


(66) 


and  by  (89),  p.  186,  the  difference  of  phase  e^  between  the 
impressed  electromotive  force  and  the  current  y,  is  given  by 


An  interchange  of  suffixes  in  this  result  of  coune  f^vee  tan  e\. 

A  method  of  determining  the  difference  of  phase  between 
:he  currents  in  two  branches  of  the  some  circnit,  or  between  two 
lorrents  of  tbe  same  period,  will  presently  be  explained. 
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By  (90),  p.  186,  the  valae  of  the  square  of  the  maximum  total 
current  ia  eaaily  foand  to  be 


l«,'+«*VK-'^'  +  "'^')  ofPhase 

und  by  (89)  between 

gt                           g»  Currents 

'y'-IJT^r  ^y'-R^T^^  ■     ■     •     (=9)ii.n^ble 


,'  +  M'L"      A,"  +  «'i,,*      (tf,  +  A^»  +  »«  {/t  +  ijs 


(60) 


Hence  if  either  Zj,  Z^  be  both  small  or  LiJL^=BJB^  Condition 
the  diSerence  of  phase  between  the  two  currents  „7i,  ^y^  Di^nee 
will  be  inseasible.     If  the  first   condition  is  fulfilled   oi  Fhase 
both  parts  of  the  circuit  will  have  currents  agreeing  in  ii^^^ble 
pha^    with  the  difference  of  potential   between   the 
terminals,  and  on  xhe  usually  allowable  supposition  of 
negligible  mutual  inductance,  a  wattmeter  whose  coils 
are   included   in  them  will    measure    accurately   the 
power   expended.     It  will,  on   the   same   supposition, 
also  measure  accurately  tbe  power  expended  while  the 
wattmeter  is  on  circuit,  if  the  ratio  Bjy/lC  +  n^Z'  be 
approximately  unity  for  the  fine  wire  circuit,  since  the 
main  current  passes  through  the  other  coil,  and  it  can 
he  shown  that  the  deflection  will  be  the  same  as  would 
be  produced  by  a  constant  activity  At^  given  by  the 
equation 


Wjt^- 


(61) 


where  V,  j,  are  the  values  of  the  difference  of  potential 
and  the  current  at  time  t.    If  also  V'.B'  +  ""X*  'or  **>* 
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thick  wire  coil  be  omall  in  compaiisoQ  with  the 
same  quantity  for  the  part  of  the  main  circuit  in  which 
the  activity  is  being  measured,  the  inclusion  of  the 
wattmeter  will  not  afifect  the  circuit,  aad  the  activity 
shown  by  the  instrument  may  be  taken  as  that  existing 
when  it  is  not  applied. 

AppueQt       T^o  general  problem  of  findinf;  the  rstio  of  the  apparent 

andTrae  to  the   true  mean  activity  as  sbowo  by  the  wattmeter  can 

Mean       now  be  solved  with  great  ease.     For  let  A,  B,  be  the  pointa 

Activitj.    al  which  the  terminale  of  the  fine  wire  coil  ayatW  are  attached 

to  the  main  circuit  ;  let  R^,  £,,  £|,  L^  be  the  raaistances  and  io- 

ductancea  of  <Jie  fine  wire  and  thick  wire  circuits  between  A,  B, 

and  7„  fj,  the  uurrcnts  ia  them ;  then  by  (27)  if  tlie  difference  of 

potentius  between  the  terminalB  AB  is  S^  sin  nt, 

,  .in  ^M  -  o 


with  tan  e,  =  "Li/Si,  tao  e^  —  nZ^/if,. 

The  cnrrent  through  the  fine  wire  coil  is  therefore  the  same 
as  if  the  resiatance  in  its  circuit  between  the  pointa  A,  B,  were 
without  inductance,  and  the  difference  of  potential  had  the 
value  obtained  by  multiplying  the  above  value  of  y^  by  R^. 
Hence  if  ^a  be  the  apparent  activity 


1  -Eo'^i 


tS^"'  r(ii,>  +  •>i,»)l  {ii,"  +  »'i,')l 


rf-e,)Bin(M/-c^<// 

aa  ihowQ  ^  1  J,,  «,  coe  (t,  -  tj  ,„, 

byWstt-  'W+«'V)*(-R."  +  "*-t»")*     ■    •    •    ^    ' 


that  is  the  apparent  activity  is  t  the  product  of  (ho  iDeximuiii 
values  of  the  two  currents  by  the  reaistance  B^  of  the  fine  wire 
branch,  and  by  the  cosine  of  the  phase-aEgle  between  the 
current!. 
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The  true  mesn  aolivily  A^  would  be  obtained  if  the  current 
through  the  Ado  wire  branch  had  the  value  fgsin  ntjRi.  In 
that  case  the  phase-angle  between  the  two  curreniH  would  be  e^ 
Hence  as  before 

Hence  Katio  of 

-7-  = ff r^TT; n  ■    •    •    ■     l'«>J    to  True 

■4  •  -tti  COB  (e,  -  u)  Mean 

Since  sin  «,  -  i»ii/(-«i'  +  »*A*)*.  "Os  «,  =  £,/(«,'  +  «'A')t.  A<^'ity- 
wa  may  calculate  coa  ejaai  (e,  -  ej)  in  terms  of  i,,  ij,  R„  ftj. 
Thus  we  ubtain 

^'«  "■*!  i{,A,  +  A,L«~  1  +  «V,T,  ■    ■     ■    *■     ' 

where  rj,  t^  are  written  for  Z,/£|,  X^-S|,  respectively  the 
so-called  time  constants  of  the  two  parts  of  the  circuit 

Now  in  g«neral  r,<T],  hence  as  a  rule  the  wattmeter  will 
give  a  too  high  result.* 

Mr.  BlBkeiitey-|-  has  shown  how  the  angle  <f>  of  difference  of    Measttre- 
phsse     between     tlie   currents    in    two    such    branches    may    ment  of 
be    measured.      We    have  seen    that  a  current   dynamometer  DiOerence 
in  any  brunch  measures  the  mean  sqnare  of  the  current  in  that    of  Phase 
branch.      This  has  the  value  ■y'/Z,  where  ay  denotes  the  mnii-     bstween 
mum  value  of  the  current  in  the  branch.     Now  let  .y,,  i»y,  be  Tw"  Alter- 
the  maximum  currents  in  the  two  brauches,  and  let  two  dyna-      natmg    . 
mometers  be  arranged  one  to  measure  .yi'/a,  and  the  other  '--nnrats. 
■iyj''/2,  and  let  a  third  be  placed,  with  one  coil  in   one,  and  the 
other  coil  in  the  other  of  the  two   branches  in  question.     The 
action  on  the  third  dynamometer  at  any  instant  will  be  propor- 
tional to  yiyi  cos  tfi.     Hence  the  instrument  will  give  a  resiling 
proportional   to  imyinyicos^.      If   then   ^^i  -^   ^p   ^   ^'"^ 
reaaiogs  of  the  dynamometers,  A,B,C,  thi'ir  constants,  so  that 

tf,IA  -  myi*/i.  iJt/J-.ftV2,  iVC=i*y,»yiCos^, 
we  get  _ 

cos*  =  -^.^^^.     .....    (66) 

'  This  result  was  first  stated  (withont  proof)  by  Pret  Ayrton  Froe. 
Sac  Tel.  Eng.  and  Bl  Feb.  18S8. 

t  Elttlrician,  Oct  3,  ISS^  and  FkO.  Mag.  April  1888. 
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If  the  dynftmo meters  are  direct  retiding  BO  that  A^B=C=\, 
the  factor  /^/C  is  unity. 

Of  course  if  three  dyaamoineterg  are  not  available  »  single 
dynamometer  may  be  used  to  take  the  three  rendings  in  succM- 
BJon  (or  to  elimitinte  error  several  sets  of  readings  may  b«  taken 
and  combined).    In  that  caae  ^=£=(?  and 


(66') 


Ur.  Blakesley*  has  also  pven  an  exceedingly  Himple  and 
ingenious  method  of  measuring  the  total  aolivicy  spent  in  the 
primary  circuit  of  a  transformer,  that  iB  of  finding  the  whole 
electrical  work  done  per  unit  of  time  in  feeding  the  secondary, 
and  directly  or  indirectly  in  dissipation. 
Trana-  A  transformer  oonsists,   as  is  well  known,  of  a  primary  and 

former,     secondary   circuit  ivoiind   round   a  core  of  laminated  iron,  in 
general  in  such  a  manner  that  as  nearly  as  possible  all  lines  of 
magnetio  induction,  whidi  pass  throjgh  any  spire  of  one  of  tlie 
coils,  also  pass  through  every   other   spire  of  the  same  or  the 
other  coil.     It  is  not  however  safe  to  assume  that  this  is  always 
the  case,  and,  as  has  been  pointed  out  by  Prof.  I'erry,  serioup 
errors  may  arise  through  making  the  assumption  in  all  circum- 
stances. 
Blakes-        Now  let  a  current  dynamometer  be  placed  in  the  primary 
ley's       circuit,  and   another  be   arranged  with  one  coil  in  the  priinnry 
Method  of  and  the  otiier  coil  in  the  secondary  circuit.     Then   if  B^  be  the 
Measuring  deflection-reading   of  the   first  instrument,  A   the  constant  of 
Activity    reduction    of  the    readings   to   (current)',  iJ^  and   B   the  cor- 
„'"  '       responding  quantities  for  the  other  instrument  (both  deflections 
fo^er      liEing  taken  positive),  N-y,  JV„  Ihe  number  of  turns  in  the  primary 
'     and  secondary  respectively,  £jii(|,  their  resistances,  and  Am  the 
mean  activity  to  be  measured 

--=^.f +^4;%- <"' 

under  certain  assumptions. 
This  method  is  applicsble  whatever  may  be  the  law  of 

variation  of  current. 
Theory  of      The  equations  of  a  primary  and  secondary  circuit  given  in 
Method.    {77)j  p.  183,  may  be  nsod,  and  may  be  modified  by  writing  H  for 


orVw.  Phyi.  Soe.  11,  pt.  2,  1891. 
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E^nnnt,  rince  we  make  here  i 
of  variation  of  the  curreat  or 
equations  hold  for  any  priraar;  or  aerondary  whether  or  not 
containing  iron.  We  shall  first  also  write  Bn  Bx  for  the  total 
indnctiona  throagh  a  Binfle  turn  of  the  primary  and  the. 
aecondory  respectlTely,  ana  jV,,  N.,  for  the  nuinbeT  of  turns  in 
the  coils.  Thus  we  can  write  the  eqnation  referred  to  in  the 
form 


Then  we  have 


of  fqual 


no  way,  the  reading  of  the  aecond  inetm- 
taking  account  o(  the  sign  of  the  deflection,  and  B  its 

c  una  IB  lit, 

^■f'-i/:™^'=-T-/:'.^*  •  ■  ™ 

by  the  second  of  (68). 
If    now  we  aBsuiiie  that  Bi  —  Bn  we  gat  from  the  last 

Subetitntinj;  from  this  in  (69)  we  find 

Bnd  the  quantity  on  the  left  is  the  mean  value  of  the  total 
activity.  Thus  the  total  activity  is  given  by  the  expression  on 
the  right  in  terms  of  the  reading  of  the  dynamometers. 
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Signa  of        It  ia  to  be  noticed  that  sisce  y,,  y^,  are  on  the  whole  in 

Dyrumo-    opposite  dirsclions,  the  sign  of  Dj  must  be  opposite  to  that  of 

meter        n      TbuH  the  eecond  term  of  the  expresaioii  on  the  right   of 

KMdmgB.  (/jj  ig  really  negative  and  the  toUl  rate  of  working  ia  greater 

,  than  the  liret  terni,  which  represents  the  activity  spent  in  heat 

in  the  circuit.    Hence  if  we  agree  to  take  the  positive  numerical 

value  of  the  reading  of  the  second  instrumeDt  for  D^,,  we  may, 

putting  ^i*  for  the  mean  activity  on  the  primary,  write  (70)  in 

the  form 


A'-Jh^  +  ^9-^    ....    (Tl-) 


This  method  and  result  were  given  by  Mr.  T.  H.  Blakesley  for 
a  transformer  on  the  assumption  that  the  currents  followed  the 
simple  sine  law  of   variation :    in    the  demonstration  given 
above  no  aaaumption  at  all  is  niHde  except  that  Bi*'Br     I'ho 
method  is  therefore  bo  far  applicable  to  any  transformer  what- 
ever the  law  of  variation  followed  by  the  current  provided   g, 
may  be  token  as  equal  to  Bi-     "^ia  ^^^  firet  pointed  out   by 
Prof.  Ayrton  and  Mr.  J.  F.  Taylor*,  whose  method  of  proof  ie 
similar  to  that  here  given. 
Proof  on       It  has  been  shown  also  by  Prof.  Perry  f  that  this  method  holds 
AsauDip-    even  if  Bi  be  not  equal  to  Be'  provided  wfi  suppose  the  peniie- 
tion  ol      ability  constant  during  a  cycle.     In  thte  cose  the  equations  of 
ConaloDt    current  may  be  written  in  the  form, 

UUty. 


(72) 


since  i,,  Zj,  if,  do  not  vary  in  a  cycle  if  the  permeability  does 
not.  Henue  multiplyiog  tjie  first  of  these  by  vj,  and  calculating 
the  mean  value  of  each  quantity  by  integratmg  over  a  whole 
period,  we  get 

since  the  integral  of  yidyjdl .  dt  over  a  period  is  zero. 


D,s,i,7ert  by  Google 


ACTIVITY  IN  TRANSFOBMEE 


ijinoe  the  laet  integral  yaniahee  aa  before.    Thus 

fi:-^!"-UJ>'"  ■  ■  ■  <"> 

SabBtitnting  in  (73)  we  get 

•<'— f /.''■■'* -5 >//"■*  ■■•'"') 

OT  putting  in  the  readings  of  the  dynamometera  (taking  D^ 
positive  as  before] 

J,n.It,^+B,^--It,-+2l,^^-  .    (76) 

since  approximately  Jf=JV,JVt,  L^^If^K  This  ia  the  same 
result  as  before,  but  obtained  under  a  different  ssBumption,  not 
however  involving  any  hypotbeeis  as  to  the  mode  of  variation 
o£  the  current. 

It  ia  to  be  observed  that  this  supposition  of  no  variation  of  Constant 
i],  Zj,  or  M,  is  equivalent  to  supposing  that  all  tlie  activity  is  Pennei- 
employed  in  generating  heat  in  the  two  circuits.  For  if  the  Wlity 
d  of  (72)  be  multiplied  by  y,,  and  then  integrated  for  mean    involves 


Iron  Core, 


This  added  to  (73)  gives 

and  the  last  term  vanishea  since  the  integration  is  round  a  closed 
cycle.    Thus 
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or  the  total  meaa  activity  is  equal  to  tharateof  generation  of  heat 
in  the  secondary  pine  that  in  the  secoDdary.  The  activity  could 
in  this  cane  be  equally  well  inesBored  by  placing  a  current 
dynamometer^  in  tlie  primary',  and  another  in  the  secondary,  as 
by  Mr,  Blakesley'e  method. 
Hysteresis  The  auppoaition  thus  made  by  Prof,  Perry  therefore  excludes 
all  disHipstion  of  energy  otherwise  tliun  by  direct  heating  of  lbs 
circuits  by  the  currenta.  It  bee  been  urged  by  him  that  on  the 
analogy  of  the  beliaviour  of  ordinary  bodies  under  strain 
produced  by  stress  varied  in  rapid  cycles,  there  ought  to  be  no 
disaipatioo  of  energy  due  to  lagging  of  the  msgnetizafion 
behind  the  magnetic  force  in  the  cycle,  as  explained  at  p.  212 
above  or,  aa  it  is  now  calird,  hytleretis  action,  in  iron 
subjected  to  rapid  cycles  of  magnetic  stress.  On  this  view 
magnetic  like  olsstic  hysteresis  is  only  important  iii  slow  cycles. 
This  analogy  appears  a  reasonable  one,  but  any  opinion  founded 
on  it  must  be  tested  by  direct  experiment.  Now  it  has  been 
Hysteresis  given  as  the  result  of  experiment  by  several  observers*  that 
in  Rapid  there  isinrapid  cycles  dissipati'in  of  energy  in  the  core  of  the  same 
Cycles,  order  of  magnitude  as  in  slow  cycles ;  but  that  there  is  much 
less  when  the  transformer  is  loaded  by  closing  the  secondary 
circuit  through  a  low  resistance,  than  when  the  secondary  circuit 
is  open. 

This  result  is  questioned  by  Prof,  Ewing,  who  gives  sa  the 
result  of  experiments  on  a  transformer  ours,  an  anchor  ring 
made  of  iron  wire  insulated  to  prevent  eddy  currents,  that,  for 
the  same  frequency  of  reversal  and  limits  of  magnetization,  the 
loss  by  magnetic  hysteresis  is  just  as  great  when  tlie 
transformer  is  heavily  loaded,  as  when  its  secondary  circuit  is 
opfin.f 

The  rate  of  loss  by  hysteresis  is  however  in  all  esses  small 
in  comparison  with  the  whole  activity.     [See  also  Chap.  XIII.]- 

Assuming  the  truth  of  Mr.  Blahesley  s  formula  as  deduced 
from  the  hypotheHiH  of  no  magnetic  leakage,  we  can  find  the 
amount  of  energy  spent  in  eddy  currents  and  magnetic 
hysteresis  in  the  iron. 

Assuming  for  umplicity  that  the  dynamometers  ore  direct 
reading  instruiuents,  or  if  not  that  Dj,  J>gf,  are  reduced  readings 
expressing  each  a  mean  square  of  current  measured  in  amperes, 
so  that  the  constants  A,  .5^1,  then  Jtj,  S^,  being  token  in  ohms, 

*  Warbors  and  Hiinig.      Wied  Ann.  20,  1S33. 

+  Tanakadate,  Phil.  Hag.  Sept.  1889.  See  also  Ewing,  Magnitina 
in  tnm  and  other  MetaU,  §g  83,  ISO.  See  also  below,  Chap.  2III„ 
Section  111. 
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A^m  will  be  given  in  watta.  If  now  we  suppose  a  third  Ener^ 
dynamometer  piaced  in  the  aecondary  circuit,  and  D^  in  like  Spent  in 
manner  be  its  reading,  we  shall  have  Hyrteiesi*. 

Thus  we  h&7e 

The  two  first  t«rms  on  the  riglit  express  the  whole  work  done 
in  heating  the  wires  of  the  primary  nnd  secondary,  tbe  third 
term  that  spent  in  heating  the  iron   by    eddy   currents    and 

If  if,  be  the  resistance  of  the  external  part  of  the  secondary, 
and  the  work  done  in  that  be  wholly  spent  in  bent,  tiie  energy 
there  spent  is  R'^U^.  Thus  if  e  be  tbe  electrical  efficiency  of  ue 
transformer 


R'tPt 


(78) 


^i' 


From  the  expression  for  Aim  can  be  found  at  once  tbe  Diffeience 
difference  of  potential  between  the  terminab  of  the  primary,  of  Poten- 
For  if  R\  be  the  external  resistance  of  the  primary  circuit  Walba- 
botween  its  terminals,  we  have  instead  of  (68)  _*"'^'' 

ifR  \  ■>f 


(681 


Squaring  tbe  firat  of  these  we  get 

r'  -  X,V  +  «,•  ('5')'  +  2S',!f,y,  ^. 

Henra  if  F'*  be  the    mean   square  of    the   difference    of 
potential  F, 
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The  first  integral  is,  an  we  have  teen  above,  A'i'Ai  <^"^  ^^^ 
third  i/i\RiD^K,l/fi.  The  aeoond  integral  can  be  found  by 
the  second  of  {6S')  amce  Bi  'b  talcen  as  eqiial  to  Bi-    ^^ib 

Subatitutiiu;  Iheaa  values  for  tlie  integralit  ve  get 

V'*  =  ie*Di  +  ^  J)t  +  iR\Rt^Da    .    .     (79) 

The  aboTO  results  are  all  independent  of  the  law  of  variation 

of  the  current  and  involve  only  the  Bssumption  Bi~Br     Tbey 

are  due  to  Mr.  Blakeeley,  but  were  first  proved  by  methods 

aimilar  to  those  used  above,  by  Frof.  Ayrton  and  Mr.  Taylor  in 

their  paper  above  referred  to. 

Measure-        In  any  practical  case  of  measurement  of  power  in  which  a 

inent  of     wattmeter  is  iaapplioable,  if  the  actual  resiBtance  of  the  portion 

Activity     of  the  circuit  considered  is  known  and  the  mean  square  of  the 

hy         current  can  be  measured  with  acuuracy,  the  product  of  the  two 

Current-    ^iU  „   ghown  above   (p.  668)  be  the  true  mean  value  of  the 

"'^^f      activity  if  that  is  spent  in  heat.     This  of  course  will  be  given 

°'"J'      jQ  watts,  if  the  reaiatance  is  taken  in  ohms  and  the  current  in 

amperes. 

As  we  have  seen  above,  the  proper  mean  value  of  the  current, 
and  of  the  difference  of  potential,  and  therefore  also  of  tlie 
activity,  can  be  found  for  any  part  of  a  circuit  in  tho  case  of 
negligible  self-induction,  eitlier  by  means  of  an  electrodyna- 
mometer,  or  by  means  of  an  electrometer,  when  the  resistance 
Method     of  one  part  of  the  circuit  is  known.     When   the  resistauce  is 
whtn      unknown  or  uncertain,  as  for  example  in  the  case  of  incandes- 
Beaistance   cence  lamps,  the  current  and  difference  of  potential  may  be 
is  Vn-      measured  for  the  lamp  circuit  in  the  following  manner.     A  coil 
known,      of  german  eilver  wire,  having  a  realstance  conaiderahly  greater 
than  that  of  the  lamps  aa  arranged,  constructed   eo  as  to  have 
no  self-inductance,  is  connected  in  series  with  a  current-meter 
between  the  terminals  of  the  machine  so  as  to  be  a  shunt  on  the 
lamps.     The  lamps  are  brought  to  their  normal  brilliancy,  and 
the  mean  aqnare  y"  of  the  current  through  tlie  german  aOver 
wire  measured.    If  Jt  be  the  resistance  of  this  wire,  including, 
if   appreciable,  the  resistances  of  the  current-meter  and  ita 
connections,  and  R  be  great  in  comparison  with  the  self-induc- 
tance of  the  current-meter  divided  by  T,  we  have  for  the  mean 
square  I"*,  of  the  difference  of  potential  between  the  temiinals 
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lumB  to  tbe  vertical,  f')rceB  reBtoring  eqailibriuTn  are  applied  to 
the  rectangle.  Ae  before,  we  have  for  the  electromagnetic 
couple  lyLd.  Supposing  the  two  points  of  suapension  of  the 
ponduluraa  to  be  on  one  level,  and  the  points  of  attachment  of 
the  pulling  threida  to  the  pendulum  cords  to  be  on  a  level  lower 
by  B  distance  of  /  cms.,  the  diatances  of  the  verticals  througb  the 
points  of  BCBpension  from  the  correBponding  verticals  through 
the  attachments  of  the  threads  to  the  pendulnm  cords  to  be 
d^,  d^  cms.  for  the  respective  pendulums,  and  W  grammes  the 
mass  of  each  bob.  we  have,  for  the  moment  of  the  equilibrating 
forces,  the  value  Wgd(di  +  d^jt. 

Hence,  equating  moments,  w«  get 

^-3-^ (3) 

If  IL  is  the  same  for  both  sides  of  the  rectangle,  ^i  and  d^ 
will  be  equal ;  hut  in  geaeral  there  will  be  a  small  difference 
between  the  two  values. 

In  some  important  practical  cases  the  pole  faces  are  of  small    MeasurB. 
area  and  are  at  only  a  small  distance  apart.    If  there  is  room,  a     Q,aQt  of 
small  rectangular  coil,  similar  to  that  of  a  siphon  recorder  (see    Electro- 
Fig.  152),  but  of  comparativalyfewturnsof  wire,  and  without  an    magnetic 
iron  core,  may  he  hung,  as  described  above,  between  the  poles,   Conjilo  on 
with  its  plane  parnllel  to  the  lines  of  force,  by  a  bifilar  or  a     Coil  by 
torsion  thread  or  wire,  and  a  measured  current  sent  through  it.  Pendulum. 
A  rigid  projecting  aim  fixed  to  the  coil  at  the  middle  of  its 
upper  end  and  at  right  angles  to  the  plane  of  the  coil,  has  rest- 
ing against  it  the  suspension  thread  of  a  pendulum,  attached  at 
its  upper  end  to  a  sliding  niece  movable  along  a  horizontal  bar 
carrying  a  millimetre  scale,  above  and  at  right  angles  to  the 
projecting  arm  ;  and  by  this  means  the  coil  is  brought  back  to 
the  initial  position.     When  no  current  is  flowing  through  the 
coil,  the  thread  is  allowed  to  hang  vertically  just  touching  the 
bar  and  the  reading  on  the  Bcale  above  noted.   Let  the  difference 
between  this  reading  and  that  obtained  when  the  pendulum  is 
deflected  be  d,  and  let  I  be  the  vertical  height  of  the  point  of 
suspension  above  the  projecting  arm.    Tlie  horizontal  force 
exerted  by  the   pendulum  is  Wf.d/l,  and  the   moment  of  this 
round  the  vertical  axis  about  which  the  coil  turns  Wgr.dll,  where 
r  is  the  distance  of  the  pendulum  thread  from  the  central  plane 
of  the  coil.     If  n  be  the  number  of  turns  in  the  coil,  h  cms.  its 
mean  breadth,  and  L  cms.  the  mean  length  of  each  side,  the 
VOL.  II.  Z  Z 
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inoroent  of  the  electromagnetic  forces  i 
therefore. 


nblLy.     We  have, 

w 


This  method  his  frequently  been  used  for  the  delennination 
of  the  maf^netic  field-inteiiBitj  of  the  magnetB  of  sipbon  re- 
corders. The  coil  hangplng  in  its  place 
was  used  as  tlie  ineaxuring  coil,  and 
when  no  current  was  flowing-  through 
it,  wan  kept  hanging  vertically  in 
Btablo     equilibriLim     with     its     plane 

Earallol  to  the  lines  of  force  by  the 
iBIar  threads  attached  beneath  it. 
ThuBB  threads  were  kept  taut  and  bear- 
ing against  the  bridge  B  b^  the 
weights  W,  reeling  on  a  plane  slightly 
inclined  to  the  vertical.  A  current 
from  one  or  two  chIIb  was  then  sent 
tbrough  ihe  coil,  and  the  difference  of 
potential  between  the  terminals  of  the 
coil  measured  by  means  of  a  potential 

Salvanometer.  The  thread  of  the  pen- 
ulum  was  made  to  pull  against  the 

proiecting   aluminium   arm  to   whicli 

the   siphon   is  attached   as  shown   in 

the  figure,  so  as  to  bring  tlie  coil  hack 

to  the  initial  position.    The  value  of 

d  was  then  read  off,  and  that  of  C 

deduced  from  the  known  resistance  of 

the  coil  and  the  result  of  the  measure- 
ment with  the  galvanometer,  and  hoing 

substituted  with  the  values  of  the  other 

quantities  W,  n,  d,  Ac,  in  (4),  gave  the 

value  of  I. 
Method  by       '^^^   ^^^^   intenaities  of  siphon   re- 
Damping  corders  have  sometimes  been  deter- 
of  Coil     mined  hy  the  following  method,  which 
Oscillating  is  interesting  theoretically. 
in  Field.         Advantage  is  taken  of  the  signsl- 

coil,  which  consists  of  a  rectangular 

coil  a  little  more  than  5  cme.  long  and 

2  cms.  broad,  made  of  thin  wire  and 

supported  by  a  eilk  tliread  above,  ao 

as  to  hang  m  a  vertical  plane  round 


Fig.  152. 
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a  rectangular  core  of  iron,  which  nearly  fillB,  but  non-liere 
touchea,  the  coil.    To  tlie  lower  end    of  the    coil  two  ailk 
threads  are  attached,  aa  shown  in  Fig.  162,  and  are  atretcbed 
arftinnt  a  bridge  S  by  two  weights  resting  on  the  iucliaed 
plane   W.      This  bifilar   arrangeuient  gives   a   directive  force, 
tending    to    bring    the    plane    of    the    coil     into    parallelism 
with  that   of  the   bifilar  threada ;   so  that  when  toe  coil  is 
disturbed   from   that   position,    which   is   one   of  stable   equi- 
libriuni,  and  then  left  to  itself,  it  will,  if  the  circuit  be  not 
closed,  vibrate  about  the  position  of  equilibrium  with  a  determi- 
nate period  of  uscillatiou,  with  slowly  dimioishing  range  until  DetarmiD' 
at  laat  it  cornea  to  rest     But  if  tlie  circuit  be  closed  through  a     ^P?  °/ 
high  resistance,  the  coil  will  come  more  rapidly  to  rest:  and  if  „    -^ 
we    gradually  diminish    this    resistance,  deflecting    the    coil  ^'cSi/^^ 
throogh  the  same  angle  and  noting  its  subsidence  at  each  diini-         f^j. 
nution,  we  shall  find  it  come  more  and  more  quickly  to  rest,     Oscilla- 
until  H  resistance  is  obtained  with  which  iu  circuit  it  just  returns        tion, 
to  the  position  of  equilibrium  without  paasLng  that  position. 
When  tliia  reBiataoce  nas  been  determined,  the  strength  of  the 
fleld  can  be  oalcnlated. 

Let  6  be  the  deflection  of  the  coil  from  the  position  of  equi- 
librium at  time  t.  and  T  its  period  of  oacillation  when  the  circuit 
ia  not  closed.  We  have  then,  neglecting  the  resistance  of  the 
air  and  other  disturbances,  for  the  equation  of  motion, 

Ji2+  2^  "-0 (5) 

Let  now  the  circatt  of  the  coil  be  closed ;  a  retarding  force  Theory  of 
due  partly  to  air-resistance,  but  in  the  main  to  the  current    Method 
induced   in  the  wire,  and,  if   the   eSect   of  self-induction   be 
neglected,  proportional  to  the  an^lar  velocity,  will  act  on 
the  coil;  and  the  equation  of  motion  for  this  oase  will  be  of 
the  form 

f.+4+^'"> (=) 

For  let  /be  the  mean  intensity  of  the  magnetic  field  over  the 
apace  occupied  by  the  ooil  at  time  (,  L  the  inductance  of  the 
circuit  for  thnt  position  of  the  coil,  R  the  total  resistance  in  the 
circnit,  It  the  moment  of  inertia  of  tlie  coil  round  a  vertical  axis 
passing  through  its  centre,  { the  effective  length  of  wire  in  the 
coil  (that  is,  the  length  of  wire  in  its  two  vertical  sides),  and  b 
the  mean  half-breadth  of  the  coil.  If  we  call  N  the  number  of 
Z  Z  2 
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lines  nf  force  which  paw  through  the  coil  at  time  ^  and  y  the 
strength  of  the  induced  current  in  the  coil  at  that  instant,  we 
have  plain!}' 

The  rate  at  which  N  increases  per  unit  of  time  is  therefore 
dN  dS  dl    d 

and  if  8  be  small,  and  /  be  therefore  supposed  the  same  for 
everj  position  of  the  coil,  we  have  appruximate)^ 


Bnt  dNjdi  is  the  electromolire  force  due  to  the  inductive 
action ;  hence  tlie  current  y  ia  bj  Ohm'a  law  given  by  the 


U  dt      Jtdl 


(W)- 


It  was  aBsamsd  that  the  second  term  of  this  espreBS'on  for  y 
would  prove  negligible  in  compiinsoQ  with  the  first  j  and  this 
aHsumption  was  so  far  justifiea  by  the  results  of  the  experi- 
mental, which  agreed  fairly  well  with  results  obtained,  for  otlier 
inBtrumentfl  of  trie  same  pattern,  by  a  modifif»tion  of  the  second 
method  deecribad  below. 

The  couple  due  to  the  action  of  the  field  on  the  current 
is  blly ;  and  therefore,  on  the  eiippositiou  of  negligible  self- 
inductJon,  the  retardation  of  the  angular  velocity  of  the  coil  at 
time  1  ia 

de   y/*Pff 

dt  ~  ttR  dt' 
Hence  (6)  becomes 

d*g  .  6nVdff  .  4ff«„    „ 

The  motion  represented  by  this  differential  equation  will  be 
oscillatory  or  non-oBcillBtory,  according  as  the  roots  of  the 
auxiliary  quadratic  are  imaginary  or  real — that  is,  according  as 
iir/T  >  or  <i'  I*  PJiiR.  Hence,  if  R  be  the  critical  resiatanee 
at  which  the  motion  just  ceases  to  be  oscillatory,  we  have 

'■=5S « 
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When  I  and  b  are  expressed  in  centimetres,  /i  in  grammes 
and  centimetres,  T  in  seconds,  and  II  in  cms.  per  second,  /  is 
Ipven  by  this  equation  in  absolute  C.U.S.  unita  of  magnetic  field 
intonsity. 

The  method  of  experimenting  consisted  in  first  finding  the  Mode  of 
value  of  T,  the  free  period  of  vibration  of  the  coil  with  its  "^n- 
circuit  uncompleted,  then  finding  the  reaistanco  which,  being  men'mg. 
placed  in  circuit  with  the  coil,  just  brought  the  needle  to  rest 
without  oscillation.  This  resistance  was  conveniently  obtained 
by  means  of  a  resistance-box  included  in  the  circuit,  and  therefore 
added  no  aelf-inductance  to  that  in  the  coil.  An  aluminium  arm 
attached  to  the  coil,  and  carrying  the  siphon,  served  as  an  index 
to  render  the  niotious  of  the  coil  viaible.  The  reaietaace  R  waa 
first  made  much  too  great,  so  as  to  give  a  alow  subsidence,  then 
gradually  diminished  until  the  value  which  just  prevented  oscil- 
lation was  reached ;  and  it  was  found  that  this  value  could  he 
determiued  easily  within  60  ohms,  and  with  great  care,  to  20 
ohms.  As  the  experiments  on  the  recorders  had  to  be  made 
somewhat  hurriedly,  and  disturhancea  generally  were  neg- 
lected, and,  further,  ae  /t  waa  taken  ua  equal  to  Wifl,  where  ^  I8 
the  mass  of  the  coil,  the  results  could  not  be  taken  as  giving 
more  than  a  rough  approximation  to  /;  but  those  for  two  in- 
struraenta  are  given  h el ow  in  illustration  of  the  method.  For 
both  instruments  the  values  of  W,  L,  and  d  were  the  same,  and 
were  respectively  taken  aa  3-343  grammes,  3338  cms.,  and  -95  cm. 
b^ach  coil  had  a  mean  vertical  length  of  5-3  cm.,  a  mean  breadth 
of  1'9  cm.,  and  contained  4672  metres  of  fine  wire  arranged  in 
290  turns,  and  had  a  resistance  of  about  600  ohms. 


T. 

B 

/. 

Betnltsof 

Actual 

(1) 

■4G5  Re< 

:.    3330X109  en 

IS.  per  sec.  5160  C.G.S. 

Experi- 

(2) 

■500    „ 

3530  X10»    „ 

«    6120     „ 

ment. 

This  method  is  obviously  applicable  in  any  case  in  which  a 
coil  can  be  suspended  by  a  torsion  wire,  or  bllilar,  or  other 
arrangement  so  as  to  have  a  measurable  free  period  of  vibration.* 


*  The  method  juKt  dsKribed  gives  (theoretical];)  a  meaan  of  deter- 
mining the  ohm.  For  suppose  the  coil  hnng  in  a  sufficiently  intense 
and  nnirorm  field,  the  intensity  of  which  baa  bean  meaaored  by 
another  method,  and  the  decrement  of  the  oscillatory  motion  produced 
by  the  induction  observed.     Then  the  redatanca  could  be  calculated. 
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*Isthodhy  The  following  method,  which  has  been  frequently 
Carrentt.  used  in  the  Physical  Laboratory  of  the  University  of 
Glasgow,  is  very  convenient  and  useful  in  many  cases. 
It  consists  in  exploring  the  magnetic  field  by  means  of 
the  induced  current  in  a  wire  moved  quickly  across  the 
lines  of  force  over  a  definite  area  in  the  field.  The  wire 
is  in  circuit  with  a  refiectiDg  "  ballistic  "  galvanoioeter 
— that  is,  a  galvanometer  the  system  of  needles  of 
which  has  so  great  a  moment  of  inertia  that  the  whole 
induced  current  due  to  the  motion  of  the  wire  has 
passed  through  the  coil  before  the  needle  has  been 
sensibly  deflected.  The  deflection  thus  obtained  is 
noted,  and  compared  with  the  deflection  obtained  when, 
with  the  same  or  a  smaller  resistance  in  circuit,  a 
portion  of  the  conductor  is  made  to  sweep  across  the 
lines  of  force  over  a  definite  area  of  a  uniform  field  of 
known  intensity,  such  as  that  of  the  earth  or  its  hori- 
zontal or  vertical  component. 

In  performing  the  experiments,  it  is  necessary  to  take 
precautions  to  prevent  any  action  except  that  between 
the  definite  area  of  the  field  selected  and  the  wire 
cutting  its  lines  of  force.  For  this  purpose  the  conduct- 
ing-wire,  which  is  covered  with  insulating  material,  is 
bent  so  as  to  form  three  sides  of  a  rectangle,  the  middle 
one  of  which  is  of  the  length  of  the  portion  of  field  to 
be  swept  over.  This  side  is  placed  along  one  side  of 
the  space  over  vhicb  it  is  about  to  be  moved  so  that 
the  connecting  wires  lie  along  the  ends  of  the  space ; 
and  the  open  rectangle  is  then  moved  in  the  direction 
of  its  two  sides  until  the  opposite  side  of  the  space  is 
reached.    The  connecting  wires  thus  do  not  cut  the 


D,s,i,7ert  by  Google 


BALLISTIC  METHOD  FOR  FIELD-HTTENSITY  711 

lines  of  force,  and  tbe  induced  current  is  wholly  due  to 
the  closed  end  of  the  rectangle. 

Instead  of  a  single  wire  cutting  the  Hues  of  force,  a  Suspended 
coil  of  proper  dimenaions  (for  many  purposes  conveni- 
ently  of  rectangular  shape),  the  mean  area  of  which  is 
exactly  known,  may  be  suspended  in  the  field  with  its 
plane  parallel  to  the  lines  of  force,  and  turned  quickly 
round  through  a  measured  angle  of  convenient  amount 
not  exceeding  00° ;  or  it  may  he  suspended  with  its 
plane  at  right  angles  to  the  lines  of  force  and  turned 
through  au  angle  of  180°.  If  n  be  the  number  of 
turns,  A  their  mean  area,  and  /  the  mean  intensity  of 
the  field  over  the  area  swept  over  in  each  case,  then,  in 
the  first  case,  if  d  he  the  angle  turned  through,  the 
area  swept  over  is  n^sind  and  the  number  of  tines 
cut  is  nlAainff;  in  the  second,  the  area  is  2nA, 
■  and  the  number  of  lines  cut  is  2n.lA. 

In  onler  that  with  the  feeble  intensity  of  the  earth's  field  n  lUrth 
sufficiently  s^^^' ■^^fl^'^l^ii"' f"'' <^'^'"P'^"^'>"  "'"y  ^^  obtained,  it  Inductor. 
in  necesanry  tbiit  a  relatively  large  area  of  the  field  should  be 
swept  over  by  the  conduator.  One  convenient  way  is  to  mount 
on  trunnions  a  coil  of  moderately  fine  wire  oE  a  considerable 
number  of  turns  wound  round  ■  ring  of  large  radius,  like  the 
coil  of  a.  standard  tangent  gn  I  van  ome  tor,  nnd  arranged  with 
stops  BO  that  it  can  be  turned  quickly  round  a  horizontal  axis 
through  an  exact  half-turn,  from  a  position  in  which  its  plane 
is  exactly  at  right  ani^les  to  tha  dip.  This  coil,  if  the  ballistic 
galvanometer  is  sensitive  enough,  may  always  remain  in  the 
circuit  The  change  in  the  number  of  lines  of  force  passing 
through  the  coil  in  the  same  direction  relatively  to  the  coil, 
produced  by  the  half-turn,  is  plainly  equal  to  twice  as  many 
tiroes  the  area  of  the  turn  of  mean  area  as  thel«  are  turns  in 
the  coil  (the  effective  area  swept  over)  multiplied  by  the  total 
intensity  of  the  earth's  magnetic  force  at  tbe  place  of  experi- 
ment. Or,  and  preferably  when  the  horizontal  component  of 
the  earth's  magnetic  force  has  been  determined  by  experi- 


D,s,i,7ertbyG00t^le 


712  MAGNETIC  HEASCBfiMENTS 

ment,  the  coil  may  be  placed  in  an  east  and  west  (magnetic) 
vertical  plane,  and  turned  through  an  exact  half-turn.  The 
magnetic  fiold  intensity  by  which  the  effective  area  is  to  be 
multiplied  is  in  this  oaae  the  value  of  H.* 

"Trape»"  A  aufficiently  large  area  of  the  earth's  fiold  for  comparison 
Earth       may,  in  some  casos,  he  obtained  very  readily  by  carrying  the 

Inductor,  ^j^g  »long  a  rod  of  wood,  aay  two  or  three  metres  long,  and 
suspending  this  rod  in  a  horizontal  position  hy  the  continua- 
tions of  the  conductor  at  its  ends  front  two  fixed  supports  in  a 
horizontal  line  at  n  distance  apart  equal  to  the  length  of  the 
rod,  and  seciiring  the  remaining  wires  in  circuit  so  that  they 
may  not  cause  disturbance  by  their  accidental  motion.  Tha 
rod  will  thus  be  free  to  swing  like  a  pendulum  by  the  two 
suspending  wires.  The  pendulum  thus  made  is  slowly  de- 
flected from  the  vertical  until  it  rests  against  stops  arranged 
to  limit  its  motion.  When  the  needle  is  at  zero,  the  rod  is 
quickly  thrown  to  the  other  side  against  similar  stops  there, 
and  caught.  The  straight  conductor  thus  sweeps  over  an  area 
of  the  vertical  compouent  of  the  earth's  Geld  equal  to  the 
product  of  the  length  of  the  rod  into  the  horizontal  distance 
between  the  two  positions  of  the  conductor  at  the  extremitiea 
of  its  swing.  The  rod  may  be  placed  at  any  azimuth,  aa  the 
suspending  portions  of  the  conductor  in  circuit,  moving  in 
vertical  planes,  can  cut  only  the  horizontal  lines  of  force  ;  and 
the  induced  currents  thus  produced  have  o^ipasite  directions 
and  neutralize  one  another. 

MeS  by      '^^^  calculatioa  of  the  results  is   very  simple.     By 

Induced    the  theory  of  the  ballistic  galvanometer,-!-  if  9  he  the 

urren      whole  quantity  of  electricity  which  passes  through  the 

circuit,  and  if  5  be  the  angle  through  which  the  needle 

has  been  deflected,  or  the  "  throw,"  we  have,  neglecting 

air  resistance,  &c., 

^-...^  (9, 


-1/ 


*  The  method  of  reducing  results  of  obseTvations  to  absolute  measnra 
by  means  of  an  earth  inductor  was  nsed  by  Professor  H.  A,  Kowiand 
in  his  experiments  on  the  magnetic  permeability  of  iron,  stee],  and 
nickel.— PAil.  Mag.,  vol.  46,  1873. 

f  See  p.  SSI  above. 
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where  ft  is  the  moment  of  inertia  of  the  needle  and 
attachments,  w,  the  magnetic  moment  of  the  needle,  H 
the  earth's  horizontal  magnetic  force,  and  Q  the  constant 
of  the  galvanometer.  If  0  be  small,  as  it  generally  h&s 
been  in  these  experiments,  we  have 

.=yf^ (10) 

and  the  quantities  of  electricity  produced  by  sweeping 
over  two  areas,  A  and  A',  are  directly  as  the 
deflections. 

Let  A  be  the  total  area  swept  over  in  the  field  or 
portion  of  field  the  mean  intensity  I  of  which  is  being 
measured,  A'  and  /'  the  same  quantities  for  the  known 
field,  S,  R  the  respective  total  resistances  in  circuit, 
q,  q'  the  quantities  of  electricity  generated  in  the  two 
cases,  6,  6'  the  corresponding  deflections  supposed  both 
small;  we  have 

Al 


AT     1      A 


V      VI 

A'Ke 


AKf 


T (11) 

If  convenient,  B  and  ff  may  be  taken  as  proportional 
to  the  number  of  divisions  of  the  scale  traversed  by  the 
spot  of  light  in  the  two  cases. 

The  error  caused  by  neglecting  the   eSect   of   air 
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Tesistaace,  &c.,  in  diminishing  the  deflection  will  be 

nearly  eliminated  if  R  and  K  be  chosen  bo  that  6  and 

8'  are  nearly  equal. 

Soleooid        The  following  method  of  reducing  ballistic  obaerva- 

Rednoinn  ^iona  to  absolute  measure  is  very  convenient  when  an 

BallUtio    earth  inductor  is  not  available.     A  short  induction  coil 
Rpunlta   to 

Absolute  wound  round  the  centre  of  an  ordinary  magnetizing 
Measnra.  \^q\{^^  whose  length  is  great  compared  with  its 
diameter,  is  kept  in  circuit  with  the  galvanometer.  A 
measured  current  is  sent  throiigli  the  wire  of  the  helix, 
and  when  the  needle  ia  at  rest  the  circuit  of  the  helix 
is  broken,  and  the  galvanometer  deflection  read  off.  If 
N  be  the  number  of  turns  of  wire  per  cm.  on  the  helix, 
7  the  current  in  electromagnetic  C.G.S.  units,  the 
magnetic  force  within  it  is  4nrNy  parallel  to  the 
axis ;  and  if  A'  be  the  proper  mean  area  of  the  crosa- 
section  of  the  helix,  and  n'  the  namber  of  turns  in  the 
induction  coil,  the  number  of  lines  (unit  tubes)  of 
force  passing  out  of  the  galvanometer  circuit  when  the 
current  is  stopped  is  4nrNn'A'y.  [See  (75)  p.  284, 
above.]  Hence  .B'  denoting  the  total  resistance  in 
circuit,  the  total  quantity  q'  of  electricity  generated  is 
iwNn'A'yjE'  and  instead  of  (11)  we  get 

^ -*'*'■' sw  •  •  •  ■  c^) 
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The  ballistic  method  of  iDvestigatioa  was  also  used  Ma^etio 

by  Prof.  H.  A.  Bowland*  for  the  determination  of  that    bntion. 

ideal   surface   distribution  of  majrnetism  on  matmets  ,??!'^°, 

.  ■  1  1  ,      ^  .  ,  ,         Method  of 

which,  as  shown  by  Qauss,  may  be  supposed  to  replace    InveBti- 

the  actual  distribution  so  far  as  the  production  of  the     I"'""'* 

external  field  is  concerned. 

Tbat  such  adiatribation  is  possible  and  determinate  iaobnous       Ideal 
from  the  electric  analogue.    Consider  ■  distribution  of  electric     Sarftee 
potential  corresponding  precisely  to  the  given  one  of  mngiietic     Dutn- 
potential,  and  produced  by  a  volume  diutribution  of  equal  bnlion  on 
(luantilies  of  positive  and  negative  electricity,  corresponding  *  Magnet. 
in  position  to  the  magnet    Tliis  is  nbvjously  possible.    Then 
sappose   a  tliin   condncting   surface   to   be  placed   round  the 
electric   distribution,  corresponding  exactly  to  the  surface   of 
the  magnet,  and  connected  to  the  earth.     The  potential  at 
esternnlpoints  is  thereby  reduced  to  zero.    Thus  the  induced 
diHtributinn   produces    a   dislribution    of   potential  equal  and 
opposite  to  that  due  to  the  electric  system  within  the  Hbell,  and 
therefore  if  reversed  would  produce  precisely  the  eame  distri- 
bution of  potential  as  the  tatter  does.     The  total  amount  of 
this  induced  distribution  is  equal  and  opposite  to  that  in  the 
internal  system,  and  the  distribution  ie,  as  we  have  seen  in  vol.  I., 
uniquely  determinate.     Hence  translating  back  to  the  magnetic 
caae,   it  is    olear  that  a   distribution  of  magnetism  over  the 
surface  of  the  magnet  may  be  supposed  to  exint  and   produce 
the  external  field,  and  may  he  made  the  subject   of   experi- 
mental research. 

When  found  it  expresses  the  mode  in  which  the  lines  of  in- 
duction enter  or  leave  the  surface  of  the  magnet ;  bnt  it  is  not 
to  ba  taiten  as  having  a  real  existence. 


•  PAtf.  Ifag.  voL  L,  1875. 
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Rowland'^  Rowland  uaei  a  thin  ring  of  wire  made  just  large 
Expari-  enough  to  pass  round  the  magnet  experimented  on, 
meDting.  £^^d  placed  in  circuit  with  a  ballistic  galvanometer.  It 
was  then,  while  encircling  the  magnet  and  held  with 
its  plane  at  right  angles  to  the  axis  of  the  magnet, 
slided  quickly  along  the  magnet  through  each  of  a 
succession  of  equal  short  distances,  and  the  deflection 
of  tho  needle  noted  for  each  motion.  The  deflections 
thus  obtained  gave  for  their  magnets  an  approximate 
estimate  of  the  density  at  different  points  along  the 
magnet,  of  the  ideal  surface  distribution,  and  the  results 
were  reduced  to  absolute  measure  by  means  of  un 
earth  inductor. 
Determi-  This  method  with  any  convenient  method  of  reduc- 
of'pol"-  '''"^  °^  results  to  absolute  measure  (for  example,  the 
Strength  helix  arrangement  just  described)  gives  a  very  ready 
means  of  estimating  with  much  exactness  the  total 
quantity  of  magnetism  according  to  the  ideal  distribu- 
tion in  one  pole  or  one  end  of  a  magnet,  whether  of 
bar,  horse-shoe,  or  other  shape.  The  ring,  which  for 
the  present  purpose  may  be  larger,  and  thick  enough 
to  contain  any  convenient  number  of  turns,  is  placed 
at  the  central  or  nearly  neutral  region  of  the  magnet  ~ 
and  then  quickly  pulled  o£f  and  away  from  the  magnet, 
and  the  galvanometer  deflection,  0,  noted.  A  measured 
current  is  then  sent  through  the  helix,  and  the  de- 
flection $",  produced  by  suddenly  opening  the  circuit 
of  the  helix,  also  observed. 
^^"wLI''  Let  n  be  the  number  of  turns  in  the  ring  of  wire,  if/ 
the  total  quantity  in  C.G.S.  units  of  magnetism  ia  the 
portion  of  the  magnet  swept  over,  then  the  number  of 
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linea  of  ioductioB  cut  through  by  cacli  turn  of  wire  in 
the  ring  is  iwij>,  and  if  ^  be  the  total  resistance  in 
circuit,  the  total  quantity  of  electricity  generated  is 
4nm4>l^.    We  have  therefore 

*wnA     ST   .    e 
2  =  — 77-^  ==  —77  sin  2 


and  for  the  helix  we  get  from  the  calculation  above 


By  division  we  fi 


^■rrNn'A'y      ET  . 


n'Jt  gin  ^ 
^  =  NA'y 3.  ....     (13) 


and  if  the  deflections  are  small  angles 

J   _    XT  J'..  "'-^ 


els') 


This  equation  is  of  course  also  applicable  to  the  re-     CsIcd- 
duction  to  absolute  measure  of  the  results  of  deter-  jy^^J'^t 
minations  of  magnetic  dietribntion  made  by  the  ballistic  l^oj^  P"- 
method.     The  value  of  ^  deduced  for  each  deflection 
divided  by  the  area  of  the  correspondingly  small  portion 
of  the  magnet  is  approximately  the  surface   density 
of  the  ideal  distribution,  the  distribution  on  the  end 
faces  being  of  course  included  in  the  end  deflections. 
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Deter-  Xbe  ballistic  method  has  been  used  by  Rowland, 
of  Totel  Thomson,  Hopkinson,  Ewiog,  and  othets  for  the  io- 
i^l^^"  vestigntion  of  the  magnetic  properties  of  iron.  We 
give  here  some  examples  of  its  use  for  the  determina- 
tioQ  of  total  magnetic  induction  in  a  specimen  of  iron. 
Let  for  example  the  specimen  tested  be  an  iron  rod  or 
wire  magnetized  by  a  helir  of  wire  in  which  a  current 
flows.  An  induction  coil  of  a  suitable  number  of  turns 
encircles  the  magnetizing  coil  midway  between  the 
ends,  and  is  in  circuit  with  a  ballistic  galvanometer. 
If  the  magnetizing  current  be  altered  there  will  in 
general  be  a  change  of  magnetic  induction.  An  in- 
duced current  is  thereby  made  to  flow  in  the  ballistic 
galvanometer  circuit,  the  corresponding  deflection  is 
observed,  and  the  change  of  induction  calculated  from 
its  amount.  Thus  if  5  be  the  angular  deflection  cor- 
rected if  necessary  for  damping  (see  pp.  S94, 486  above) 
and  n  be  the  number  of  turns  in  the  induction  coil, 
the  total  induction  through  each  turn  is  given  by  the 
equation 

or 

dB  =  ^^sinf     ....     (14) 

The  determination  of  S,  T,  and  Q  may  be  avoided 
by  the  use  of  an  earth-inductor  or  helix  as  ah'eady 
described :  so  that 

,      i,nN%'A'y     ST  .    $' 
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rfB  =  ^-rrNA'-y  - 


nS  ain  ^ 


■     C15) 


By  beginniDe  from  zero  current  and  increasing  the    Ballistic 
1  Ti  i  -  1       -  mi-  Method  of 

curreDt  by  small  steps  observing  the  iDcrement  ag  of    Dui«r- 

induction  at  eacb,  the  total  induction  at  any  stage  can   u"'"*'§^ 

be  obt4bed  by  addition  of  the  previous  increments,  ludncUon. 


•^yU    1    1    Ml        1    1    1    1    1    1    1    1    1    1 

i""°"i  -  f 

J  1 ''  >' 

l«oo    3-' 

^'■^  1  1  iiiiii  1  lUiiJ 

MoQuttliing    Forct.  H> 
Fio.    153. 

from  zero.  The  results  can  be  represented  in  a  curve, 
with  inductions  as  ordlnaies  and  strengths  of  magnet- 
izing current  as  abscissae.  The  abscissa  will  thus 
(with  a  certain  correction  specified  below)  be  propor- 
tional to  the  values  of  H,  the  intensity  of  the  magnet- 
izing field  at  any  point,  for  the  different  strengths  of 
current.     Such  a  curve  is  shown  in  Fig.  153. 
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ArmngB.  The  general  arrangement  of  appsrataa  for  ballietic  eiperi- 

niBnt  of  nienta  is  shown  in  Fig.  164,  which  is  taken  from  a  paper  by  Dr, 

Apparatiu  J.  Hopkineon  on  the  Magnetization  of  Iron*   A  magnetizing  coil 

,V  t(  '^1  G,  BurroundB  a  rod  ofiron  Bhown  as  B,  B',  in  Fig.  156.     In 

ftinari.  '^"'^^^^  with  CC  ie  e.  battery  E  the  current  from  which  can   be 

meiitfl*  ^^'''^  ^7  ^^^  liquid  rheostat,  F,  and  measured  by  the  currenl- 

meter  0.    The  magnetizing  coil  is  in  two  halves  and  between 


Fio.  1G4. 

them  sniToanding  the  bar  is  a  small  induction  coil  D,  which  la 
in  circuit  with  the  balliBtic  galvanometer  G',  through  a  proper 
key.  .H  is  a  simple  make  and  break  arrangement,  K  a  current 
reverser.  At  M  additional  resistance  can  be  placed  in  the  bal- 
liatic  circait,  and  at  if  the  galvanometer  can  be  shunted. 


■  Phil  Tram.  S.  S.,  Part  II.,  1885. 
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By  Buoh  ftn  nrritDgement  it  ia  possible  to  put  the inagnetizine    Hopkin- 
current  through  any  seriee  of  changes,  for  esaniple  to  increase  it   bob  ■  ^>!' 
by  nid  of  the  rheostat  from  zero  to  any  required  positive  value,  poriuienla. 
gradually  diminish  it  again  to  zero,   then  roverae  the  current, 
gradually  increase  ita  negative  value  and  finally  diminish  it 
again  to  zero. 

Tlie  arraiigement  here  figured  may  of  course  be  varied  to 
suit  any  particular  caae.  In  Dr.  Hopkinaon'a  eiperimenta  the 
bar  3,  B",  was  in  two  halves,  of  which  one  B  could  be  suddenly 
withdrawn  by  the  handle  shown  in  Fig.  165.  Wlien  this  was 
done  the  current  in  the  magnetizing  circuit  waa  aimnitaneoualy 
broken  and  the  coil  D,  which  was  attached  to  a  spring,  waa 
pulled  suddenly  out  of  the  field.    Thus  at  any  time  a  reading 


no.  IBG. 

could  be  obtained  for  the  whole  induction  in  tlie  coil ;  and  the 
procedure  adopted  was  to  auhject  the  bur  to  successive  apeoified 
snriea  of  changes  of  magooCizing  force,  and  test  the  final  state 
of  the  bar  in  the  manner  juat  indicated.  A  correction  was  made 
for  the  excess  of  induction  due  to  the  fact  that  the  area  of  the 
induction  coil  waa  greater  than  that  of  croaa-section  of  the  bar. 
This  correction  was  found  hy  suhatituting  a  rod  of  copper  and 
a  rod  of  wood  for  the  iron,  and  measuring  the  indnction  with  a 
considerable  magnetizing  force  ap[)lied. 

Tlie  bar  had  its  ends  embedded  to  a  mass  of  aoft  iron,  A,  A, 
the  action  of  which  will  be  discussed  presently.    8ome  of  the 
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principal  reaulta  of  these  experiments  will  be  found  below 

(p.  781). 

Correction      In  general  there  is  included  in  the  induction  through  the  in- 

for  lodnc-  duction  coil  s  certain  part  over  and  ftbove  the  induction  in  the 

tion        iron,  namely,  the  part  of  the  induction  which  passes  between 

between     the  iron  and  the  coil,  or  in  the  space  occupied  by  the  layers  of 

Iron  and    ^i^_     ^g  ,  „|b  this  will  be  slight   if   the    iron   nearly    fllk 

Hnil"^   the   magnetizing   coil,   and    it   might  be  BToidod  by   winding 

^''^'       the    induction    coil  under    the    magnetizing    coil,    and  close 

round  the  iron ;  but  ver\'  frequently  it  is  desirable  to  be  able 

at  any  time  to  withdraw  the  iron  from  tlie  magnetizing  coil, 

or  suddenly  to  slip  the  magnetizing  coil  completely  off,  and  this 

renders  the  outside  position  of  the  induction  coil  in  general 

more  convenient     Tne  correction  amounts  to  (A'  —  A)a,  if  A' 

be  the  mean  area  of  cross-section  of  the  magnetizinK-coil.^that 

of  the  iron,  and  H  the  field  intenaity  produced  within  the  coil 

by  the  current    Thus  if    B  denote  the  integral  induction 

(  jSiiSj  through  each  turn  of  the  induction  coil,  the   part  of 

tQta  which  exists  in  the  iron  is  B  —  (jt'  —  ^^■ 

Effects  of        We  have  here  supposed  H  to  bo  constant,  but  this  will  not  be 

Ends  of     practically  the  case  unless  the  specimen  be  a  very  long  straight 

r  R.""*         magnetized  by  a  long  helii.     In  this  case  at  points  within 

of  Bar.      the  helix  at  a  considerable  distance  from  the  ends,  the  value  of 

the  part  of  H  due  to  the  current  may,  as  we  have  seen  above 

(p.   261),  be  taken  as  constant  and  equal  to  4irny,  where  n  is 

the  number  of  turns  of  wire  per  unit  of  length  on  the  helix. 

If  necessary  the  en<ls  of  the  helix  can  be  taken  into  account  as 

shown  at  p.  260.     There  remains  however  even  when  this  part 

of  H  is  constant  from  point  to  point  an  allowance  to  be  made 

J,  for  the  magnetic  force  piuduced   by  tlie  magnetization   of  the 

^^i"      iron  itself.     This  amounts  in  a  long  bar  uniformly  magnetized 

Force  in     ^''"P'y  **•  *  correction  for  the  ends,  and  is  a  demagnetizing 

Prolate      fw^ei  o'  force  opposed   to  the  other  part  of  H-     In  short  we 

Ellipaoid     I'^^e  if  H  be  the  field  intensity  at  any  point 

H  -  H,  +  H, 

where  Hj  ■*•  due  to  the  current  and  H,  to  the  magnetization  of 
the  iron.     Also 

H  -  4mir  +  H'l  +  Hi (16) 

where  H'l  denotes  the  effect  of  the  ends  of  the  helix,  and  is 
vei^  small  in  general. 

To  find  a  superior  limit  for  Hi  for  a  long  bar  we  may  consider 
the  bar  as  a  very  prolate  ellipsoid.    Then  by  (100),  p.  54,  we 
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Iiftve  for  the  field   intensitv  within  th«  bar  doe  t 
magna tiznti on  suppo««il  naiform  and  of  intensitj'  I 


where  L  hu  the  value  given  in  (lOl),  p.  64.    If  (B--H)/4(r  be 
pnt  for  I, 

H,--i^ (18) 

or  if  B  be  very  great  iu  comparison  with  H  m  is  generally  the 
case  in  soft  iron 

=.--^s ('«■) 


Values  of  L  and  Ljiv  calculated  from  the  expression  (101)  Table 

hare  been  given  by  Prof.  Bwing  for  different  ratios  of  length  forCalon- 

of  barto  diameter  of  oroBH-Bection,  that  is  different  valuee  of  l«Lion  of 

1^  V 1  -  e»,  whereaiathe  eooentricity  of  the  ellipaoid.    Theseare  not^B 

given  ill  the  following  table,  with  an  additional  number  for  the  Yotce  in 

ratio  1000.  Ellipsoid. 

Sphere  or 
Disk. 


L.ngthto 

L 

60 

■01817 

■001446 

100 

•00640 

<H)0430 

200 

■00157 

■000125 

300 

■OO075 

■000060 

400 

■00046 

■000037 

eoo 

■00030 

■O000S4 

1000 

■000089 

■000007 

It  ia  instiuotive  to  compare  these  values  of  the  coefficient  L 
with  the  corresponding  quantities  for  a  uniformly  magnetized 
sphere  or  a  very  oblate  ellipsoid  of  revolution,  a  disk  in  fact. 
f^T  the  sphere  the  vaino  (p.  55)  is  Jir,  for  the  diak  4ir. 
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Ratio  of       Tbe  ratio  of  the  magnetising  force  H  actually  exiatiog  at  any 
Actual     point  where  the  magnetization  is  of  intenaity  I,  to  the  mag- 
to  Applied  netizing  force  Hi  applied  by  the  coil  is 

Prolato  *li  B-i  lit 

EUipuld : 

if  ■  be  the  magnetic  susceptibility.    Thus 

f-T^. m 


or  the  deraagnetiung  force  is  about  J  that  applied  by  the 

For  the  ratio  600  and  lOOO  of  length  to  diameter  the  values 

of  H/Hi  ere  respectively  1*314,  1*0446.    The  demagnetizing 

force  ia  m  the  former  caue  equal  to   about  ),  and   in  toe  latter 

about  '04S  of  the  magnetizing  force  actually  operative. 

OrsphiiMl        The  values  of  the   induction  thus  found   for  different  field 

Method     intensitiefl  applied  by    the  entreat    tfaeiefore    correspond,  to 

of         smaller  magnetizing  forces  than  those  directly  calculated  from 

Correcting  the   current,   in  the   ratio   of   Hi/(Hi+Hi).     lu  the  graphical 

for  Effect   representation  of  the  results  of  experiments  this  can  be  corrected 

of  Ends  of  f^j  ^gry  easily  by  drawing  a  line  Or  (Pig.  167)  inclined  to  the 

iMug  Bar,  ^^  of  the  axis  of  OF  at  an  angle  J'Or=t«i-'  {i;/4ir)  and 

measuring  the  valoes  of  Hi  from  this  line,  instead  of  form  OF. 

For  we  have 


-11  = 


(20) 


nearly,  that  is  any  induction  B  corresponds  to  an  operative 
magne  tizing  force  less  than  Hi  by  the  fraction  I,/4it  of  B.  By 
the  conetruction  given  therefore  the  points  in  the  curve  are  laid 
down  at  once  in  their  correct  pOBidone. 

The  condition  of  endlessness  may  be  attained  by  the  nse  of 
an  anchor  ring  of  the  material  and  wrapping  it  round  uniformly 
with  wire;  but  in  this  case  the  field,  as  shown  at  p.  279  above, 
is  not  Uie  same  at  all  distances  from  the  axis.    In  fact  if  jV  be 


D,s,i,7ert  by  Google 


tho  total  immbere  of  turns  in  the  magnetiziiic  helix,  y  the  Field 
oarrent  in  each,  H  the  force  at  a  point  within  the  core  at  Within 
difltance  r  from  the  centre,  2irrH— 4«'JV'y  that  ia  Anchor 


and  ra  may  be  made  as  nearij  equal  to  r  as  we  pit 
diminiehing  the  dimensiona  of  uroBs-section  relatiTe  \y 


(22) 
>ae  by 
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MaaiitUimg    Farct.  H. 

Flo.  156. 

Experiments  on  anchor  rings  have  been  made  by  Rowland*, 
Bosanquet  f,  Swing  %  ""d  othera.  Of  course  in  such  experi- 
ments the  ballistic  method  is  the  only  one  that  can  be  followed. 

Practioally,  endlessness  may  be  attained  by  placing-  the  bar  Bar  with 
to  he  experimented  on  in  a  space  cat  in  a  block  of  as  permeable  Soft  Iron 
iron  as  possible,  eo  that  the  ends  of  the  bar  fit  deeply  and  closely      Yoke. 


•  Phil.  Mag.  Aug.  IB! 
t  Ibid.,  Feb.  anUMaj 
I  Phil.  Trant.  H.  S., 
ilrlaU,  p.  70. 


1S73,  and  Nov.  1874. 


ir  Magnrtie  Indvdiim  in  Irea  and  othtr 
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into  sockets  in  the  end  fscea  of  thu  epace,  and  the  magnetic 

circuit  IB  completed  hy  the  mass  of  iron  so  that  no  lines  of 

induction  escape  into  the  medium  outeide  the  iron.   This  method 

is  due  to  Dr.  J.  Hopkinsoii,  who  has  employed  it  in   bulliEtic 

,      ..        experiments  on  the  magnetic  properties  of  iron  rods. 

cft^n  of        How    far    endlessnesB  can  be  attained  in  this  way  can  be 

Principle  estimated    very   conveniently    by  means  of  tlie  idea   of  tbe 

ofHu-    iKBgDetic  circuit  referred  to  at  p.  281  above.    It  Iiae  been 

netio      sliown  that  the  int^rai  inductioa  across  a  surface  cutting  all 

Oiretdt.     the  tubes  of  induction  is 


(23) 


■where  di  is  the  . 

the  permeability  is  n,  dt  an  element  of  diatance  along  the  tu1)e, 
JV  the  number  of  turns  of  wire  carrying  current  y,  and  traversed 
by  each  line,  and  t'the  ratio  of  Bdi  to  B-  The  numerator  od 
the  right  of  (S3)  is  what  Bosanquet*  has  called  the  magneto- 
motive  force  of  the  magnetic  circuit,  the  denominator  tlie 
niagnetic  resistance  (or  rmutanee,  as  jiroposed  bj'  Heaviside).'!' 
In  the  apecimeu  rod,  if  its  cross-section  is  S,  and  length  I  we 
have  from  (23} 


J II 


where  the  integral  in  the  denominator  refers  only  to  the  portion 
of  the  circuit  formed  hy  the  yoke ;  the  first  term  is  obviously 
the  value  of  the  integral  for  the  specimen.  If  we  consider  the 
iron  yoke  as  throughout  of  uniform  crosa-Hection  S',  length  I' 
and  uniform  permeability  /i  we  get 


Magnetic 
Cir^t  of 

Yoke. 


B-- 


(ii) 


•  Phil.  Mag.  March,  1883. 

+  The  term  ampert-lunu  is  now  vary  generally  employed  in  practi- 
cal work  to  designate  lOit^V.  that  is  the  prodnctof  the  niunber  of  turns 
and  the  current  in  amperes.  The  magnetomotive  force  is  thas  '4ir 
times  the  ampere  turns  given  by  the  magnetizing  coil. 
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«t  H  in  tlie  iron  ia  lesa  thaii  4irJfy/l,  which  would  be  the  value 
if  tlie  rod  were  infinitely  long,  by  the  amount  AnNyl'n  S/ii'S'. 
Thus  if  fi'  is  great  in  comparison  with  ft,  tbe  GOrreotion  oan  be 
made  very  small. 

Tbero  i«  a  further  correction  for  the  passage  of  tbe  lines  of 
induction  to  the  iron  yoke.  For  one  tbin^  tbe  effective  size  of 
the  iron  at  the  junction  is  not  equal  to  tbe  crosB-BBctioii  of 
the  iron  yoke,  though  this  may  be  taken  account  of  by  an 
addition  to  C.  If  the  bar  were  welded  to  the  yoke,  or  formed 
one  piece  with  it,  the  proper  correction  would  be  that  applic- 
able to  a  conducting  wire  joining  two  large  masBes  of  laetal. 
The  Joint  however  between  the  specimen  and  tbe  yoke  baa 
quite  a  perceptible  effect  and  is  in  fact  equivalent  to  a  narrow 
air-gap. 

The  effect  of  on  air-gap  in    a  magnetic  circuit    may  be  Air-gap  in 
studied   by   calculating  it  for  the  case   of   a  ring   split  by   a  aMagnetia 
narrow  gap.     There  ia   continuity  of  tbe  induction  in  the  iron     Circuit. 
and  in  the  air  on  the  two  sides  of  the  surface  of   separation,  and 
if  the  gap  be  narrow  very  few  even  of  the  lines  near  tlie  edges 
will  spread  out  laterally  before  again  entering  the  iron.      We 
may  take  therefore  the  total  cross-sectioa  of    tbe  induction 
tubes  in  the  gap  as  equal  to  thatof  the  iron  ring.    Thus  taking  . 
tbe  total  induction  and  putting  z  for  the  widtn  of  tbe  gap  we 
get 

4irJVV 


l(^') 


t  +  x 
I* 

if  the  induction  B  be  taken  aa  having  the  same  valu« 

if  g  were  zero  we  should  have 
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Iron  Tbe  width  x  of  the  air-^ap  ib  time  eqnJTaleDt  to  a  leDf^li  ^ 

Eqniva-  of  iron,  and  therefore  outtinp  out  a  slice  of  tliickoefli  *  from  an 
lent  of  ipoQ  circuit  is  equivalent  to  inoreaaing  the  length  of  the  ir  on 
Air-gap,     circuit  by  an  amount  </*-  l)z. 

If  l/jt  may  be  taken  as  Bmoll  in  comparison  with  x,  as  in  the 
uaie  of  some  forme  of  electromaf^et,  notably  certain  "  large 
surface"  bone-Bhora  made  by  Dr.  Joule,  (27)  becomea 

B-'*"f^ (27-) 

**^™1?'"   Thia  by  tha  conlinnity  of    induction  ia  tiie  field    iuUnrity 

BttSaciUe  ''**''**"  *''*  poloB,  and  gives  a  convenient  rule  for  calculating 

between    ^^  ^^^  intensity  between  the  poles  of  a  horse-slioe  eleetro- 

CloM  Pole  magoet  with  close  pole  faces  of  considerable  surface,  sod  a 

Faces  by    short  iron  circuit.      It  shows  tliat  even  if  the  iron   were  of 

Oiveu       infinite  penneability  tbe  field  Intenait)'  due  to  a  current  y  could 

Carrent.     not  exceed  i^cNylx.     The  iron  should  in  such  a  case  as  thia  be 

considerably  below  saturation,  otherwise  tbe  pemieAhllity  would 

be  low,  and  the  resistance  of  the  iron  part  of  the  circuit  sensible. 

Du  Bois  {Phil.  Mag.  Nov.  1890)  bns  compared  the  effect  of 

an  air-gap  with  that  of  the  ends  of  an  ellipsoid.      The  force 

operative  in  the  iron  is  nearly  uniform,  and  hae  tlie  value 


H-"=; 


Effect  """  u."  t  +  iix' 

of  Air-gap  '^  ^'^ 

*'?'?P^  But  tbe  force  applied  by  the  current  is 
with  that                               '^'^           ■' 
of  Ends  ot                                                      4^^^ 
Ellipsoid.  H,  —  - 

and  therefore 

I"'   . 


Btit  /I  =  1  4*  4irii,  if  K  be  the  susceptibility.     Hence 
approximately.    But  this  gives 
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Comparing  this  with  the  cMe  of  an  ellipaoid  discuBsed  above 
we  see  that  int/l  takes  the  place  of  L,  and  that  therefore  the 
T<ne  with  air-gap  is  equivalent  to  an  ellipsoid  with  thia  value 
of  L. 

It  is  clear  that  when  an  air-gap  is  made  in  a  rin^  the  Tesidual  Effectof 

magnetism  must  be  much  less  than  when  the   nng  ia  whole,  f;'.''?*P,"' 

For  if  L-  be  the  intensity  of  the  residual  magnetiani  at  any  .'°"5J^' 

instant,  a  demagnetizing  force  is  operative  of  amount  iwxlrll-  '"§  ^^' 

The  efEect  of  a  joint  on  leiig^thening  the  msgnetia  circuit  is  ^^ 

easilj  estimated.     The  induction  produced  by  a  aucceaaion  of  g^^^ 

different  values  of  H  ia  first  observed  ao  that  a  curve  showing  gB'ect  of 

the  results  can  be  drawn,  then  a  joint  is  made,  and  the  forces  Joint  on 

again  applied  and    the  induction  observed.      Then  for    the  Magnetia 

uncut  bar  Resietanca 

T.        .    .-  "f  Bar. 
B       ♦irA'y 

f  '       I 
when  the  bar  is  cnt  we  have 

B'        JirAV 

where  X  is  the  width  of  the  equivalent  air-gap      Thus  Width  of 

Air-gap 
— ,        ,       ,  equivalent 

1  „  f  _  '  to  Joint 

B       ^  1  +  ,.'.r 

"ff(!-?) «  ■ 

Thus  «  is  expreased  in  terms  of  the  inductions  produced  by 
the  same  magnetizing  force  H,  applied  by  the  current  This 
formula  is  well  adapted  for  finding  le  from  tables  of  results. 

An  equivalent  expression  in  terme  of  the  forces  applied  by 
the  coil  to  produce  tlie  sarao  induction,  when  the  bar  ia  cnt  end 
uncut,  is  more  convenient  when  the  value  of  x  ia  to  be  obtained 
graphically.     When  the  bar  is  uncut 
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the  bar  1 

8  cut 

B          4,r.Vy 

■=., 


+  /»■ 


ThuH  tli(!  value  of  x  is  to  be  found  hf  laying  down  for  the 
two  CMes  curves  with  inductionH  as  ordinates  and  the  values  of 
the  mngnetizing  forcea  applied  hj  the  coil  aa  abecisse,  and 
measuring  the  difference  between  the  abBcisan  for  which  the 


Mignetliine  Fo™,  H,,  due  to  Coil. 
Fio.  1S7. 

inductiotiB  are  the  same.    This  gives  (H,-H,)/B,  and  80  *  can 

be  calculnted  at  once. 

Observed       The  following  are  reaulta  obtained  by  Ewing-  for  an  iron  bar 

Effect  of    tested  tiret  solid,  then  after  having  been  cut  into  ports  Uie 

Joint  on     adjacent  ends  of  which  are  worked  into  true  plinee  aod  placed 

Iron.       jQ  contact.     Fig.  157  ahowe  the  indnctloa  curves  in  the  two 

cases,  end  by  the  dotted  curve  in  the  left  values  of  H  — H  for 

different  values  of  B.     The  valuea  of  x  are  given   in   the 

following  table : — 


Disii,7ert  by  Google 


EFFECT  OF  JOINT  OR  AIR-QAP 


WWthof 

IndoeUon  B- 

4000 

■0036 

6000 

■0030 

8000 

■0031 

10000 

■0031 

12000 

■0036 

14000 

■0037 

It  will  be  noticed  that  the  dotted  curve  is  somewhat  convex  Fresaing 

towards  the  nxia  OY.    In  enotber  of  Swing's  ezperinentB,  how-  ^»<**  ™ 

ever,  this  curve  was  Blightly  concave  to  OY,  so  that  it  seeing  ••<""'" 

likely  that  tlie  width  of  tTieeapis  in  general  ne&rly  independent  ^ogethsr 

of  the  value  of  the  induction.  ^?* 

It  was  found  in  theao  eiperimenta,  that  tlio  application  of  a  ^^^^  ' 


t 

,^t-— ^::;=^^=^^==^^ 

10000 

/ 

-<^ 

^  ""       Wrought    Inn    No.  J 

1 

f- 

»..,HU,I 

Is 

M 

A 

llas«Mil«B  Fara  H. 

■   '  li  '              ''20'              X 

Flo.  Ifi8, 

force  of  S26  hilogrannnes  weight  per  aq.  cm.,  preising  the  end  Hopktn- 

faces   of  the  bar  at  the  joint  together,  oven  annulled  Its  effect  son's 

comp  letelj  for  a   magnetizing  force  of  fi  C.G.S.,  but  not  so  Eiperi- 

perfe  ctJy  when  the  magnetizing  forces  were  higher,  ments  on 

Fig.    168   shows    Bome    of    the    reBults    obtained    by    Dr.  wrooght 
Hopk  ineon   for   wrought   iron.      Only   a  part  of  the   cnrres, 
which  extended  to  magnetizing  forces  of  over  800  unite,  is 


Iron. 
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given  ;  but  for  the  higher  forces  the  curvea  only  beuune  more 
neurly  pnruilel  to  the  aiia  of  Bbscissw,  The  curve  marked  (1) 
shows  the  induction  increasing  from  zero  with  H  ;  that  marked 
(2)  is  the  descending  curve  ohtained  with  diminishing  values  of 
Ov  le  of  *'^^  magnetizing  force.  The  diagram  showa  part  of  the  results 
j^^i^gj,  for  a  cycle  of  changes  of  magnetizing  forces  similar  to  that 
j^Jj^j,'  described  at  p.  212  above.  The  curves  below  the  axis  OX 
are  not  given,  as  they  consist  very  nearly  of  a  repetition  of  the 
curves  in  the  diagram,  obtained  by  turning  the  figure  round  the 
axis  or  and  then  round  OX.  The  magnetizing  force  was 
gradually  increased  from  zero  (the  ircn  being  initially  without 
magnetizstion)  to  a  high  positive  value,  then  diminished 
throufrh  zero  to  a  considerable  negative  value,  and  finally 
increased  by  gradual  steps  to  as  large  a  positive  value  as  before. 
The  curve  marked  (3)  is  that  given  after  the  second  passage  of 
the  induction  tbrouglt  zero,  tliatis  from  a  negative  to  a  positive 
value.  Curves  (1)  and  (3)  do  not  approach  one  another  quite 
closely  for  the  highest  magnetizing  forces  ;  but  (3)  crosses  (1) 
twice  at  Jf  and  JV,  which  show  that  the  negative  magnetization 
which  the  bar  had  received  rendered  it  more  difficult  to 
magnetize  pofitively  by  small  or  high  forces,  bat  distinctly 
more  easily  magnetized  by  forces  of  intermediate  amount. 
TluB  has  frequently  been  noticed  both  with  iron  and  steel. 
Carves  (2)  and  (3)  with  the  continuations  below  OX  and  to  the 
left  of  07' however  form  a  nearly  closed  loop,  the  ares  of  which 
is  roughly  ixOAX  maximum  induction.  Areas  -i-iw  of  such 
cycles  for  different  samples  of  iron  and  steel  are  given  in  the 
following  table.  They  represent,  as  we  shall  see  presently,  the 
energy  dissipated  in  hent  in  unit  volume  of  the  iron  during  the 
cycle  of  magnetization. 


Areas  of 

Cycles  for 
Different 
llaterists. 

DescrijitiDD  of  S|>«cliDgn. 

Aitalhiinuum 

xOAk  laui,  indnotinn 
4. 

Wrought 

ron  (annealed)  , 

17247 

1335(1 

Grey  Oast 

Iron  .... 

15139 

13037 

WhitwoMb  Mild  Steel— 

(annealed)      .  I 

45903 

401 20 

61896 

66786 

(annealed)      ., 

50521 

42360 

74371 

99401 

DIS 

7eti  by  Google 

BALLISTIC  DETERMINATION  OF. INDUCTION 


733 


Coercive 

Defined. 


It  will  be  Been  that  tlie  numbers  re  greater  for  the  bardened 
tban  for  the  annealed  steel,  and  m  h  greater  for  steel  than  for 
wmugbt  iron.  Abo  tbe  numbers  the  sec  ond  column  are  all 
greater  than  those  in  tbe  third,  except  in  the  cage  of  tbe 
hardened  steel. 

The  descending  and  second  ascending  curve  show  that  t^e  Retentire* 
induction  is  not  zero  when  tbe  magnetising  force  is  zero,  bu 
has  a  value  OB.  In  the  descending  curve  (S^  a  neg.:tlve  msg 
netissing  force  OA  is  required  to  snnni  the  induction,  and  in  th 
second  ascending  curve  a  positive  nioguetizing  force  equal  i: 
value  to  tbe  former  is  again  necessary  to  reduce  tbe  induction 
to  zero.  Dr.  Hopkioson  calls  OB  (the  induction  which  remains 
after  gradual  reduction  of  the  magnetizing  force  to  zero  bom  a 
large  value)  the  "  retentiveness,''  and  the  magnetizing  force  OA, 
required  to  annul  the  induction,  the  "coercive  force"  of  the 

The  curve  marked  residual  induction  was  obtained  by  apply- 
ing and  removing  tbe  magnetizing  forces  repreeented  by  tlie 
abscisste,  and  measuring  the  induction  at  each  removal.  It  is 
supposed  by  Ewing,  chiefly  on  thegroundof  thesmollnessof  the 
residual  magnetism,  that  the  condition  of  endlessness  was  not  per- 
fectly attained.  In  this  case  the  curves  could  be  corrected  by 
shearing  them  to  the  left,  that  is  by  measuring  the  magnetizing 
forces  from  e  line  inclined  to  the  axis  of  OY,  as  described 
above  {p.  724;. 

The  following  are  results  of  an  experiment  of  Swing's*  on  an     Experi- 
iron  ring,  with  the  data  used  in  calcnlatiug  the  magnetizing  force    ment  on 
and  induction  from  the  observations.    The  magnetizing  force  Iron  Ring, 
was  increased  by  steps  from  a  zero  value  up  to  9'14  G.G.8., 
diminished  by  steps,  and  again  applied  in  tbe  same  way.     The 
ballistic  throw  for  each  step  was  ohserved. 

Data  o?  Appabaths.  Data  of 

Diam.  of  wire -248  cm.  |  No.  of  turns  i 

Mean   circumference  of    ring  i  coil  474. 

3r4  cms.  I  No.  of  turns  in  induction  coil 

Area  of  each  turn  of  earth  in-  I  167, 

ductor  1216  sq.  cms.  |  Deflection  of  battery  galvano- 

No.  of  turns  in  earth  inductor  '  meter    with    3    Daniell's 

10.  i  cells  and  6'85  ohms  resist- 

Earth's  vertical  force -340,0,8.  ance  362  divs. 

Earth  inductor  reading  429. 

*Fhil.  Trana.  R.S.  1885,  or  Magnetic  Induetiim  in  Jnm,  io,  p.  70. 


]  magnetizing 
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3  X  11  X  10» 


;_1^.  "    C.G.S 


Also  the  number  n  of  turns  on  the  ring  per  unit  of  length  of 
ita  circumference  wu  474/31*4.  Thus  the  magnettEing  force 
per  scale  diinaion  of  the  magnetometer  was 


^  ai-4     68-6  368 

The  whole  «rea  A'  swept  over  by  the  enrth  inductor  wbb 
2x1216x10  in  sq.  cms., and  the  area  of  wctionof  the  wire  was 
n-  X  '124^  so  that  the  effective  area  of  the  induction  colt  through 
which  the  induction  in  the  iron  pasted  won  167  X  ir  X  '184*  sq. 
cms.  Thaa  hv  (11)  above  the  induction  for  one  division  de- 
flection of  the  Dallistio  galvanometer  was 

-         S  X  1216  X  10  X  '34 


Defect  of  The  table  on  the  next  page  gives  the  observed  results,  aod 
Ballistic  the  quantities  deduced  from  them.  The  fourth  column  contains 
Method,  for  each  throw  of  the  galvanometer  the  sum  of  that  throw  and 
all  the  throws  that  precede  it  The  iuduction  then  esisting  in 
the  iron  was  taken  as  proportional  to  that  sum,  and  was 
calculated  hy  the  formula  just  given.  Anj  gradual  change 
taking  place  in  the  iron  between  the  successivo  increments  of 
H  produced  no  eSeiit,  and  therefore  does  not  appear  in  the 
account  The  full  induction  in  the  cose  at  any  rate  of  thick 
rods  may  he,  as  we  shall  see  below,  very  considerably  in  excess 
of  that  calculated  from  tlie  transient  current  deflections,  in 
consequence  of  a  gradual  creeping  of  the  magnetization  in  the 
direction  of  the  relatively  much  larger  change  which  takes 
place  when  the  applied  magnetizing  force  is  altered. 
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Table  of  Kbsdlts. 
ave  been  calculated  from  B 
>t-B/H.  .°(j.-I)/4b-.  I-«H- 


[  by  tbe 


Bdl. 

H 

Throw. 

Bob,  of 

B 

I 

' 

63 

013 

1-1 

1-1 

26 

2-1 

10-2 

0-26 

1-1 

8-2 

53 

4-2 

120 

0-30 

0-5 

2-7 

65 

61 

160 

0-40 

08 

3-5 

84 

6-7 

21 

0-53 

1 

4-6 

107 

8-6 

S8 

0  71 

21 

6-6 

158 

12-5 

37 

0-93 

2-9 

9-6 

227 

18-0 

62 

1-31 

3-9 

13-4 

820 

26-4 

19 

67 

1-69 

92 

88-6 

540 

42-9 

26 

75 

1-89 

6-9 

295 

705 

56-0 

3D 

110 

2-Tft 

77-5 

107-0 

2560 

203 

73 

133 

3-36 

78-7 

185-7 

4440 

353 

106 

169 

4-01 

82 

267-7 

6400 

509 

127 

198 

4-95 

91-6 

369-2 

8580 

683 

138 

232 

5-86 

67 

416-2 

9940 

791 

136 

286 

7-20 

67 

4732 

11300 

899 

125 

321 

8-10 

23-5 

496-2 

11B70 

944 

116 

362 

9-4 

24 

680-7 

12440 

989 

108 

310 

7'83 

-  4-4 

516-3 

I2a30 

981 

246 

6-21 

-  6-7 

609-6 

12170 

968 

188 

4-75 

-  7-1 

502-8 

12000 

955 

107 

2-70 

-14-0 

4885 

U670 

929 

0 

0 

-338 

455-3 

10880 

866 

110 

.■78 

IS 

470-3 

11240 

894 

196 

4-96 

14-2 

484-6 

11570 

921 

246 

6-21 

11-9 

496-4 

11860 

943 

317 

800 

14-6 

510-9 

12170 

971 

362 

914 

10 

620-9 

12440 

990 
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Duad-         Ae  jast  atated,  the  ballistic  method  from  its  very  nature,  can 

vantsf^  of  takenoaccount of  alowohangceof  inaKDetization,BuchKB,iiithe 

Ballistic    case  of  rods  of  any  coDBiderable  thicKneea,  are  found  to  ^0  on 

Mflthod.    foj  Home  time  after  the  magnetizing  force  has  boen  changed. 

For  this  reason  the  aagnetometer  method  is  to  be  preferred 

in  many  cases,  if  it  ia  possible  to  apply  it.    Of  coureefor  anchor 

rings  and  specimens  set  in  yokea  of  soft  iron  ao  as  to  give 

approximate  endlessness  the  ballistic  method  is  the  only  one 

available 


Hagneto- 
Method. 


Fio.  169. 

Fig.  Ifi9  shows  the  general  arraogeiiieat  of  apparatus  for  the 
magnetonietric  method.  The  magnetomater  and  scale,  Sk,, 
described  in  Chap,  III,  above,  are  here  made  use  of,  and  for 
details  of  setting  np  the  instruinents,  taking  readings,  Ac,  the 
reader  is  referred  to  that  Chapter.  Supposing  the  directive 
force  on  the  needle  to  be  the  earth's  horizontal  magnetic  force 
H,  the  specimen  with  its  magnetizing  coil  is  arranged  so  as  to 
give  a  horizontal  magnetic  field  at  the  needle  at  right  angles  to 
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thut  of  tlio  eartli.  For  this  pnrpoBe  the  bar  maj'  be  fixed  in 
the  eaat  and  west  direction,  in  a  horizontal  line  tlirougli  the 
centre  uf  the  needle,  or  preferably  in  a  vertical  poaitiun  in  the 
vertical  plane  passing  through  the  centre  of  the  needle,  at  right 
angles  to  the  magnetic  meridian.  This  position  is  the  more 
convenient  as  it  enables,  if  necessary,  stress  of  ineasured  amount 
to  be  applied  to  tiie  bai  oi  wire  ;  ii  also  renders  the  action  of 
the  farther  end  of  the  bar  or  rod  relatively  nnimportant.  It 
involves  however  the  application  to  the  rod  of  the  earth's 
vertical  luagnetio  force,  which  must  ba  taken  carefully  into 
account,  or  carefully  compensated. 

The  coil  itself  produces,  when  a  current  is  flowing  in  it,  a  CompeiiBs- 
direct  effect  on  the  needle,  but  this  can  he  neutralized  by  means      tion  of 
of  a  oompenEuting  coil,  in  which  the  same  current  flows,   so    Magnetic 
placed  that  when  the  needle  is  acted  on  by  the  current  in  the      Action 
two  coils  it  is  not  deflected.     The  compensating  coil  may  be  a    "f  M«g- 
circlo  of  one  or  more  turns  of 'wire  placed  lite  a  tangent  galva-    n«tiziug 
noraeter  coil  in  the  plane  of  the  magnetic  meridian   with  the     i^"  i?" 
centre  uf  the  needle  at  a  point  on  its  axis,  or  it  may  be  a  sole-     *^'^'"*' 
noid  placed  horizontally  at  right  angles  to  the  magnetic  meri- 
dian, either  in  a  line  through  the  centre  of  the  needle,  or  in  the 
side-on  pusition  of  Fig.  IS',  p.  74  above. 

The  connections  between  the  coils  and  with   the  battery  &c.  „         4.. 
must  all  be  made  with  well -insulated  wire,  closely  twisted  to-      dI^'"" 
gether  to  prevent  direct  action  of  the  connections  on  the  needle,    Antion  of 
and  for  this  reason  no  open  loop  must  be  permitted  to  exist  on  the     Connec- 
conducting  wires  near  enough  the  neHdlo  to  affect  it     For  ex-        ting 
ample,  if  the  current  giies  in  at  one   end  of  the  magnetizing      V/inr. 
solenoid,  the  wire  should  be  led  close  along  the  nolrnoid  from 
one  end  to  tlie  other,  then  the  two  wires  twisted  together  for  a 
sulfii^ient  distance  from  the  magnetometer. 

We  shall  suppose  that  H,  the  horizontal  rangnetic  force  at  the      Dster- 
needlB,  is  known.     It  can  in  any  case  be  obtained  approximately    mination 
enough  by  experiment  either  in  the  manner  described  above,  or    of  Direo- 
if  B  is  known  at  another  place  it  may  be  obtained  at  tlio  place  tive  Force 
of    experiment    by    obsetving    ibe   period    of    free    vibration  at  Needle 
of  a  needle  at  the  two  places.     Thus  if  if  be  the  required  value, 
and  B'  the  known  value  at  the  other  place,  T,  T,  the  correspond- 
ing periods 

B-y.S- (31) 

Or  u  ring  of  line  or  more  turns  of  wire  may  be  set  up  in  the 
magnetic  meridian  with  the  needle  at  its  centre,  or  on  its  axis, 
VOL.  II.  3  H 
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and  a  current,  the  absolute  value  of  which  is  known  by  elec- 
trolysia,  or  from  measurement  by  an  abaolate  cnrrent  meter, 
seat  through  it,  and  the  magnetometer  deflection  6  determined. 
If  O  be  the  finlTsnometerconatsotof  the  coil,  and  y  the  cnrrent, 
we  have  y  -  if  tan  $10,  ov> 

-ff-j^, TO 

If  a  conipsDHatine  circular  coil  bo  ueed  it  may  be  employed 
for  tliiu  purpose  also.  The  value  of  Q  may  be  obtnined  by 
comparing  ihe  eipression  Gyco%6  for  the  couple  on  the  needle 
produced  by  the  current  with  that  on  thti  right  of  (13)  of  Chap. 

Elimina.         1*1'^  vertical  component  of  the  earth's  magnetic  force  may  be 
tionof      ulloweil  for  ;  or  it  may  be  permanently  eliminated  by  winiling: 
EiarCh'a     a  layer   of  wire  on  llie  aolenoid,  and  connecting  il  to  ii  cell. 
Vertical    adjusted  by  reaintanco  in  its  circuit  so  ns  just  to  prcdure  n  field 
Force.       equal  and  opposite  to   that  of  the  earth.     The  etrenglli   of  the 
current  neceasary  for  this  purpoae  may  he  ndjusttd  by  plncinf; 
a  piece  of  soft  imii  wire  within  the  coil,  hanging  a  aciile-pan  to 
its  lowBi'  end,  and  applying  and  removing  a  numher  of  times  in 
fluccesdon  a  weight  of  7  or  6  the.,  thus  subjecting  the  wire  to  a 
aerioH  of  alternate  elongations  and  short^ninga,  until  Iho  wire 
shows  no  magneliKation.    This  process  was  followed  by  T.  Gray 
anil  the  writer,  when  assisting  to  carry  out  Lord   Kelvin's  re- 
searches on  the  Efiects  of  Stress  on  the  Magnetization  of  Iron.* 
Another  process,  followed  liy  Plwing,  differs  from  this  only  in 
Kiib«tituting  a  BuccesHicn  of  rFvemals  of  magnetiem  produced 
by  a  series  of  currents  alternately  in  opposite  directmns,  and 
each  alightly  weiiker  than  the  precedinj.'.     Thus  the  iron   is  at 
lengih  completely  demagnetized  if  the  earth's  force  is  annulled 
by  the   current.     I£  the  annulment  is  not  complete  a  certain 
amount  of  magnetization  in  one  direction   or   the   other   will 
alwaya  be  left. 
rheory  of       Supposing  now  the  effect  of  the  coil,   and  the  vertical  mag. 
Hagnsto-    nelic  force  of  the  earth  all  carefully  compensated,  iind  the   bar 
metric      placed  in  position  with  ila  upper  end  near,  and   due  magnetic 
Method,     east  or  west  of,  the  needle,  tiie  effect  on  the   needle   will   bo 
mainly  due  to  the  upper  end  of  the  bar.     The  bar  is  moved  up 
or  down  in  the  magnetizing  solenoid  until  for  a  given  current  the 
greatest  deflection  of  the  needle  is  produced,  and   it  is  then 
secured  in  punition.     Thus  denoting  the  length   of  the  bar  or 

•  Phil.  TVnnjr.  RS.  1878. 
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wire  frum  tlie  leve)  of  the  needle  to  tlie  lower  end  by  I,  the 
distance  of  the  bar  from  the  needle  by  x,  the  intenBity  o£ 
innKDetkation  (tbat  iB,  the  magnetic  moment  per  unit  of  volume) 
by  I,  and  the  crtKis-Bection  of  the  bar  by  a,  the  total  horizoDtal 
force  at  the  needle  produced  by  the  bar  is 

■tali-  '        U  '-^  !l  -         ^       I  CUc"- 

U'      (^  +  P)i(       3^\         {x'  +  P)!i"  lat'on  of 

Inteniity 
Tlius  for  equilibrium  of  the  needle  neti^ii, 

1= JS (33) 

If/  be  great  in  comparinon  with  f  we  may  take  it  that 

I=-Htanfl (34) 

From  I  of  course  B  can  at  oooe  be  found  by  the  equation 

B  -  H  +  4irl. 

Of  course  for  H  must  be  taken  the  magnetinng  force  applied  by 
the  coil,  together  with  if  neceaaary  a  correction  for  the  effect 
of  the  ends  (see  p.  722  above}. 

The  permeability  of  a  specimen  of  iron  is  obtained  at  once  by  Dstar- 
calculatinff  the  ratio  B/H.  Thus  it  is  numerically  equal  to  the  minatioD 
tangent  of  the  inclination  of  the  cnrve  of  induction  at  each  °' ?^"'"*' 
point  to  the  asia  of  absciBBe.  It  ia  clear,  from  the  example  d^  ^^'  . 
giver),  that  for  low  magnetizing  forcea  the  permeability  ia  amall  oH^  * 
(if  the  specimen  ia  not  aubjected  to  vibration) ;  then  ss  the  mag-  rti^MM" 
netlzing  force  is  increased  the  permeability  at  first  rapidly  natiia^n 
inoreaaes,  then  more  slowly,  then  diminiahes,  and  finally  i,  Oflnm 
approaches  zero  for  very  high  magnetizing  foroes. 

That  the  permeability  of  3teol,'nickel,  and  cobalt  ia  dimiDiahcd       2-  Of 
by  thn  application  of  elongating  stresa,  and  increased  b>'  its      St«el, 
withdrawal,  and  is  therefore  increased  by  campr«ising  atresa,  Niekeland 
was  obeerved  in  Lord  Kelvin's  experiments  above  referred  to.      '-chalt. 
The  |)ermeabilily  of  boft  iron  it  was  found  was  increaaed  by  the 
3  B   2 
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Lord       applioktion  nf  elongatiog  stress   ho   lone  m  the   magnetizing 

Kslvin's     force   was  below  a  certain  value.     At  fint  the  effect  of  the 

Eiperi-      stress  on  the  raaguetiEation  incre:isecl   with   the   magnetizing 

menta,      force  to  a  rnaximuin,  theo  fell  off,  and  finally  became  zero  with  a 

A^  .  P      certain  magnetizing  force,  depending  on  the  amount  of  streag, 

'  ,     ',,    ,  thereafter   ojianging  sign.      This  plienomenon  had   preTiouely 

y?        ."   been  observed  for  soft  iron  by  Villari,  and  hence  the  magne- 

i-V^™"   tizinB  force  for  which  the  effect  of  slrLM  was  zero  was  called 

ing  Force.    t|,o  K«l„ri  rrihW  .«.iM. 

Transverse       Preasure  applied  to  the  interior  surface  of  an  iron  tube  (an 

'  Stress.      irt>n  gun-barrel),  in  other  words  stretching  force  round  every 

cross-section   of  the  tube,  produced  the  opposite  effect,  thnt  is 

diminished  the  inngnetization  while  the  magnetizing  force  waa 

under  a  certain  value  and  increased   it  when   the  magnetizing 

force  was  above  that  value. 

Effects  of        Id  conneotion   with  effects  of  stress  it  may  be  noticed  liere 

Vibration  that    mechanical    vibration     has   a   notable    effect    in    aiding 

and        magnetic  changee  in  soft  iron  and   to  :i  leKS  degree  in  steel, 

Uechani-    nickel,  &c.     A  succession  of  applications  and  removals  of  streaa 

eal  Dis-    were  found  in  Lord  Kelvin's  ezperiinentn  to  he  very  effectual  in 

turbance.  bringing  a  wire  or  bar  of   magnetic  material   to  a  permanent 

magnetic  stute.      By  this   proceas  tlie  magnetization    was    in 

general  increased  when  the  specimen   was  under  the  influence 

of  a  given  magnetic  force.    Stripping  gently  a  wire  of  soft  iron 

through  the  tingere,  for  example,  was  found  greatly  to  aid  its 

magnetization  or  deinagnetization. 

By  aid    of  tapping,  tSwing   was  able  almost  completely  to 

obliterate   the   concavity   at   the   beginning   of    the   curve   of 

magnetization  for   a   soft  iron   wire,  and    to   reach   near   the 

beginning  of  the  curve  a  permeability  (B/H)  of  nearly  60000. 

Mag-  MngneCiz>ition    with    powerful    magnetic    forces   has    be^n 

netizatiDn  studied  by  Ewing  and  Low  nnd  by  Du  Bois.     The  former  used 

in  Intense   vrhat    they   called    the    isthmus    method,   in   which    a    sltort 

Field.       cylindrical  piece   of  the  material  forming   a   bobbin  wrapped 

round  with   two  induction  coils  was  placed  as  a  "necli"   or 

Isthmus     "isthmus"  between  two  truncated  conical  pole-pieces,  attached 

Method,     to   a  powerful  electromagnet  and  shaped  so  as  to  produce  &a 

great  an  intensity  of  field  as  possible.    The  cones  were  placed 

with  their  axes  in  line  so  ne  to  form  a  complete  (or  double)  cone 

with  the  vertex  at  the  centre  of  thu  neck.    The  bobbin  had  its 

endn  turned  ho  an  to  fit  in  a  cylindrical  space  the  axes  of  which 

passed  exactly  through  the  common  vertex  of  the  conical  pole. 

pieces  at  right  angles  to  their  axis.     A  brass  holder,  fitting  in 

this  space,  enabled  the  bobbin  to  be  turned  round  when  required 

through  180°,  so  as  to  be  reversed  in  the  field.     One  of  the 
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induction  coils  consieted  of  one  or  two  loyere  and  was  wrapped 
round  tlie  neck,  the  other  waa  separated  from  tlje  former  by  an 
annular  epnce  which  enabled  the  intensity  (if  the  lield  cIohb  to 
the  neck  to  be  estimated  from  the  difference  between  the 
inductions  through  the  two  coIIb.  Th    r»   f 

To  find  the  action  of  the  conicai  pole-faces  consider  a  ring  of    Action  of 
either  pole-f«oo  at  diutanee  x  from  the  vertei,  of  radius  r,  und      Conical 
breadth  rfr  parnllel  to  the  radius.     The  magnetic  distribution  in       p^jg. 
the  ring  is  2irlrfjr.     The  force  which  this  produces  pnrallel  to      pieces 
the  axis  is  inlrxJr  l(x'+r^i.     If  we  call  this  dF,  we  know  that 
it  is  a  inaximum  when  d{dF)lBx  is  zero,  r  being  taken  constant 
since  the  diameter  of  tlie  pole-pieces  is  fixed.     The  condition 
is   2f*  =  f^,  or  if  0   he   the   semi-vertical    angle   of   the   cone, 
tanfl=  V2,  and«-^fi4''44'. 

The  whole  force  produced  con  be  calculated  by  integrating 
dF  over  the  pole-faces  Let  a  be  the  radius  of  the  neck,  6  the 
inaximum  radius  of  either  pole-face,  we  have  supposing  each 
pole  magnetized  to  constant  intensity  I 


3V3i  r  °3V3 


^I./l'  =  ^,og,* (36) 

since  j4  =  rf/». 
Taking  I  us  1700,  the  saturation  value  nearly  for  wrought  iron, 

we  get 

^=  1113llog,(,£ -18920log„*     .    .    .    (36) 

Experimeate  were  made  with  this  arrangement  and  also  with  Bcmltiof 

cones  of  semi -vertical  angle  6  =  tan->  -JIot  6  =  39°  14'  which  E'peri- 

were  chosen  as  giving  the  most  uniform  field  about  the  axis  on  ""^b^  by 

the  supposition  of  saturation  of  the  pole-pieces  everywhere.  w^J"? 

In  the  first  case  with  a  neck  of  -266  mm.  diameter  the  following  "e"*"- 
were  the  results : — 

H  B  I  p 

24,600  45,350  1,660  1-65 
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"  L  LnucuBh."  Brand. 


6,070 

27,130 

1,680 

4-47 

5,600 

30,270 

1,720 

3-52 

]  8,310 

38,960 

1,640 

213 

19,460 

40,820 

1,700 

210 

18,880 

41,140 

1,700 

2-07 

Fine  Swedish  Iron 

"L  "Brand 

6,310 

26,670 

1,620 

4-83 

17,680 

38,080 

1.620 

215 

19,240 

39,540 

1,620 

S-06 

^■B:  These  expcrinientH  were  instituted  to  teat  whether  the  iiiten- 

netizatioa   gjjy  ^f  msgnetizfttion  really  attained  u  niaiinium  and  thereaJter 

IT   T^"*^  diminishetl  as  the  magnetizing  force  was  pushed  to  hif^her  and 

tecordina   higher  values.     According  to  tlie  Am perean  theory  of  maeneU- 

t-  zation   iho  mngnetic  molecules  are  supposed  lo  be  dmalTcon- 

Amntre's   ducting  circuits  carrying  currents.     After  these  have  as  fnr  as 

Theory,     possible  been  turned  into  a  common  diiect  on  by  the  action  of 

the  magnetising  force,   furthi  r  increase   of  the   field-intensity 

ought  to  have  the  effect  of  diminishing  the  intensity  of  iiiagDe- 

tization   by   inductive   diminution    of   the    molecular  currents. 

TliuB,  as  Maxwell  has  remarked,*  "  If  it  should  ever  be  experi- 

mantally   proved    that   the    temporary    magnetization   of   any 

substance  first  increases  and  then  diminishes  as  the  magnetizing 

force  is  continually  increased,  the  evidence  of  the  existence  ot 

these  molecular  currents  would,  I  think,  be  raised  almost  to  the 

rank  of  a  demonstration." 

No  such  diminution  of  intensity  of  magnetization  is  shown 
by  the  experiments  quoted,  or  by  others  by  the  same  method 
made  on  steel,  nickel,  and  cobalt ;  on  the  contrary  nearly  full 
intensity   of  magnetization  is  reached  with  comparatively  low 

'  El.  and  Mag.  vol.  ii.  p.  43fl  (2nd  editiun). 


D,s,i,7ert  by  Google 


OPTICAL  METHOD  FOR  INTENSE  FIELDS  743 

uiftgnetiziag  forces,  and  a  tenfold  increase  sfler  that  gives  prac* 
tically  the  same  value  fur  I. 

Thene  conclusions  agree  with  tliose  of  Du  Bois*  made  by  an     Experi- 
ingeniouB   opticnl  method,   in  which  the  elliptic  polarization,     ments  of 
produced  by  the  reflection  of  plane  polarized  light  from  the    ^^  ^o'*- 
polislied  pola  of  aa  eleclromagoet,   was  used  to  luciisure  the 
intensity   of    magtietizalion.      Du    Boia   lirst   determined'!'   by      Optical 
esporimenta  on  plane  polarized  light  incident  on  sniull  reflecting  Uetliodfor 
planes  ground  in  varii>uB  positions  on  avoids  (prolate  ellipsoida     IntcnM 
of  revmution)  of  different   materials,  comprising    iron,   steel.      Fields. 
nickel,   cobalt,   and   in»i;"etic   (magnetite   oxide   of  iron),   the 
general  law  which  Kerr's  pheDomenon  followed. 

The  nickel   contained   traces  of  iron  and  copper,  the  cobalt  Reflactio(i 
9:1-1  per  cent,  cobalt,  6-8  percent  nickel,  -8  percent,  iron  and  "2     of  Plane 

fier  cent,  copper.  The  ovoids  were  magnetized  in  a  coil  30  cms,  Pol»Jiz«d 
ung,  4  cms.  in  inner  and  12  cms.  in  outer  diameter,  and  Llgotat 
composed  of  twelve  layere  of  90  turns  each  of  double  cotton-  ^J^^'j 
covered  copper  wire,  further  insulated  with  sliellsc.  The  wire  g^^ 
was  ^  cm.  in  diameter  and  the  resistance  of  the  coil  when  cold 
was '9  ohm.  It  was  possible  to  surround  the  coil  with  an  ice 
jacket  to  keep  down  its  temperature. 

The  ovoids  themselves  could  be  maintained  ot  0°  or  100°  by 
an  ice  or  steaui  jacket  inside  the  magnetizing  solenoid. 

In  the  winding  of  the  coil  small  tubes  '7  cm.  io  diameter 
were  fixed  to  allow  tile  polished  planes  in  the  various  positions 
on  tlie  ovoids  tn  he  viewed  from  the  outside  of  the  coil.  This 
did  not  produce  any  sensible  alteration  in  the  uniformity  of  the 
field. 

The  intensity  of  the  fleld,  H,  was  determined  in  the 
uBual  manner  from  the  strength  of  the  current,  which  was 
measured  by  means  of  an  amperemeter.  A  demagnetizing  force 
of  '52 1  was  allowed  for  in  the  reckoning  of  H.  (See  p.  723 
sbove.) 

In  all  the  experiments  the  light  was  incident  normally  on  the      Deter- 
reflecting  surface,  and  the  quantity   measured   was  the  angle    mioHtion 
between  the  major  axis  of  the  vibrational  ellipse  after  reflection,  of  "Kerr's 
and  the  direction  of  vibration  in  the  unreflected  ray,  or  what  is  Constaut." 
commonly   but  rather  incorrectly  named   the  rotation  of  the 
plane  of  polarization  produced  by  the  reflection.    It  was  found 
that  if  JT  be  a  constant  (called  Kerr's  constant  by  Uu  Bois),  and 
fi  the  angle  between  the  normal  to  the  surface  and  the  direction 
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ion,  e  the    angle  obierved  Was  given  by   tlie 


e  -  jSri  COB  fl  =  fl, (37) 

irbere  I^  denotes  the  component  intensity  of  magnetization  at 
right  angles  to  the  reflecting  surface.  The  following  nre 
uiimericaT  results : 


ColBlt. 

IflckaL 

1 

Iron.            Jlisn*tll«. 

<      1   -20-97 

~  7'-26 

-  22'-99    ' 

1 

I      '      1060 

1669 

i-     1    -  -0198    1    -  -0160 

1 
-  0138        +  -012 

The  niinuB  signs  indicate  that  the  direction  of  rotation  wntt 
opposite  to  that  in  which  n  right-hiinded  screw  would  have  hail 
to  be  turned  so  ae  to  advHnco  along]  the  direction  of  magneti- 
zation. The  value  of  X  wan  found  to  be  hardly  eensibly 
affected  by  change  of  temperature. 

To  obtain  results  for  very  intense  fields  small  disks  were 
turned  out  of  the  materials  already  specified,  and  polished  on 
one  face.  Each  of  these  when  examined  was  tiied  with  tlie 
n  Optical  polished  face  outwards  to  the  conical  point  Pj  (Fig.  160)  of  one 
Method,  pole  of  a  Ruhmkorff  electro-magnet.  A  beam  of  plane  polar- 
ized light  was  made  norinally  incident  on  the  mirror,  through 
tlie  axial  perforation  in  the  opposite  pole-piece,  and  was 
examined  before  iind  after  reflection  by  optical  appantnti 
placed  OB  indicated  in  the  figure.  The  pole  point  and  the 
mirror  specimen,  if,  could  be  kept  nearly  at  100°  by  meanaof  a 
ste»m  jacket  /,  /. 

The  intensity  of  magnetization,  I,  was  calculated  from  the 
results  of  observation  by  means  of  the  valuea  of  Kerr'e 
constant  previously  found.  The  field  intensity  at  the  mirror 
was  found  by  placing  a  glass  plate,  0,  silvered  on  the  aide,  S, 
close  in  front  of  the  mirror,  ond  observing  the  magnetic  rota- 


Use  of 
Kerr's 

Constant 


Uethod 
Deter- 
mining H 
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tion  due  to  the  double  pasaage  of  the  light  tbroiigli  it.  The 
gUes  plate  hud  heen  standardized  bji  conipariaon  witli  bisulphide 
of  carbon,  from  which  Verdat's  conaCant  (nee  p.  765  below)  in 
accurately  known.  The  mngnetic  rotution  experienced  by  the 
rny  in  its  passage  in  the  air  from  und  to  the  optical  apparatus 
waa  determined  and  allowed  for. 

The  value  of  the  liold  intensity  H  outaide  the  upecimeD  was 
of  course  by  the  continuity  of  magnetic  induction  precisely 


M.    mmir  »p«!iiMii.  a.     Pl»te  of  gUu  illvend  kt  S. 

Pi.    Coiilu]  pcla -pl«».  J.J.    Jacket  for  itcup  or  tut. 

Pj.    Pvforkted  pola-ptsee. 


equal  to  the  induction  inside  the  Bpecimeu.    Thus  the  magne- 
tizing force  H  within  the  specimen  was  found  by  the  relation 


B  -  H'  -  H  +  4,rl, 


D,s,i,7ertbyG00t^le 


MAGNETIC  MEASUREMENTS 

Bu  Bois*  reeulte  for  nickel  and  cobalt  are  given  in  the  foUow- 
inf:  table,  and  illuatrated  for  iron  and  ateel  in  Fig.  161.  The 
ordinktea  in  the  curves  are  values  of  the  magnetization  intensitjr 
per  gramme  of  tbe  material,  and  require  simply  multiplication 
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1^;  Bxperiments  have  been  made  by  Baur,  Lord  Hayleigh,  and 

netizatton  Q^Jng   on  the  magnetizntion  of  iron  by  Brooli  forces.     Baur 

"m       t-  ^"""^  ^y  ballistic  experiments  on  a  ring  of  soft  iron  that  for 

BUgnstio  |g^^  magnetizing  forces  the  permeability  and  suaceptibility  of 
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ItK  tesiiliB  are  expressed  by  the 


(39) 


(40) 


K  =  14-5+    llOHl 
/•  =    183  4-  1382  H  J 

which  hold  for  vslncs  of  H  from  -01S8  to  -384. 
These  give 

I-14-5H+    llOHM 
B=    182  H+  1382  H'i    ' 

a  parahoHc   relatioD   which  boldH  fur  many  pairs  of  iiiulually         " 
varying  physical  quantities  when  the  liinits  are  narrow  enough. 

Lord  UayleigU  arranged  an  unannCiiled  iron  wire  for  test  hy        I^rd 
the  raagne  tome  trie  method,   and  compensated  hy  meaDS   of  a  Bajletgh's 
coil  the  total  action  on  the  needle  when  the  magnetizing  force     Eiperi- 
was  -04  C.G.S.     It  waa  found  then  that  when  the  magnetizing      mant*. 
force  was  hrought  down  griidudly  to  -00004  C.G.S.  the  com- 
pODsatiun  remained  perfect.     This  proved  that  the  magnettza- 
tion  was  proportional  to  the  magnetizing  force  throughout  the 
whole  range  of  variation.     For   magnetizing  forcea  above  -04 
the  proportionality  did  not  hold,  and  up  to  the  value  1*2  C.Q-.S, 
for  H  the  reaulta  were  expressed  by 


6  4  +  5-1  I 

'  S1+  641 


(41) 


from  which  I  and  B  can  be  found  as  before. 

Similar  results  were  obtained  for  nickel  and  eteel. 

With  unannealed  iron  or  stoe!  Lord  Rayleigh  found  that  if  Magnetic 
balance  was  obtained  with  the  comjiensating  coil  at  the  moment    Viscosity 
of  closing  the  buttery  current  no  disturbance  of  the  compenso'      in  An- 
tion  took  place  afterwards.     This  showed  that  these  suhstancee      nealad 
took  their  complete  magnetization  at  once.     When  the  iron  was       '""*■ 
soft  however  an  apparent  magnetic  viscosity  displayed  itself. 
When  the  instantaneous  effect  was  reduced  to  zero  the  needles, 
after  the  putting  down  of  the  key,  drifted  round  in  the  direction 
showing  an  increase  of  magnetization. 

Thia  result  was  studied  hy  Ewing  in  some  further  experi-  Uagnatic 
ments,  which  showed  that  a  piece  of  iron  could  be  put  through  Cydedue 
a  complete  cycle  by  first  npplyini;  the  current  and  then  after  a  to  Vis- 
minute  removing  it,  A  force  of  -044  C.G.S.  applied  gave  an  oosity, 
instantaneouB  value  of  I  =  -44,  after  five  seconds  I  had  become 
■58,  and  after  sixty  seconds  -67.  Kemoval  of  the  force  gave  at 
once  a  diminution  of  I  by  '44,  after  five  seconds  the  remaining 
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-23  had  fallen  to  -09,  anH  after  siztj  seconds  to  zero.     Thuj  tlie 

.        falling  off  of  the  mngne ligation  followed  the  same  law  as  its 

^?»«'-       increnBe.     If  the  variations  of  magnetic  state  of  the  iron  dutinK 

^nem-      ''"'  ^J''^'®  ^*"  represented  graphically  hy  o  curve  of  intensity 

of magnetizatioiiIfordifferentvalueBof H, thearea,   /  H<A>  of 

the  closed  loop  would  represent  the  energy  dissipated. 

hffects  of       The  effects  of  varying  temperature  on  magnetization  are  very 

Tempera-   remarkable,  but  w«  liave  not  space  to  do  more  here  than  ftllude 

ture  oil      iq    them.      In    wrought   iron   and   ateel    rise   of    temperature 

Su^Dti"    fr*"®'"''ly  inoreasea  the  magnetic  susceptibility  (or  small  magne- 

bili^       ti zing  forces,  and  diminisheB  it  for  high  forces.     When  however 

the    tem^rature    is    raised    nearly   to   that   of    rednoBs   eero 

suBceptibility    sots    in    rather    suddenly,    and    at    the     same 

temperature  whatever  the  niitgnetizing  force.     This  temperature 

varies    in    ordinary   iron   and    steel   with   the   nature    of   the 

Hpeoiinen,     According  to  Hopkinson's  experinienta*  it  is  the 

temperature   at  which  cooling  iron,  after  i!  has  become  almost 

dark,  suddenly  reglows. 

Behavioar       A  kind  of  steel  containing  25  per  cent,  of  nickel  was  found  by 

of  Nickel-  Hopkinaon  to  be  unmagnelizable  at  ordinary  temperatures,  but 

Steel  at    (q  become   magnetizable  at   a  temperature  a  little  helow  the 

Different    freezing  point,  and  then   to  remain  so  up  to  580°  C.     It  then 

Tempera-    ijecame  unmagnetizahle,  and  did  not  regain  susceptibility  when 

cooied  to  ordinary,  temperatures. 


MOLECULAR  THEORY  OF  MAGNETISM 

Energy  in  It  is  shown  at  p.  21-')  above  that  the  energy  spent  otherwise 
MBgnotio  than  in  increasing  tlie  electro  kinetic  energy  in  a  step  from  P  to 
Cycles,      q  (Fig.  162)  on  the  curve  of  induction  is 

1  (area  PqSR  -  \  area  SQSRPU). 
•  Phil.  Tmns.  R.S.  1888,  A.  p.  443. 
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It  [i  intareating  to  apply  M«  result  to  an  actuiil  our' 
magnetization  in  iron  (Fig.  163).  Fur  all  points  on  the 
up  to  a  little  iliBtance  Ijcyoiid  P,  tlie  total  energy  given  t 


the   electrokinetic  energy,  but  for  all  points  further  from  the 
origin  the  electrokinetic  energy  exceeds,  and  for  points  on  the 


i^E^^^E^=E=!==f== 

S'Z  ^'i    •-'  i 

iniziiiii:: 

Magixttlzmg   Fere*.  H. 
Flo.  168. 


upper  flat  part  of  the  curve  very  greatly  eiceeds,  the  enei^y 
given  out  to  the  medium  by  the  battery.  [The  point  F  at 
which  OP  is  a  tangent  to  the  curve  mark?  the  point  at  which 
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the  energy  given  out  to  tliQ  niedium  and  the  elocCrokinetic 

energy  are  increasing  at  iLe  name  rate ;  the  former  below  that 

point  is  increasing  faster,  ahove  that   point  slower  than  the 

latter.] 

Energy  in       We  are  forced  to  conclude  that  for  every  series  of  ntagneti- 

Staps  of    zation  steps  from  zero  up  to  a  certain  point  energy  is  given  to 

Magneti-    the  medium,  and  for  every  serien  from  zero  up  to  nay  further 

Mtion,      point  the  medium  furnishes  tlie  bnlance  of  energy  required  for 

the  electroliinetic  energy.    In  every  small  step  below  P  a 

balance  of  energy,  over  and  above  the  electrokinetic  energy, 

is  given  to   the  medium  ;  for  every  Bmall  step  above  P  a 

quantity  of  energy  is  taken  from  the  medium  to  make  up  the 

electrokinetic  energy. 

When  however  a  complete  cycle  of  changes  is  performod  we 
are  able  to  say  definiiely  that  so  much  energy  hiis  been 
dissipated  in  the  form  of  lient  in  tlie  iron.  It  follows  from  the 
above  expression  (see  nlso  p.  SIS  above}  since  the  second  are* 
vanishes  that  the  energy  W  dissipated  is  given  by  the  equation 


.IfKm. 


(42) 


tlie  integral  being  taken  round  the  closed  curved  formed  by  the 
curves  of  induction  for  the  forwnrd  and  backward  parts  of  the 

This  theorem  wos  given  first  by  Warburg*  and  nfterwards 
by  Ewing.t 
Disai-  The  dissipation  arises  through   a   lagging  of  the  changing 

Mtion  of  magnetization  of  the  iron  behind  the  magnetizing  force  to  an 
Knergyin  extent  dependent  on  the  previous  history  of  the  iron.  This 
a  Mapetic  lagging  action  has  been  called  by  Bwing  "  hysteresis,"  and  the 
Cycle,  or   nnme  seems  now  generally  adopted. 


-  /h«  . 


(*!!■) 


the  most  convenient  form  for  calculation. 

Fig.  164  shows  a  cycle  of  magnetization  for  a  soft  iron  ring. 
The  results  were  of  course  obtained  by  ballistic  experiments. 
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Tlie  smaller  loopn  were  formed  by  diminigliing  to  aero  iind 
renpplying  tbe  magnetizing  forces  indicated  ut  tlje  diffGrent 
places. 

Fig.  166  gives  a  cycle  for  an  annealed  iron  wire  of  length 
400  times  the  diameter,  and  Fig.  166  a  cycle  for  a  wire  of 
snaeaied  stee).  It  will  be  noticed  that  the  curve  ie  of  much 
greater  are&  in  the  latter  case  than  in  tbe  former. 


Tbe  value  of  iHrfl  for  the  doable  reveriinl  shown  in 
FigB.  164, 165,  is  about  10,000  erjta  per  cubic  cm.  As  there  are 
about  7-7  grammes  of  iron  in  a  cubic  cm.,  this  amount  of  energy, 
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ErtimUa  if  it  were  retained  in  the   iron,  would  raise    it    throagb  s 

of  Energy  ilifferenoe  of  temperature 

Dun  pat  sd 

inDonble  100001  _i 

"•"""■  «■«  X  lO-  X  7;  X    .1  -  '-^  "  "> 

of  1°  C,  wliBre4l'6xlO*  ergs  Is  taken  ae  Jmile'a  equiTaleot  of 


heat,  and  '11  aa  the  specific  heat  of  iron.    In  general  the  rise  of 
temperature  for  any  cycto  ia 


2-84  X  io-»  fndi. 


Rate  of         '^b"  i^i^  "^  which  work  is  spent  in  magnetic  hysteresia  in  a 
Diuipa-    ton  of  iron,  when  the  number  of  cycles  or  double  reversals  is 
tioa  or     too  per  second,  is  according  to  these  figures  nearly  18  hontc 
Energy  in  power. 

Hyst«resi>.     The  work  spent  in  hysteresis  is  much  greater  in  steel  than  in 
iron,  and  ta  greater  for  hard  than  for  annealed  ateel.     For 
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reversals  of  strong  magnetization  it  is,  as  we  have  seen 
at  p.  732  above,  spproziraately  4x  coercive  force  X  intensity 
of  ma^Qstization.  The  amount  Tsries,  according  to  the  table  of 
Dr.  Hopkinson's  reaulu  given  above  (p.  732),  from  about  17,000 
erits  per  oycle  for  wrought  iron  ta  74,000  ergs  per  cycle  for 
inild  steel  hardened  with  oil,  and  increases,  other  things  being 
equal,  with  the  percentage  of  carbon  in  the  steel. 

In  chrome  steel,  oil-hardened,  Hopkinson  found  that  169,000 
erge  were  disBipated  per  cycle  per  cubic  cin.  of  the  material. 


nnd  for  French  tungsten  steel,  oil-hardened,  as  uuch  as  nearly 
217,000  ergs  per  cubic  cm.  It  was  fonnd  by  Ewing  that  for 
small  ranges  of  induction  the  waste  of  energy  is  much  less  than 
for  larser  ranges.  High  inductions  ought  therefore  to  be 
avoided  in  alternating  dynnmos  and  tiansfarrners. 

A  considerable  amount  of  attention  has  recently  been  directed  llygtemia 
to  the  question  of  the  amount  of  energy  dissipated  in  cycles  of  in  (^cle» 
magnetisation   perfonned   at   different   speeds.     Experimental         of 
results  on  this  point  obtained  by  Ewing  and  Others  are  quoted    Different 
nt  P.  fl^'R  "hove.    Recently  the  subject  lias  been  inveBtieated  by  FrBqnenoy. 

VOL.  II.  S  0 
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ViKiiolM,t  ftnd  by  Prof.  AyrtoD  and  Dr.  Snmpiier.T 
Hopkin-        Heaars.  HopkiDson  eiperiinentei)  a>  follows.     A  ring  w«a 
■on  H  Ex-    mule  by  winding  vami^ed  iron  wire  in  »  circular  hank,  and 
parimeDts.  joining  then  the  etida  of  the  wire.     A   magnetising  coil  was 
wound  round  the  ring  and  then  joined  in  series  with  a   non- 
induotive  reaiatance  in  the  circuit  of  on  alternating  machine,  as  at 
HMidX  in  Fig.   167.     A  key  £  and  connections  were  arranged 
BO  that  theterminala  of  the  quadrant  electrometer  indicated  in  the 
figure  could  be  connected  between  C  and  D  or  between  D  and 
S.    A  roTolving  ebonite  disk  keyed  to  the  ozle  of  the  Kenerator 
ooonected  the  electrometer  terminal  to  J)  once  in  each  revolu- 
tion, by  bringing  a  atiid  on  ita  edge  into  contact  for  an  instant 
with  a  steel  brush.     The  disk  could  he  aet  so  that  the  contact 
oould  be  made  at  any  Btoge  of  the  alternation.    [P  Q  was  a 


Fio.  197. 

reversing  key  which  enabled  the  readings  to  be  taken  in  either 
direction  on  the  electrometer.  A  condenaer  was  used  between 
P  and  Q  to  steiidy  the  readings.] 

The  readings  (or  the  pointa  CD  were  proportional  to  the 
oorrent  flowing  in  the  circuit  (and  therefore  to  the  magnetizing 
force),  since  there  being  no  inductance  in  that  part  of  the  circuit 
the  difference  of  potential  between  C  and  D  and  the  current 
were  in  the  same  phnse.  These  gave  tie  ordinates  by  which 
the  ourvea  A  in  Figs.  168,  169  were  plotted  with  abscissB 
proportional  to  time. 

The  readings  however  for  the  points  2),  E,  were  proportional 
to  dSldt  +  Riy,  if  N  denote  the  whole  induction  throo^  the 
magnetising  coil  S,  and  £,  the  resistance  of  tiie  coil.    Hence 


*  JlMfrteuin,  Sept.  9,  1692. 

+  Eledrieian,  Sept.  30  uid  Oct  7,  1892. 

i  BUdriciati,  Oct  7,  1S9£. 
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by  diminiHhing  the  readingB  bj'  an 

numbeiB  proportional  to  dHldl  n 

valuee  of  £,y,  could  be  Bubtracted   at  once  by  plotting  tha 

actual  readings  in  a  curve  to  the  aame  axas  as  A,  and   then 

shortening  the  ordinatea  by  lenstfas  equal  to  the  corresponding 

ardinat«H  of  jt  each  multiplied  by  JtJR.     The  values  of  dNIdi 

were  plotted  in  a  second  curve  B,  alongside  J. 

The  area  between  any  ordinate  of  B,  the  axis  of  abscissn,  and 
the  portion  of  the  curve  lying  between  the  point  of  crossing  the 
axis  of  abscissn  and  the  ordinate  was  therefore  proportiooal  to 
the  total  induction  through  the  iron  at  the  instant  corresponding 
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This  was  plotted  as  a  third  curve  C    From 
is  cycle  was  obtwned,  and  was  plotted  on  the 


to  the  ordinate, 
this  the  hystere 
diagram. 

[The  total  period  was  8/1000  of  a  second  represented  by  the 
total  length  of  each  Figure  along  the  line  of  abscisstB.  The 
reader  wHl  have  no  difficulty  in  completing  a  full  period  of  the 
curves  A,  B.  It  will  be  noticed  that  neither  is  even  ap~ 
proximately  a  simple  curve  of  sines;  also  that,  as  it  ought,  the 
curve  B  cuts  the  axis  of  abeoiesn  at  the  maxima  of  X] 

Figs.  168, 169  give  the  results  for  soft  iron  and  hard  steel  at  the 
frequency  126,  and  between  the  maximum  positive  and  negative 
3  C  2 
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indactiiniB  aliown.  It  will  be  noticed  that  the  extraine  Tmlnes 
of  the  induction  agree  in  the  two  caaea,  but  that  the  alow  curre 
falla  within  the  other  except  for  a  ahoit  diatance  iStet  the 
maximum  poaitive  or  negative  induction  haa  been  reached  and 
the  return  curve  begun. 

The  area  of  the  curve  ia  thus  greater  for  the  rapid  than  for 

the  alow  oyclee,  but  there  ia  no  eign  of  ma^etio  viacoaity 

rendering  the  extreme  tnductiooB   reached    different   in   the 

two  caaea. 

Everahed       Heaata.  Everahed  and  Vignolefl   however  have  fonnd  th«t 

and       when  a  cycle  ia  performed  very  slowly  there  is  a  perceptible 

TlgnolM*  "creeping"  of  the  magnetiBin  in  the  eteep  part  or  the  curve 

bperi-    which  ia  aufficient  to   account  for  the    effect   obeerved    by 

tavatt.     Meears.  Hopkineon.     In  an  elaborate  eeriea  of  experimenta  (see 
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loc.  cil.)  the^  meaaured  the  rise  of  teroperstnre  produced  by 
putting  the  iron  core  of  a  tranafonner  through  a  leriea  of  rapid 
cyole^  and  having  determined  by  direct  experiment  the  thermal 
capacity  of  the  transformer,  thence  deduced  the  amooDt  of  beat 
generated  in  the  iron  in  oonaequence  of  hyatereaia,  Thia  was  then 
compared  with  the  heat  which  would  have  been  prodnced  if  tbe 
iron  had  been  put  through  its  cycle  in  abont  two  seconds,  and 
which  was  estimated  from  alow  cycle  observations,  together 
with  the  (mnchamaller)  calculated  amount  of  beat  pioduced  by 
eddy  onrrenta  (uroQlatJng  in  tbe  laminated  iron  of  Uie  core. 
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The  cycle  ozperimentB  were  made  in  the  following  manner, 
which  brought  to  light  the  creeping  above  referred  to.  The 
ring  of  iron  to  be  experimented  on  wbb  wound  with  two 
mAgnetiKinK  coila  auperiropoBed,  A  conataut  magnetizing 
current  sufficient  to  produce  the  extreme  negative  induction  waa 
maintained  in  one  of  these,  ao  that  by  aimply  making  and 
breaking  the  other  circuit,  tjiereby  startiog  and  stopping  an 
oppceite  current  of  any  choaen  amount,  a  rapid  magnetic  cycle 
could  be  obtained  paasing  from  and  returning  to  the  induction 
proper  to  the  conatant  current, 

Eiupposing  it  wne  deaired  to  obtain  a  point  on  the  part  of  the 


curve  riaiDg  from  the  extreme  ne^tive  indttction,  it  was  only 
neceaaary  to  apply  the  proper  positive  cnrrent  and  read  o£E  the 
change  of  induction  on  the  ballistio  galvanometer.  This 
aubtrxcted  from  the  oriKinal  value  of  the  induction  gave  the 
induction  TemBining-    The  time  necessary  to  do  thia  was  about 

Sof  the  period  of  me  needle,  or  nearly  a  second.  On  the  other 
and  to  obtain  a  point  in  the  falling  curve  it  waa  neceesary  to 
apply  the  maximum  positive  current,  and  then  diminish  to 
the  value  requirml.  For  this  a  longer  time,  about  half  a  minute, 
was  necessary. 
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Cyoles. 


Hyrterraia      Working  tliUB  the  authors  foand  a  differenoe  between  the 

Loas       HteepneBS  of  the  rising  and  falling  curves,  which  revealed  a 

praotictUy  distinct  creeping  down  of  the  maKnetization  in  the  falling  curre, 

CoQBtuit    oocorring  ia  the  longer  iaterval  required  for   the   operatioiM. 

'"iLUJi      Thus  a  very  alow  and  a  very  rapid  cycle  between  the  same 

^'"^      extreme  inductions  ought  to  have  the  ahspes  shown  in  Tig.  170 

rS,!^*"^  bv  the  dotted  and  full  curves  respectively.    The  difference  is 

•bout  that  between  the  cycles  for  periods  of  two  seconds  ajid 

half  a  minute  respectively. 

The  general  result  of  Messrs.  Evershed  and  Vignoles*  expert' 
Boents  18  to  show  that  there  is  very  little  difference  between  tha 
energy  lost  in  hysteresis  at  periods  of  from  2  seconds  to  1/iOO 
of  a  second  ;  according  to  the  authors'  estimate  the  utmost 
difference  is  not  more  than  4  or  5  per  cent,  and  probably  less 
than  2  per  cent.  For  very  slow  cycles  however  in  periods  of 
several  minutes  the  energy  lost  is  from  20  to  2fi  per  cent, 
leas. 

Uesars,  Ayrton  and  Sumpner's  experiments,  which  were 
performed  by  the  method  of  testing-  transfonnera  deecribed 
above,  show  that  the  iron  losses  are  constant  for  all  loads,  and 
do  not  change  to  more  than  a  slight  extent  with  alteration  of 
frequency.  The  main  results  obtained  with  4^  kilowatt  closed 
circuit  transformers  (Mordey  type)  were  r — 

(1)  The  greater  the  frequency  the  greater  the  ofBciency  for 
any  particular  load. 

(2)  The  greater  the  load  the  greater  the  efficiency  for  tixo 
same  frequency. 

Specimens  of  the  actual  numbers  are  giveii  in  the  following 
table. 


Lo*l(W.tt.). 

■      Pi-iatati. 

100 

120 

160 

1000 
2000 
3000 
4000 

ft4-4ti 
92-19 
94-27 

96-22 

86-59 
92-76 
94-79 
96-63 

88  58 
93-84 
98-30 
98-91 
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An  instrument  for  tracing  hjatereaiBcurveshsB  been  invented 
by  Prof.  Bmng,  and  is  illustrated  diagram matically  in  Fig.  171.* 
A  mirror  E  is  pivotted  ho  oa  to  turn  on  a  needle  point,  about  a 
vertical  or  a  horizontal  axis.  A  wire  BB  is  Htretched  horizontally 
along  the  narrotr  gap  between  the  pole-facee  of  a  constant  electro- 
magnet made  of  a  piece  of  iron  pipe  slit  along  a  generating  line. 
This  wire  carries  the  magnetizing  current  and  therefore  ex- 
periences an  elsctromngnetic  force  proportional  to  that  current 
tending  to  move  it  across  the  lines  of  magnetic  force  between 
the  pole'faces  where  it  is  situated,  agaiost  a  return  force 
due  to  tiie  stretching  weight  nearly  proportional  to  the 
displacement.  Tims  a  displacement  of  the  mirror  round  a 
vertical  axis  proportional  to  the  magnetising  force  is  pro- 
duced. 


Ewing's 
Magaetio 

Tracer. 

tloD. 


Another  wire  A^  is  stretched  along  the  iiarrow  space  be- 
tween the  two  long  pole-faces  of  the  electToroagnet  DB,  The 
rods  DD  are  made  of  the  substance  to  be  examined,  and  at 
one  end  are  united  by  a  yoke  of  soft  iron,  at  the  other  termina* 
ted  by  suitable  soft  iron  pola-pieces,  and  are  surrounded  by 
coils  in  which  flows  the  current  which  also  passes  through  SB. 
A  oonstaut  current  flows  in  JA,  which  is  therefore  acted  on  by 
vertical   electromagnetic  forces  proportional  to  the  induction 
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in  DD,  iind  resieted  b}'  the  tension  of  the  wire.  This  git'M  ■ 
Terticftl  diBplacetnetit  proportional  to  the  induction  in  tlta  iron 
ap«oim«ne. 

A  T*.j  of  light  refleoted  from  the  mirror  therefore  trace!  on  a 

acreen  a  curve  of  magnetiEation,  and  if  a  cycle  of  magnetiM' 

tion   IB   repeatedly   produced   by   an   alternating   current    the 

corresponding  cloBod  loop  ie  described  on  the  acreen  by  tbe 

spot  of  light,  and  by  the  peraietence  of  impreaaiona  on  the 

retina  remains  viaible  so  long  as  the  cycle  in  deacribed.     It  can 

therefore  be  drawn  or  photographed  at  pleasure  for  compariaon. 

The  rooving  parte  of  the  apparataa  it  will  be  noticed  have 

extremely  little  maaB,  and  it  is  stated  that  even  with  a  period  of 

is  or  J|j  of  a  second  the  action  of  the  iDBtniment  is  but   little 

affected  by  inertia. 

Baanlts^        EiperinientinK  with  bara  of  iron  of  different  thickuesees  Prot 

of  Ezpcri-   Bwing  has  found  bj-  meana  of  his  curve-tracer  that,  while  with 

meuts      tUn  bars  and  laminated  iron  generally  the  cycle  baa  the  form 

J"">       ahown  in  Figs.  164,  166,  166,  with  oomparaCively  aharp  comers 

^r^^^'      at  the   taming  points  which   are  also  the  places  of   extreme 

rraeer.     induction,  with  tnicker  bars  the  turning  points  are  rounded  off 

and  the  maximum  inductions  are  well  inaide  the  ends  of  the 

curve.     With  cycles  of  frequency  two  or  three  or  more   per 

second,  the  cycle  becomea  a  figure  resembling  closely  an  ellipae 

with  its  roajnr  axis  inclined  to  the  axis  of  absciaan. 

This  is  an  effect  which,  aa  noticed  by  Hopkinson,  is  produced 
br  eddy  currents.  According  to  Ewing  it  is  probably  produced 
also  by  creeping  of  the  mugnetizatinn  from  the  aurfaoe  in- 

Searle's         Another  form  of  magnetic  curve-tracer  invented  by  Hr.  G.  Y. 
Magnetic    C.Searle*  ia  represented  in  Fig.  172.     A thinwireof  slumiDiam 
Curve-     J,B  about  80  cma,  long  has  attached  near  its  upper  end  a  hori- 
Tracer.     noQtal  needle   C-     At  the  lower  end  it  carriea   a  fork  of  alu- 
minium, the  prongs  of  which  are  connected  by  a  silk  fibre  DB, 
To  this  fibre  a  light  mirror  F  is  attached  by  wax,  and  carries  a 
smalt  needle  the  length  of  which  isutri^ht  angleato  the  fibre.  A 
diak  of  mica  abont  an  inch  in  diameter  la  attached  to  the  lower 
edge  of  the  mirror.    Theundiaturbed  position  of  the  mirror  is  ver* 
tical,  and  therefore  that  of  the  mica  disk  horizontal.     Apiece  of 
cardboard  is  placed  in  a  horizontal  position  cloae  below  tne  disk, 
and  hence  when  the  latter  is  moving  gives  rise  to  a  damping 
action  which   soon  reduces  the  mirror  to  rest     A  niioa  vane 
attached  to  the  vertical  wire  AB  damps  the  motion  round  the 
vertical  axis. 

•  Proc  Camh.  PkO.  Soc.  May  18,  X8S2. 
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It  will  be  Been  that  the  mirror  has  two  dJBtinct  freedoms  of    Action  of 
motion  (1)  round  a  vertical  axje,  (2)  round  the  boriKOOtal  fibre      Instni- 
as  axis.     The  apparatne  ie  set  ap  with  the  magnet  AC  in  the       ">*»^ 
magnetic  meridian  and  a  coil  carrying  the  magnetizing  current 
ia  placed  in  the  maonetic  meridian  with  ita  axis  passing  through 
the  centre  of  G.     The  specimen  of  iron  to  be  tested  is  placed 
verticallf   in   a   magnetizing   coil,  with  its    upper   end  nearly 
opposite  the  mirror  F,  and  in  the  east  and  west  (magnetic)  plane 
through  its  centre.     A  compensating  ooil  is  used  to  anni^  the 
direct  effect  of  the  magnetizing  solenoid,  and  the  magnetization 
of  the  iron  specimen  then  tends  to  tilt  the  magnet  on  the  mirror, 
while  the  megnetizing  current  turns  it  round  a  vertical  axis  hy 


Fio.  172. 

acting  on  the  upper  needle  C.  The  controlling  force  on  the 
uppter  needle  is  the  horizontal  intensity  of  the  tield  there,  that 
on  the  lower  is  partly  gravity,  due  to  the  mirror  and  attaohed 
disk  being  enspended  with  their  centre  of  gravity  a  little  below 
the  eilk  fibre,  and  partly  the  earth's  vertical  force.  The  lower 
needle  is  of  course  placed  with  its  nortli  pointing  end  down. 

The  instrument  is  hung  within  u  case,  and  a  lamp  and  scale, 
with  lens  forming  a  window  in  the  case  through  which  both 
incident  and  reflected  rays  pass,  is  employed  to  give  a  bright 
spot  on  a  screen,  [It  was  found  that  no  trouble  wns  experienced 
from  the  silk  fibre,  as  the  epot  of  light  after  deflection  returned 
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within  ^  of  an  inch  to  ita  former  poBition  and  the  zero  teemed 
to  be  permanent] 

The  effect  of  any  specimen  (if  it  is  taken  sufficiently  long)  is 
proportional  to  ita  intensity  of  magnetization  I,  and  for  iron  thia 
ifl  not  very  different  from  B/4ir,  so  tliat  the  ordinate!  of  the  cnrre 
described  by  the  sput  of  light  may  be  taken  as-  proportional  to 
Bi)/4ir,  where  a  is  the  area  of  cross- sect  ion,  and  tlie  abscisB*   am 
proportional  to  the  inagaetizinK  force  H. 
Standard-       The  indications  of  the  instrument  can  easily  be  rednced   to 
iiiiig  of     absolute  measure,  by  noting  (1)  the  deflection  of  the  spot  of  li^t 
Inifini-      produced  by  a  known  current,  and  calculating  the  corresponding 
ment       field  intensity  in  the  magnetizing  solenoid,  (S)  by  ascerlaininK 
the  deflection  of  the  mirror  round  the  horizontal  axis  produced 
by  placing  a  magnetized  steel  wire  in  position  in  the  solenoid 
(of  course  without  current)  noting  the  deflection  and  than  deter- 
mining the  magnetic  moment  of  the  wirr. 


/    t 
1    / 


Fio.  178.  Fio.  174. 

Ewing's        Much  light  ia  thrown  on  the  Datura  of  magnetization  by  a  mole- 

Moleo5ar   cular  theory  recently  put  forward  by  Ewing,"     In  thia  theory 

Theory  of  the  actions  of  the  members  of  a  group  of  small  magnets  on  0D« 

Hag-      another    are  studied,   and  show  that  in  all  probability  the 

netiution.  peculiar  character  of  the  currea  of  magnetication  found  for 

iron,  and  many  of  the  complex  phenomena  of  eSecta  of  strew 

and  temperature  are  explicable  ny  the  action  of  the  molecular 

magnets  on  one  another.    We  may  suppose  that  the  molecular 

magneta  in  a  piece  of  iron  are  stably  arranged  in  a  regular 

order,  but  bo  that  the  external  magnetic  force  exerted  by  thero 

ie  zero.    Such  a  group  would  be  the  four  small  magnets  with 

□enlres  at  the  corners  of  a  square,  represented  by  the  arrows  in 

Fig.  173.    If  then  a  magnetic  force  M  is  applied  to  them  they 

ivifl  tnke  up  the  positions  shown  in  Fig.  174,  if  the  force  be 

•  Phil.  Mag.  Sept  18BB. 
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great  enough.  But  if  tha  foico  be  small  there  will  only  be  * 
slight  displacanient  of  the  magaetii  towards  concurrence  with 
2)  bat  if  the  force  ie  gradually  iDoreased  this  concurrence  will 
become  gradually  more  marked,  until  H  becomes  too  gre&t  to 
be  resisted  by  the  mutual  actions  of  the  particles,  and  their 
equilibrium   becoming  unstable,  they  saddeuly  swing  round 


Fic.  175. 

towards  parallelism  with  H,  each  remainiiig  however  Btill  at 
tinite  angle  with  the  direction  of  the  magnetic  force.  As  this 
is  still  further  increased,  this  angle  becomes  gradually  smaller 
and  the  magnets  approach  to  parallelism  with  one  another  and 
with  H  as  shown  in  Fig.  175. 
Thus  the  group  beoomee  magnetized  in  the  direction  of  H,  at 


Fio.  176, 

firat  slowly,  then  suddenly,  and  again  slowly,  ob  represented  in  '^^ 

Fig.  176.     If  the  system  consisted  not  of  n  single  simple  group  natinrtion 

such  BB  this,  hut  of  a  large  number  of  different  groups,  the  sharp  gf  Q^onp 

ODgles  would  be  rounded  off  and  we  should  get  the  actual  curve  or  Small 

of  magnetization.      Again,  on  gradual  withdrawal  and  reversal  Magnets. 
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of  the  magnetic  force  the  curve  of  diminutioD  of  magnetic 
moment  would  not  coincide  with  the  carve  for  iDcreMe^  and 
zero  value  of  H  would  be  reached  with  a  certain  reetdual 
magnetic  mument,  in  the  direotion  of  the  applied  force.  On 
reveTBal  and  gradnal  increase  of  the  force,  the  amall  magn«l« 
vould  again  become  unstable  and  would  suddenly  swing  round 
now  in  the  opposite  direction. 
"  In  fact  a  hysteresis  cycle  would  be  obtained.  Such 
curves  and  cycles  have  been  drawn  for  complex  groapa  of 
small  maniets  arranged  at  first  so  bh  to  have  uearly^^ro 
external  effect  within  a  large  solenoid,  by  gradually  increasing 
the  current  in  the  solenoid  from  zero  to  a  considerable 
value,  diminishing  it  through  zero  to  a  negative  t  veilne. 
and  so  oo  as  iu  an  ordinary  cycle  of  magnetization,  and 
measuring  the  magnetic  moment  of  the  Bystem  by  means  of  a 
magnetometer  in  the  ordinary  way.  These  curves  agree 
wonderfully  with  those  given  by  actual  specimens  of  iron. 
The  physical  cause  of  the  dissipation  of  energy  in  hysterede 
Bwing  oonjactnroB  to  be  the  development  of  eddy  currents  in 
the  surrounding  medium  in  consequence  of  the  oscillatioa  of 
the  small  magnets  about  their  new  positions  when  displaced  by 
the  magnetic  force.  For  a  full  account  of  this  theory  and  its 
consequences  the  reader  is  referred  to  Ewing's  paper  loe.'ciL 
and  to  his  book  on  Ma^etin  Jitduelinn  tn  Iron  and  othtr 
MelaU. 
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Verdet's  constant  has  been  defined  at  p.  22S  above  as  the    Terdet'i 
amount  of  tDininf^  of   the  plane  of   polaraation  of  a  ray  of  Constant. 
plane  polarized  light  per  unit  difference  of  magnetic  potential 
Detween  the  extremities  of  the  portion  of  the  ray  coneidered. 
Determinations  of  tbis  important  constant  have  been  made  by 
J.  E.  H,  Gordon,*  Henri  B«c^UBrel,f  and  Lord  RayieiKh.t 

In  Lord  Bayleisb'a  experimeutH,  of  which  we  give  here  a       "LotA 
short  account,  a  beajn  of  light  from  sodium  burning  in  the  Rarlaigh'B 
flame  of  a  Bunaen  lamp,  A  (Fig.  177),  intensified  by  a  jet  of     Deter- 


r 


\A7V|K7^ir  H  ~^^^ 
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L 


a  screen,  B,  in  ^nt  of  the  flame  to  a  direct  vision  prism,  2), 
tiience  through  a  collimatin^  lens,  j^  to  a  Nicol's  prism,  F,  The 
plane  polarized  beam  eniergmg  from  j'waH  received  hy  a  symp- 
oell  polnrimeter,  C  and  then  passed  throQghatube,^,  filled  with 
biaulphidD  of  carbon,  and  a  sht  in  the  acreen,  /,  to  ^e  analyzing 
prism,  J, 

The  screen,  B,  was  made  of  lookin^-glaas,  and  the  slit  created   Detaila  of 
by  removing  a  narrow  atrip  of  the  silvering.     By  tbis  arrange-  Apparatus, 
ment,  toge^er  with  a  parallel  mirror,  C,  a  considerable  increase 
of  illumination  was  obtained. 

The  direct  viaion  prism  was  aaed  to  purify  the  light  from 
rays  of  other  refrang^  Dili  ties  than  tiiat  of  sodium.     The  lens  S 

•  Fha.  Trami.  E.S.  1877,  p.  1. 

f  ^nn.  (b  Chimit,  1SS2. 

I  Phil.  Tram.  B.S.  Pt  11.  1885. 
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rendered  the  rays  pftrallel  before  incidence  on  the  polarim. 
The  polarimeter  Q  was  a  cell  containing  a  atratum  of  strong 
nngar  aynip,  made  according  to  Pointing's  plan,  so  that  in  one 
balf  the  thickneBB  of  the  Etratntn  wag  the  full  width  of  the 
call,  in  the  other  half  tcbb  diminiahed  by  a  plate  of  glus,  ao 
that  a  difference  of  rotation  of  about  2°  was  produced  by  the 
two  bnlTes. 

Two  tubes  of  braaa,  one  31'G9I  inches  lon^  and  1)  inch  id 
diameter,  the  other  S9'7es  iDohes  long  and  1  inch  in  diameter, 
and  oloeed  at  the  ends  with  pJatM  of  glass,  were  aaed  to  contain 
tJ)e  bisulphide  of  carbon.  The  temperature  of  the  liquid  was 
obeerred  on  a  thermometer  inserted  in  an  opening  near  one  end 
of  the  tube. 

The   analyzer  was  in  some   of  the  experimenta  a  Nicol,  in 

Others  a  double  image  prism,  and  was  mounted  in  the  amal  way 

on  a  graduated  circle. 

Piacau-         It  ia  necessary  for  accuracy  in  raadiog  the  amount  of  rotstioo 

tioDB  for  .  that  the  axia  round  which  the  anilyzer  turns  should  coincide  in 

Accuracy    direction  with  the  ray.     This  adjustment  was  made  by  obaerr- 

In  U*a  oF    ing  the  direction  of  the  ray  by  meana  of  a  telescope  with  cross 

Analyiar.    wires,  and  then  replacing  the  telescope  by  the  Nicol  or  double 

image  prism.     Error  however  was  introduced  by  the  passage  of 

heat  into  the  liquid,  whereby  the  upper  part  of  it  became 

slightl;^  warmer  than  the  lower.     To  eliminate  this  to  a  fint 

approximation  the  two  positions  of  the  Nicol,  nearly  160°  apart, 

which  gave   equality  of  illumination  in  the   two  parts  of  the 

field,  were  read  oft    It  was  found  that  by  the  use  of  a  double 

image  prism,  read  in  four  positions  neailj  90°  apart,  the  error 

could  be  more  nearly  got  rid  of. 


The  adjuBtment  of  the  analyzer  to  an  exact  match  between 
the  two  nalveaof  the  Held  was  facilitated  by  arranfjing  an 
auxiliary  cnil  round  the  tube,  in  circuit  with  a  Leclauche  eel), 
worked  by  a  reversing  key  within  reach  of  the  observer  at  the 
analyzer.  With  thh  the  plane  of  polarisation  could  be  rocked 
"backwards  and  forwards  through  a.  small  angle  about  its 
normal  position.  The  amount  of  the  rocking  being  suitably 
chosen,  the  comparison  of  the  three  appearances  (two  with 
auxiliary  current  and  one  without)  serves  to  exclude  some  im- 
|>erfect  mutchee  that  might  otherwise  have  been  allowed  to 

Arrange.        The  helix  was  wound  on  ao  ebonite  tuba  placed  round  the 
ment  of    bisulphide  carbon  tube,  from  which  it  was  separated  by  aeTeral 

^-       

netonng     

Helix.  •  Lorf  Rayleigh,  Proa.  R.  S.  Vol.  xxxvii.  (June  19,  1884). 
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l&fers  of  paper.  The  leneth  of  tbia  tube  between  tha  end 
flanges  was  9*990  inches.  TLe  winding  was  perfumied  with  two 
wims  side  by  side,  so  that  by  sending  a  current  in  opposite 
directions  throagb  them,  or  by  trying  tu  force  a  cari-ent  from 
one  to  the  other,  the  insulation  of  ihe  coil  could  be  tested,  while 
both  wires  could  be  used  to  produce  the  ms^^etlc  field.  Tbe 
coil  was  fonnd  on  teat  to  insulate  satisfactorily.  Tbe  internal 
diametBT  was  2'188  inches,  the  external  4*13  inches.  The  number 
of  turns  was  3,684. 

By  (30),  p.  263  above,  the  potential  at  any  point  L  on  the  Galea- 
axis  external  to  the  coil  is  Fj  -  r„  where  F^,  Ff  are  tbe  poten-  lation  of 
tiolii  at  the  point  due  to  the  ends.    But  if  we  consider  another   DiBbrence 

Soint  M  on  the  axis  on  the  side  of  the  coil  remote  from  L,  it  of  Foten- 
ollows  from  p.  263  that  tbe  difference  of  magnetic  potential,        t^ 
O  —  O',  between  L  and  Jf  taken  along  the  axis  through  the  coil 
is  for  unit  current  given  by 

Q  -  Q'  =  4.rA-  -  {r,  -  r,  -  {r\  -  F'iH  .  .   (4B) 

where  the  dashed  letters  refer  to  M,  and  the  undaehed  to  L. 


Bnt  if  «  be  the  number  of  turns  per  unit  of  length  in  any 
layer  of  radins  Aa  or  Bb  ^Fig.  178),  r,,  r„  «,  a^  the  distances 
I^,  Lb,  LA,  LB,  respectivdy,  the  potential  at  L  due  to  the 
ends  of  the  layer  is,  if  the  end  B  be  taken  ae  positive,  that  at  A 

3jm  {r,  -  iT,  -  (/■,  -  ii)}. 

If  0  be  the  radius  of  the  layer  (supposed  email  in  comparison 
with  xi  or  7j)  we  have  approximately 


_  I  «^\ 
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Hence  the  potantifti  gf  the  Uyar  et  L  due  to  the  ends  ia 

Cmlcu-         To  sam  the  effects  of  &11  the  layers  the  mekn  vftlnea  at  n*  ud 

Utionot    a<  in  the  last  expression  are  to  be  aubetitutod  for  these  quajiti- 

PotentiiL    tjgg^  anj  y,e  expressioo  multiplied  by  the  number  of  I&yere. 

But  the  mean  value  of  0'  is.if  Ou  Or^e  the  internal  and  ezteniB] 

radii, 

1       i't    .,         «,   -  8,' 

"»  -  Ol^Oj  d{0,  -  fli) 

and  in  the  same  way  the  mean  value  of  0*  comes  out 

W  -  «,^)/5(«.  -  «■)■ 

Thus  if  there  are  »'  layers,  the  total  number  ut  turns  in  the 
coil  is  tm'{x^  —  x^),  aud  merefore  the  potential  at  L  due  to  the 
ends  of  the  ooil  is 

r  -  r  =  ftNJ  "''  ~  "^^  J:-      "t*  -  "1°  '1'  +  '\'t  +  *•!*>. 

'    *     \3(0,  - 1,) jji,  2t)(fl,-B^     *('*«*    r 

In  the  same  way  we  ehonld  find  for  M,  potting  JU  =  «',. 
MS-=x'^  (numerically,  so  that  ^i—^^  —  rf-x,),  that  the 
potential  at  M  due  to  the  ends  of  the  coil  la 

y    y  ~-^nI  -?•'-  ?»!.  Jl      V-"!*  ''ii+ »'i''<  +fV) 

Value  of        With  th««  values  of  F,  -.  F-  r-,  -  I",  (43)  becomes 

"'  ".■«■                                      r           f  fl.3  -  /r »    /    1  1     \ 

netic         o-0=4ajV     1  -  j.°» lL.-(-i_+ _i_) 


80(a, 


Potential        ^°  '•"*  apparatus  need 
fiur  EqiU  of 

Tnbu.  a,  -  a-OBfl,     s,  -  IflS^,     <«,-»,:*  -971, 


TEBDErs  CONSTANT 
in  iDchea  so  thnt 


Further  for  the  longer  tube  io  inoheB 


ntid  for  the  shorter 


=.  4^N(l  -  -00673  +  -00006)  =  ^N  X  -99433 
for  the  first  tube,  and 

*rJV^(l  -  00665  +  -00008)  -  4iriVx  -99353 

for  the  eecood. 

To  measare  tho  onrront  the  difEerence  of  electric  potential    Mode  of 
between  the  terminals  of  s  coil  of  resistance  R,  placed  in  the  Mcasnring 
circuit  of  the  hslix,  was  balanced  by  the  electromotive  force  of    C"n»nt 
a  derived  circuit  in  which  was  placed  a  Clark  colL     At  IS^  the 
resistance  of  the  coil  was  1-4958  B.A.  uaiL     Currents  of  about 
1  ampere  were  nsed  in  the  experiments. 

We  must  refer  the  reader  to  Lord  Rajleish's  paper,  loe.  eil., 
for  further  particulars  of  the  results  obtained  and  their 
treatment. 

It  was  found  as  the  mean  result  of  a  large  number  of  experi-      Final 
ments,  that  jf  z  denote  the  value  of    Verdet's  constant  in     Besult. 
minutes  of  angles  for  carbon  disulphide  at  18°  0., 
X  -  -04202. 

The  rotation  in  bisulphide  of  carbon  accordinff  to  Bicbat  Yariation 

varies   with   the   temperature   (Centigrade)   according   to    the  ofRota- 

formula  1  -  -001041  -  -000014(i,  and  this  was  used  to  correct  for  tiou  with 

deviation  of  temperature  of  the  bisulphide  from  18°.  Tsmpera- 

VOL.  If.  3  D 
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B«cquer«I's  result  was 

z  =  -04SS. 

Com-  OordoQ'B  experiments  were  mwle  for  light  correBpoDding  to 

p«l*oii  the  thallium  lioe.  The  vftloe  obtained  was  '06238  lainnta  for  this 
*itb_  light  at  a  temperature  about  13°  C.  Taking  the  rotation  u  pro- 
"'  *  pordonal  to  ii*(u,*  ~  1}X-1,  where  fi  ie  the  refractive  index  and  X 
ngth,  Gordon's  result  woald  give  for  sodium  light 


»nd       ^jjg  weve  length,  Gordon's  result 


Resvtta. 


-  -U4I63 
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CHAPTEE  XIV 
ELECTRIC  OSCILLATIONS  AND  SLSOTRIO  RADIATJOlf 

9icnoK  I 
EXPERIMENTS  ON  ELECTRIC  OSCILLATIONS 

Thb  approximate  truth  of  the  theory  of  electric  oacilUtioDB     Faddflr* 
givBD  above    wag    shown  experim entail;  by  Fedderaen    and      **"''. 
others  who  observed  the  apart  of  &  Leyden  jar  discharge  in  a     Espwn- 
.   rotating  mirror.     In  Feddersen's  eiporiinents  the   mirror  wae    ^fl  "^ 
driven  at  a  known  rata  by  clockwork,  which  also  at  a  certain         J„ 
definite  poeition  of  the  mirror  atarted  the  diMharge  of  a  battery       n- 
of  Leyden  jars  across  tlie  apark-gap  of  a  miorometer.    The    <.i,»™^. 
mirror  waa  concave,  and  the  apark-gnp  was  ao  situated  that  an 
image  of  the  spark  woe  thrown  by  the  mirror  on  a  ground-glass 
plate,  for  which  a  photographic  plato  could  be  substituted. 

The  spark  when  taken  with  a  short  metallic  connection  to  the  Effect  of 
micrometar  and  between  metallic  points  was  a  long  tapering  Lenrtb 
band  of  light  beginning  at  the  hroad  end  with  a  clear  white  ^  V^ 
light  and  then  fading  oS  and  narrowing  through  a  greenish  ^^^°^ 
colour  to  red  at  the  narrow  end.  No  donbt  the  bright  part  .ui,j?„l 
was  the  apark  proper,  and  the  red  part  was  due  to  the  cooling  (^.  ° 
gasea  and  particles  of  metal.  dnctor 

Aa  the  reaiatance  of  the  discharging  circuit  was  increaaed 
without  in  ore  aae  of  length,  the  red  part  disappeared  and  a  bright 
line  with  projecting  laminoua  bands  at  ita  upper  and  lower  ends 
took  its  place,  and  this  in  its  turn  gave  place  to  a  succession  of 
bright  linea  at  gTadnally  increasing  distences  apart,  indicating 
an  intermittent  discharge. 

When  the  diacharging  arc  waa  long  and  at  the  same  time  of     Oscil- 
sufficiently  iow  resistance,  the  image  of  the  apark  as  seen  on  the  jJ^^^ 
glass  plate  or  aa  photographed  became  a  aucoesaion  of  equi-  I^i^^^harge. 
diatant  transverse  bands  each  shading  oS  at  the  aides  into  dark 
spaces,  Bep«rating  it  from  the  neit  on  either  side, 

.  •  Fogg.  Ana.  112,  113  (IMl). 
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EITeot  of         It  was  found  by  ezperimentin^  with  different  numbera  of  jars 

IncreaM    ia  the  battery  and  varying  the  resiBtaace  until  the  diaobaTKc 

"f,       just  ceased  to  be  oscillatory,  that  the  limiting  Talue  of  the 

Oapairity.    resistance  was  inversely  proportional  to  the  square  root  of  the 

charged  surface  of  the  battery,  that  is  to  the  square  root  of  the 

capacity,  and  iodspendent  of  the  spark-length,  that  is   of   the 

difference  of  potential.    This  agrees  with  the  theory  given 

above  (p.  188),  according  to  which  the  limiting  value  of  the 

resistsnce  fl  is  2  JLjC. 

It  was  also  found  that  if  the  discharge  was  from  a  battery  of 
surface  iS  to  nn  uncharged  battery  of  surfaco  S',  the  period  was 
proportional  to  JSS'l{S  4-  1^)1  which  also  obviously  agreed 
with  theory. 

Again,  when  the  length  of  the  discharging  arc  was  inoreasml 
the  period  was  increased  also,  though  not  entirely  owing  to  the 
increase  in  reaiatance,  and  the  arrangement  of  tlie  disi^arging 
wire  was  found  very  materially  to  affect  the  period  in  a  way 
clearly  depending  on  the  value  of  the  induction. 

Experiments  were  alao  made  by  von  Oettingen,  Koochen- 
hauer,  Kiess,  Uelmholtz,  and  others  confirmatory  of  the  theory. 
A  full  account  of  these  researcheB  will  be  found  in  Wiedemann's 
EUktricitSt,  Band  IV.  pp.  177  tt  teq. 
Schiller's        We  shall  only  notice  further  of  these  earlier  researches  on 
Kiperi-     electric  oscillations  the  eleciiric  experiments  of  Schiller.*    In 
meats,     these  the  oscillating  discharge  look  place  through  a  coil  joining 
the  plates  of  a  condenser,  and  no  spark  was  produced.     The 
Modeof    current  induced  in  the  secondary  of  an  induction  coil  by  the 
Experl<     breaking  of  the  primary  circuit  by  an  arrangement  of  contact 
meuting,    levers  and  pendulum  interruptor,  was  used  to  charge  the  con- 
denser, which  gave  rise  to  electric  oscillations  in  the  coil  con- 
necting the  plates.   One  plute  of  the  condenser  and  one  terminal 
of  the  secondary  were  connected  to  the  insulated  pair  of  quad- 
rants of  an  electrometer. 

At  an  interval  (which  could  he  adjustedatpleasure  by  properly 
arranging  the  contact  levers  and  interrupter)  after  the  primary 
circuit  was  broken,  the  secondary  was  also  broken  and  the 
electrometer  detached  from  the  condenser  plate.  By  varying 
the  interval  and  making  repeated  observations  the  potential  at 
different  stages  of  the  oscillation  could  be  read  off  and  the 
period  ascertained. 

The  time  interval  was  foond  by  sending  a  current  through 
one  coil  of  a  differential  j^alvono meter  accurately  a^nsted  for 

•  Pogg.  AiKi.  152  (1874). 
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balftDce,  ttod  an  equal  current  throagh  t)ie  other  coil  at  tlie  next 
break,  uid  obeerriag  tbe  deflection.  From  thin  the  time  of  flow 
of  the  currant  could  be  engily  calculated. 

The  coil  of  couiee  had  an  eleotrostatia  capacity  of  its  own 
which  it  was  impossible  to  calculate.  This  was  detemiinpd  hj 
joining-  it  with  various  combinstions  of  six  different  condensers, 
and  the  periods  of  oscillation  were  observed  and  the  relative 
capacities  of  the  aeparata  condensers  calculated.  The  results 
were  compared  with  those  obtained  by  joining-  each  condenser 
singly  with  the  coil  and  observing  the  period  of  oscillation. 
The  results  were  found  to  agree  exceedingly  well. 

This  method  was  appliea  to  determine  the  damping  of  Ihe 
oscillations  with  different  dielectrics  connecting  the  plates,  and 
thence  to  find  the  resistanoee  of  the  substeuices.  It  was  also 
used  to  determine  tbe  relative  capacities  of  the  same  arrange- 
ment of  plates  with  different  dielectrics,  and  hence  to  find  the 
specific  inductive  capacity. 

Thus  if  T  denote  the  period  of  osciilstion  with  tbe  coil  alone, 
Tj  or  T^  the  period  with  tbe  condenser,  according  as  air  or  the 
dielectric  in  question  was  between  the  plates,  C,,  f?,  tbe  capa- 
cities of  the  condenser  in  these  cases  respectively,  then  by  the 
value  of  the  period  given  at  p.  188,  if  tbe  resistance  be  neglected, 


Time 
Interval. 
Ellmina- 


■tatic 
Capacity 
of  Coil. 


Indnctive 
Capacity 

Oie^U- 


By  this  formaln  the  value 
from  the  experiments:— 


given  in  the  table  ^ 


Ebonite 3'21 

Caoutcbouc—  I 

Pure i  212 

Vuto. 2-69 


:  K 

Paraffin- 

\ 

Qoickly  cooled  . 

.  t  1-68 

Slowly  cooled    . 

(,   1-81 

■l|  1-89 

Flint  Glaaa  .    .    . 

/  5-78  to 
■\:  6-89 
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The  half-period  in  these  esperimente  varied  from  '000066  sec. 
to  KXX)12  sec.  Considerablj  larger  values  of  K  were  found  for 
the  eame  specimens  b;  Siemenr  method  of  auccesaive.  charge 
and  discharge  (see  Vol.  I.  p.  448). 

The  results  calculated  by  theory  agreed  exceedingly  well  witii 
tboae  found  by  experiment.  There  can  be  no  doubt  that  Uie 
theory  is  very  imperfect  for  many  reuona.  For  example  the 
current  in  the  coil  owing  to  the  varying  electrostatic  capacity  of 
ita  different  parts  oonld  not  be  the  same  thronghoiit  at  any  one 
instant,  and  much  more  so  without  a  condenser  than  when  one 
of  conaiderable  oapacitj  was  attached  to  its  terminals. 


EI.ECTR0MA9NET1C  RADIATION 

Wb  now  give  in  conclueion  some  account  of  the  remarkable 

verification  of  Maxwell's  theory  of  Electrical   Badiation  lately 

nven  by  Hertz.     We  give  first  his  solution  of  the  problem  of 

the     propagation   of    electromagnetic    waves   from    a    source 

symmetrical   about  an   axis,   in  order  that  the  experimeutal 

resnlta  may  be  more  easily  understood. 

Tibratiug       As   source  of  the  waves  we  take  an  electric  doublet,  that  is 

Elactrio    two  equal  and  opposite  electric  charges  concentrated  at  two 

Donblet.    points  infinitely  near  to   one  another,  or,  more  properly,  at  a 

distance  apart  infinitely  small  in  comparison  with  the  distance 

from   either   charge   of   any   point   at   which   the   electric   or 

magnetic  force  is  considered.     The  moment  of  the  doublet, 

that  is  the  product  of  either  charge  into  the  distance  between 

the  two  points,  we  shall  suppose  to  var^,  by  variation  of  the 

charges  only,  as  a  simple  harmonic  function   of  the  time  ;  hut 

its  maximum  value  will  be  supposed  finite  and  constant.  Such  e 

source  is  the  exact  electric  analogue  of  the  infinitely  short 

msgnet  considered  at  p.  8  above. 

Uerti's        ^'"'''  *  ^^^*>  ii»y  be  regarded  as  physicnlly  realized,  except 

"Domb-    for  points  very  near  it,   by  two  equal  nnd   oppoaitely  charge] 

ImII"      spheres  connected  by  a  straight  conductor.    This  was  the  form 

Vibrator,    of  electric  vibrator  employed  by  Hertz  in  some  of  hia  most 
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important  ezperimente.  The  spberee  were  charged  to  oppoeite 
potsDtials  by  an  indactioD  coil,  and  then  discharged  into  one 
another,  setting  up  thereby,  as  the  diacharge  was  oscillatory, 
electroTu agnatic  waves  in  the  Burroanding  medium,  which  were 
propagated  oatwards  from  the  vibrator  in  all  directions.  The 
existence  of  these  waves  was  detected  by  a  simplo  receiver,  or 
reiOTtalor  as  it  has  been  called,  consisting  d£  a.  circle  of  wire, 
complete  with  the  exception  of  a  very  email  apark-gap  between 
two  amall  kncbs  which  tipped  the  ends  of  the  wire,  uid 
properly  placed  with  reference  to  the  vibrator. 

The  calculation  of  the  electric  and  magnetic  forces  at  points 
at  a  distance  from  anch  a  vibrator  conipBrable  with  ite  lumen- 
aioDS  would  be  very  difficult,  but  for  points  at  diatancea  very 
great  in  comparison  with  the  distance  between  tbe  centre*  of 
the  apherea,  Ui6  forces  must  be  very  approximately  the  same  as 
those  due  to  the  electric  donhlet. 

In  what  follows  we  shall  take  the  origin  at  tbe  point  midway  Thsoiy  of 
between  the  two  charges  of  tbe  double^  and  Uie  axis  of  the  Yibrating 
doublet  aa  axis  of  «.    Since  eveiylfaing  is  symmetrical  round    Doublet, 
this  axis,  we  need  consider  only  the  disturbance  at  any  instant 
at  a  point  dietant  i  from  the  origin  and  p  bam  the  axis.    We 
shall  call  tbe  plane  through  the  origin  at  right  angles  to  the 
axis  the  equatorial  plane,  and  any  plane  through  the  axia  a 
meridian  plane.     As  starting-point  of  the  solution    we    use 
equations  (27),  (ST"),  (28),  (2S')  of  p.  201  above. 

The  electric  forces  obviouslv  lie  in  meridian  planes,  and  the 
lines  of  magnetic  force  must  oe  circles  round  the  axis  of  the 
system.    Thus  y=0,  and  (28)  becomes 

s+l°=» <« 

We  might  tianaform  these  equations  to  cylindrical  coordinates  Equations 
and  then  proceed  to  Hud  the  eoludon  of  the  problem  for  tbe         of 

case  supposed.    The  following  process  is  simpleT.  Motion 

Equation  (1)  shows  that  o«(f-/3rf«  is  a  complete  differential  of       for 

some  function  of  y,  a.     Using  Herts's  notation  we  take  this  Donblct. 
function  as  dnjdl.    Thns 


TO    ,        8"n 

...(!) 

nni  equfttiona  (27)  of  p.  201  become 
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_ap      a»n  1 

dl  ~  d«rf* 

A  *§  =  _?^  (3) 

9l      dtdfSz 

9R     _^(^,!f'a\\ 

Now  equktione  (3)  declare  that  the  quantitiea 

KP  -  amia^dt,  xq  -  am/a^j,  kr  +  a»n/9j^  +  am  a^' 

■re  independent  of  I.  Their  values  cannot  therefora  have  any 
inflnence  on  the  wave  propagation,  and  mar  ^  talcan  u  zero  In 
each  ease.    Thna  we  assume 

dxdi 

sq    "" 


s--(S'+?5^ 


These  equations  fulfil,  it  will  be  seen,  equation  (3).     Snbsli- 
tuting  now  in  (27"),  p.  201,  we  find 


1  »  /afn 

+  ?S 

+  3,- 

-g 

a  /am 

-iW" 

0, 

i^)  = 

0. 
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That  -wo  may  put/Cz,  /)=0  without  aSectiag  thi  electric  and  Dift«ren 
magnetic  fields  njay  lis  neen  in  thu  following  manner.  Let  _  ti*'. 
U=(ji{x,y,  t,l)bea 
inaftaetic  forcaa  inv< 
we  may  nae  instead  ( 
where  ^  (z,  f)  is  any 
di&erential  eqaaticiii 


magnetic  fields  may  be  seen   in  thu  following  manner.     Let        ""i 
n=^C*,y,  t,  ObeB»olutionof(5).     Then  since  the  olectric  and    Eq^'^'O'' 
mafFoetic  forcaa  involve  difEerenliotion  with  reaped  to  x  and  jr  (,„„,-}',,,■,„ 
we  may  nae  instead  of  thia  the  value  *  (z,  y, .-,  0  +  +(^  0  for  n,     gi^tt^^ 
where  ^  (z,  ()  ia  any  function  of  i  and  t    Thia  would  ff ve  the    D(,„H,t, 


-^V*n=/(.-,0+x(--.') 


where  y  (i,  ()  arisea  from  ^  (i,  ().  Since  if-  (i,  r)  may  be  anything 
we  please  we  may  choose  it  so  that  »(«,  0  =  "/(■'. ')■  Hence 
putting /(«,  0=0,  in  (5),  wU  not  affect  the  electric  or  the 
magnetio  force  at  any  point  Thus  we  have  for  the  equation  of 
propagation  of  elect romsgnetio  disturbance 


The  well-known  general  solution  of  this  equation  is 

where  u  ■•  1/  ■/A'/i  ;  and  F„  Ft  are  arbitrary  functions. 

To  lind  n  solution  adapted  to  the  vibrator  we  have  imagined, 


n  =  ^«i.i  (.,./-«/)  . 


where  m  "  2ir/X  (X  =  wave-length)  and  «/«  =  p  =  1/  Vif^i.  Thia 
satisfies  the  differential  equation  and  is  of  the  form  (6).  The 
values  ot  P,<^It  derived  from  it  satisfy  (28),  p.  SOI,  and  we 
shall  see  that  it  is  applicable  to  the  present  case. 

First  aa  the  case  supposed  is  that  of  an  electric  doublet,  the    Solution 
moment  9  of  which  varies  as  a  simple  harmonic  functJun  of  the         of 
time,  the  field  of  electric  foroe  in  the  immediate  neighbourhood   Equation. 
of  the  doublet,  that  is,  at  any  point  whose  distance  from  the 
doublet  is  a  small  fraction  of  the  wave-length  of  tlie  disturbance, 
must  at  each  instant  precisely  corieapond  to  the  field  of  a  amall 
magnetic  doublet  of  the  aame  moment  numericallj  aathat  which 
the  electric  doublet  has  at  that  inatant.     Now  the  lines  of  force 
for  this  cose  are  dificuaaed  at  p.   8,  and  illustrated  in  Fig.  3. 
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Bir' 

I  where  m  is  the  moment  of  the  magnetic  doublet. 
Compaii-       If  instead  of  n  we  write  *  sin  nf,  we  aee  thst  the  electric 

•on  of  force  to  eorreapond  ought  to  be  given  hy  a  potentiRl 
Solntlon 

MagneWc  T-- ♦  sin  n*  V-^  ...     (81 

But  (7)  may  be  written 

n  =  *-^^J^  +  ?  l.in  (mr  -  ml)  +  ein  »(}, 

and  Hie  second  term  on  the  right  is  practically  zero  when  mr 
(=  2>rr/X,  where  X  is  the  wave-length)  ia  a  very  small  angle, 
that  ia  when  r  is  small  in  comparison  with  the  wave-length. 
'liiUB  in  the  immediate  neighbourhood  of  the  vibrating  doaolet 

*  sin  n< 


and,  by  (4),  the  potential  V  is  given  by 

r-|2.-,d..,£(l) „o, 

which  agrees  exactly  with  the  magnetic  analogue.    This  may 
be  taken  an  so  far  a  veriScation  of  ihe  aolution. 

Further  (7)  gives  electric  force,  and  therefore  also  magnetic 

force,  everywhere  zero  at  an  infinite  distance,  which  must  be 

the  case  also  for  physical  reasoDe. 

Solution         Since  the  field  must  be  symmetrical  about  the  axis  of  t,  the 

Modified    electric  force  lies  everywhere  in  a  meridiau  plane.    It  will  be 

for         sufficient   therefore   to   use    co-ordinates    i    along    the    axis, 

Symmetry  and  p  at  right  angles  to  it,  and  to  calculate  for  any  point  (i,  p) 

'?''?°      the  oomponeuta  of  electric  force  perpendicular  and  parallel  to 

*'"■      the  Bzia,  and  that  of  magnetic  force  parallel  to  the  meridian 

plana.     We  shall  take  the  meridian  plane  considered  as  plane 
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of^,  <,  BO  thftt  p  (Fig.  179)*  becoraee  identafiod  with  g,  and 
denutethe  oomponents  apecified  above  by  Q,  R,  a  respectively, 
putting  P,  p,  y  =  0.  In  calculatiDg  theee  componentH  by  (7) 
we  hkve  to  pat  r*  =  z' +  p\  and  in  finding  R  to  write  tbe  third 
equation  of  (T)  in  the  form 


-■"-Ui'^) 


The  flgnre  rapniMita  tn  tlectrlc  oaoillitar  it 
'-—'-•  '«  b«  oDikntood 

Fio.  170. 

which  is  itsproper  foim  for  the  cue  of  synimetry  round  the 
axis  of  ;.    Tnaa  wb  find 

2*1/  Bl^'^\  1  \ 

A'Q=  -j[(l I8in(i(r-«0-»trco8(wr-»0j8inflcosfl  ' 

XH=t  [Slain  {«r  -  nO  -  *"■  cos  («r  -  «0[ 

-  [3  ein  (wr  -  ni)  -  3«r  coa  {uir  ~  hCj 
-»»r'gin(«r-«()|  Bin»fl] 

«  =  "*  {«r  sin  («!■  -  »0  +  cos  (»"■  -  «01  «>'  A 
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Force*  at  At  points  very  ncnr  the  vibrator  we  get  from  these  equaUona 

near  thn  a- 

Vibrator.  /"Q  =  'J  hio  (we  -  «/)  sinfl  costf  | 


It  is  to  be  noticed  that  this  exprossion  for  o  is  that  which,  ac- 
cording to  the  formula  at  p.  143,  would  be  given  for  the  mas- 
netic  force  pTodiiced  by  a  current  y  in  an  element  of  length  dt 
aach  that  yd*  =  «*cos  (sir  —  afl.  But  b#co8  {«ir  —  «()  is  the 
actual  onrrent  in  the  doublet  at  any  instant  multiplied  by  tbp 
length  of  the  element.  The  theory  therafore  leads  to  the  law 
there  stated. 

At  a  great  distance  from  the  origin  the  equations  (11)  for  the 
componente  become 


I'oinU 
Dutuit 
from  the 
Vibrator. 


A-c--r^ 


u(«, 


-TU!)  Bind  CI 


Bin  (mr  -  i,i)  b. 
:  ein  C-rr  -  nf)  s 


These  equations  show  that  at  great  distances  from  the  origin 
ihe  electric  and  magnetic  forces  are  propagated  together,  with 
the  velocity  n/n,  and  are  in  the  aanie  phase. 

Further  the  first  two  equations  of  (18)  show  that  when  r  is 
great  §  sin  fl  +  ii  cos  fl  =  0,  which  indicates  that  the  direction 
of  vibration  is  perpendicular  to  tho  radius  vector  from  each 
point,  that  is  that  the  vibrations  are  traamierge  to  the  direction 
of  prapagstian. 

Along  the  axis  of  2,  a  —  0,  Q  —  0,  and  the  equation  for  R  in 
(11)  may  be  written 


*'^  =  7?  ^'l  +  m'r*  sin  (mr  -  ill  - 
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Tlius  the  velocity  of  propagation  of  electric  force  along  the  Propaga- 
axis  of «  IB  to  be  found  from  the  equation  mr  -«(-«•■  0  by  *>•>"  '^°'^S 
calculating  dr/dl,  and  ig  therefore  n(l  +  Bi'f')/«*r*,  It  ie  very  the  Aug 
great  when  r  is  small,  and  approaches  the  value  n/«,  or  1/V5^     g„j  in 


Id  the  equatorial  plane  Q  —  0,  and  tbe  equations  for  R  and  a  torial 
miiy  be  written  Planu : 

'fS  =  ;3  -Jl  ->k'V  +  m*r*  sin  (wr  -  nl  -  e) 

"  =  '"l    ■Jl  +  m'r'  sin  {mr  -  ni  ~  e') 

wliere  tan  «  -  Mr/(1  -  «V),  tan  «^  •=  -  i/«r. 

The  velocity  of  propagation  of  electric  force  in  tbeequatorial    Velocity 
plane  ia  thus  n(i.*r«  -  ■M+ l^nVCwV  -  S).     It  ie  always      n>'?nt 
greater  than  the  velocity  along  tbe  axis,  except  of  course  for         P^ 
great  values  of  r,  where  it  is  n/M  as  in  the  other  case.    Moreovw-      q    '» 
it  is  infinite  when  r  =  0,  and  when  r*  =  S/bt*,  or  r  »=  X/(o-^2_),    Digtanw. 
and  is  negative  at  intermediate  points,     xlie  electric  force  is 
thua  propagated  outwards  and  inwards  in  tbe  equatorial  plane 
from  a  point  outaide  the  vibrator.     This  ia  the  point  for  which 
r  =  X/(n-  'J2),  the  centre  ot  the  small  circle  seen  on  each  side  of 
the  Tibrator  in  the  graphic  roprsaentation  of  the  electric  field 
of  the  vibrator  in  Fig,  181  below.     At  this  point  tbe  electric 
force  attains  any  value  which  it  there  takes  '12  of  a  period 
before  the  corresponding  value  of  the  force  is  attained  at  the 
origin. 

The  velocity  of  propagation  of  the  magnetic  force  in  tbe  Tiloci^ 
equatorial  plane  is  «(1  +  «Hf*)/w=H,  wbicli  is  also  infinite  at  the  of  Pro- 
origin  but  diminishes  aa  r  is  increased  towards  the  limiting  pagation 
value  b/«.  °' 

It  is  easy  to  verify  from  the  expressions  here  given  *  that  Magnetic 
the  interval  in  which  a  zero  or  maximum  value  of  the  magnetic  i™"!^ 
force  travels  ont  in  the  equatorial  plane  from  the  origin  to  a  ^^^  ^' 
great  distance  r  is  r«l/n  -  T/i,  and  that  a  zero  value  of  the  ph,ag<,f 
electric  force  travelling  out  in  the  same  plane  from  the  point  Riectrir 
X/(»r  */i)  reaches  the  point  r  in  the  interval  rm/n  -  r/2  after  tbe  and 
instant  at  which  the  zero  value  reached  tbe  origin.  But  when  Magnetic 
this  value  reaches  the  origin  the  current  has  its  maximnm  valne,  Forces, 
and  therefore  so  has  the  magnetic  force. 
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In  the  succeding  interval  ra/n  -  r/4  this  maximum  travels 
out  a  distance  r,  but  the  zero  value  of  the  electric  force  liaa 
arrived  earlier  b;  T/4,  bo  that  the  electric  force  is  also  a  inaxi- 
mnm  at  the  same  time  as  the  magnetic  force,  in  accordance 
with  the  equations  (16)  below. 
Lines  of  Lines  of  electric  force  have  the  differential  equation 
Electric  ,         . 

Force.  ^  _  1? 

R       Q' 


1  d  /^an\      3^' 

dpd: 


18/  an\ 
pap^''dp) 


li'ty^iy^y'-o- 


(16) 


B  get  for  the  equation  of  a  line  of  fore 


Z  (sin  (mr  -n{)-mr  cos  (mr  -  nf)]  sin*  e  =  e     .     (17) 

where  c  is  a  constant  for  any  particular  line.    By  assigning 

different  values  to  e  the  whole  family  of  lines  of  force  existing 

at  any  particular  instant  can  be  obtained. 

Graphic         The  cnrves  of  electric  force  as  plotted  by  Hertz  are   repro- 

Re^iesent-  ducad  in  Fige.  180,  181,  182,  183.     Fig.  180  shows  the  electric 

atioa  of     Seld  as  it  exists   at  the  beginning  of  an  oscillaiion  when  the 

^Ta      ■''*'"'»<"■  "*  '°  '^e  neutral  state,  Figs.  181, 182, 183  after  tlio  lapse 

Field      Qf  successivp  eighths  of  a  complete  period.    The  figures  were 

H^^      drawn  by  means  of  a  set  of  values  of  sin^,  and  corresponding 

Pariod       ^'''les  of  6,  end  an  auxiliary  curve  giving  the  values  of  r  for 

which  (with  the  given  values  of  0  the  multiplier  of  sinV  in 

(17)  gives  a  product  equal  to  the  constant  c  chosen  for  the 

curve.     [The  X  on  the  curves  is  }  of  the  wave-length.] 

Tbe  lines  in  the  immediate  vicinity  of  the  vibration  are  not 
given,  nor  are  those  drawn  continued  up  to  the  source.  The 
vibrator  represented  is  of  a  dumb-bell  sitape,  and  therefore  its 
lines  of  force  can  only  agree  witli  those  of  a  doublet  at  eome 
diatance  from  the  origin. 

Fig.  181  gives  the  state  of  the  field  af  ler  the  lapse  of  }  of  a 
period  from  tlie  instant  for  which  £^g.  180  is  drawn.  Tbe  lines 
ehown  are  enclosed  within  the  circle  given  by  (17)  for  (— H^, 
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and  e=0.  This  cirtle  traveU  outwiirda  witU  the  same  velocit7 
&a  the  magnetic  foTca.  [The  oloaed  curves  outside  tb«  circle 
may  for  tho  preaent  be  neglected.] 

In  Fig.  182,  which  shows  the  field  wheo  ^>=1?',  these  lines  snd 
encloeingcircle  are  Been  to  have  spread  out  to  a  greater  distance^ 
In  Fig.  183  the  enciosing  circle  is  much  larger,  but  in  the 
immediate  neighbourhood  of  the  vibrator  the  lines  of  force 
have  begun  to  contract  inwardR  on  the  source.  The  curvea  ars 
thus  throttled,  so  to  apeak,  and  break  off  at  the  neck  into  closed 
curves;  Theae  closed  curves  nre  formed  first  in  the  interior  of 
the  ayateia  aa  shown  at  the  amall  circles  to  right  and  left  of  the 
vibrator  inside  the  outer  loop  of  the  dotted  curve.  At  thaae 
points,  SB  already  stated,  the  electric  force  takea  any  poasiblo 

Motion  of  value  before  the  ccrreaponding  value  ia  reached  at  the  origin. 

Line  of     For  eiampla  in  Fig.  183  the  electric  force  has  just  become  zero 

Force  iu  at  the  small  circles.  As  t  increases  from  f  7  to  iT  the  curves 
Field.  break  off  succeasively  from  within  outwards  until,  as  shown  in 
Fig.  ISO,  they  have  all  broken  off  into  two  groups  of  closed 
curves  Been  to  right  and  left  of  the  origin  within  tiie  circle. 
These  are  as  it  were  the  crosa-sections  of  a  vortex  which  ia  pro- 
duced and  remaina  aymmetrically  round  the  axis  of  the  vibratoi. 
Its  circular  axis  at  the  small  circles  increoaes  in  radius 
at  first  very  rapidly  bnt  ultimately  with  tbe  speed  of  light. 
[The  arrows  in  the  curves  in  Fig.  183  ore  oppoaed  in  direction 
to  those  in  Fig.  160,  but  this  arises  from  the  fact  that  the  lines 
in  Fig.  180  are  really  those  formed  in  the  half-period  preceding 
that  now  under  conni deration.] 

Gonsiclering  now  the  interval  from  1  =  ^7  to  t  =  \T  we  see 
that  lines  begin  to  spread  out  just  aa  before,  except  that  the 
directions  of  the  forces  are  reversed.  These  lines  force  outwarda 
the  closed  curvea  of  the  "vortes"  just  tlirown  off,  rendering 
tbem  concave  on  their  inner  aidea  and  more  and  more  elongated, 
as  shown  in  the  succesaive  diagrams,  so  that  they  approximate 
more  and  more  to  linea  transverse  to  tho  radius-vector  drawn 
from  the  origin  to  any  point. 

Hadiation  With  the  breaking  off  and  motion  outwards  of  these  cnrves  ia 
of  Gnergy.  connected  the  radiation  of  energy.  Frogreas  outwards  of  the 
state  of  atreaa  indicated  by  these  lines  involves  the  canring  off 
into  surrounding  space  of  part  of  the  energy  supplied  by  the 
medium  to  start  the  vibrator,  the  oBcillatJona  of  which  are  there- 
fore subject  to  n  damping  action  over  and  above  that  due  to  the 
renstance  of  the  bar  or  medium  connecting  the  conductors. 

"Die  rate  of  radiation  of  energy  can  be  cuculated  by  Poynting'a 
theorem.  By  tbe  formula  given  at  p.  214  above  (which  may  be 
proved    independently  for  the  present   case    by  mnltiplyiDg 
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Ctlealt-    equatioDB  (1)  by  F,  Q,  R,  (2)  by  a,  ff,  y,  reapectively,  sabtraclimg 

Uon  of      the  earn  of  the  second  Bat  of  producls  from  the  Hum  of  tbe  first 

_™'*  P'     set,  and  integrating  throughout  the  epace  witliin  the   closed 

aaOiMtion.  garliLOO  choBeo),  the  rate  of  fiovr  of  electric  and  roagaetic  energy 

combined  acrosH  unit  atea  of  surface  at  any  point  is 

EH  sin  tj)  sin  ^/4ir 

wliere  Ei  H>  are  the  resultant  electric  and  tnsgnetic  forcea  at 
the  point,  ^  the  angle  between  their  directions,  and  ■jr  the 
UDgle  between  the  outward  norma)  to  the  surface  at  the  point 
nn!)  the  common  normal  to  S  and  H. 
It  will  be  BuBicient  to  calculate  for  a  sphere  of  large  radius 

described  from  the  origin  as  centre.     In  this  case  we  hav« 

by  (13) 


=  ~  ni*  sin  (nr  ~  *()  sin  6  ) 
=  -  KK  ein  (mr  -  iit)8ia6   J 


£  and  H  are  at  right  angles  to  one  another  and  lie  in  the 
tangent  plane  to  the  sphere  at  every  point.  The  rate  of  flow  of 
energy  per  unit  of  area  across  the  surface  is  therefore 
♦Wn  sin*  {mr-nf)  sin'fl/(4jr&^,  and  by  the  rule  given  at  p.  215 
the  diraction  of  flow  is  outwards. 

The  total  rate  of  flow  of  energy  across  a  Bone  of  the  sphericU 
Burface  of  angular  distance  6  from  the  axis  and  breadth  rd$  is 
thus  **«Ai  tin?(mr-n()Bin*9dS/2ir.  Integrating  this  from  0 
to  IT  we  find  for  the  totul  rate  of  radiation  across  the  surface 


2«) 


.»  («r  -  «0- 


Again,  integrating  this  expression  over  half  a  period,  say 
from  t  •=  0  to  t  =^  7/2,  we  get  finally  for  the  energy  radiated  in 
each  half-period  the  value 

l*"    1-*      f  ♦"     s       ♦*   e»  „o. 

Sir -^'^-5  A- ""-3*^   ■  ■  ■  <"' 

.  . .  _  .  .  electrostatic  units  we  mast  take  K  in  the 
Then  for  air  jf— 1.     Before  obtaining  numerical 
calculate  tlie  period  of  the  vibrator. 
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The  period  of  tli«  vibrator,  taken   as  27r  •JLc  (p.  188)  by    Calcnla- 
negleoting  R,  can    be   found   by  calculating  L  by  NeumaDn  b     tion  of 
formiits  [(47)  [i.  171],  and  taking  account  of  the  diaplacemenl    Period  of 
currents  in  the  dielectric.     If  a  current  element  produces  tlie    Vibrator. 
magnetic  field  given  by  the  formula  of  p.  143,  and  the  displace- 
ment current   be   uniformly    and    radially   diBtribnted   in   tbe 
dielectric  round  each  end  of  the  wire,*  the  correction  for  a  pair 
of  elements  ib„  A,,  at  distance  t\»\  ^rldi-^di^di^di^  and  hence 
for  any  two  linear  currents  the  correction  iB  the  incearal  of  tbis 
taken  along  both  linea.    Thus  if  P„  P^  be  the  enda  at  which 
the  currents  enter  tbe  wires,  JV,,  JV,  tho-e  hy  which  Ihey  leave, 
the  integral  is  obviously  KPiPj  +  .V.JVj-PiA'j-PjJf,). 

Hence,  as  the  reader  may  verify,  if  we  consider  a  atraight 
conductor  of  length  I  and  take  two  parallel  fi lam ente  of  it  at 
distance  j*  apart  and  integrate  along  both,  we  p^et 

-2'(l'«|-'-|f (20) 

if  x'.l  may  be  neglected.  We  may  extend  this  to  all  tbe 
filaments  uf  the  conductor  by  taking  instead  of  x  the  geometric 
mean  distance  (p.  S'JO)  of  the  current  carrying  section  from 
itself.  If  we  suppose  the  current  only  on  the  surface  of  the 
-conductor  the  G.M.D.  is  simply  the  radius  a  and  we  get 

i-V(l»8|'-j) (!1) 

If  tlie  current  is  taken  aa  uniform  over  the  cross-section 
log  (G.M.D.)  is  (p.  298)  log  o^ },  «o  that  we  have  tosubstitnta  J 
instead  of  the  \  in  the  above  result  Taking  ^  as  unity,  {  as  100 
cma,,  n  as  •%b  cm.,  as  in  Hertz's  dumb-beTl  apparatus,  we  get 
Z-1037  by  (21).  Since  the  spheres  were  16  cms.  in  radius  we 
must  tiike  C^TS/i-*,  where  «  is  the  ratio  of  the  units  (Chap. 
Xr,).    Thus  we  get  7=1-86  X  10-«  of  a  second. 

*  See  Heavi«d«,  EUeirieian,  Dec  23,  I8S8. 

t  HertEcalcnUtiuf;  by  a  fonnala  given  by  H  elm  hoi  ta,  diffating  from 
the  above  only  in  having  dh-ldi^iii,  mulIipJied  by  [1  -i)/2,  whera  t  is 
an  undeturmined  constant,  finds  £  =  2i [log  {2i/a)- 8/4 +  (1 -t)/2],  the 
current  beiof;  supposed  aniform  over  the  cross-section.  The  last  term 
should  be  (it-l)/2.  From  this  by  pnttinft'^^O,  we  get  the  result 
^TBD  above. 

3  E  2 
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Nnmeiiml       In  eipBrimenW  made  by   Hert7   the   coDdiictors   were   two 

VttlEB  of    equal  epherea,  16  cms.  in  radiuB,  placed  with  their  cent rei   100 

Bate  of     (jme.  sparl.     These  mpre  charged  to  a  difference  of  potential 

KadiBlion.   which  gave  a  apatk-distnnce  of  1  cm.     The  potential  nt  each 

differed   from  zero  therefore  by   about  60  C.Q.S,  ejectroatalic 

nnits,  and  Ihe  charg-e  of  each  aphere  was  60  X  15  C.Q-.S.  unite. 

Thus  *  =  60  X  15  X  100,   and   Ibe  energy  radiated  in   half  • 

period   was  «0*  X  15*  X  100»  x  8)r'/3X'  erea,  X  beiOR  taken   in 

cms.     If  the  velocity  was  that  of  light  the  wave-length  was 

about  660  cms.,  and  hence  in  each  half-period  about  12O0O  orgs 

passed  from  the  vibrator  into  the  sarrounding-  medium. 

The  whole  energy  of  the  vibrator  when  charged  to  the 
potential  stated  above  was  J  X  2  X  60'  X  15  (  =  54000)  em. 
Thus  about  |  of  the  whole  initial  energy  was  radiated  in  Uio 
first  half-period,  that  is  the  amplitude  of  vibration  suffered 
from  radiatidn  alone  a  diminution  of  roughly  J. 

The  period  being  I'S5  X  10— ^  second  toe  rate  of  radiation  of 

energy  was   therefore  about   1-34  X  10"   ergs   per   second,  or 

approxirnately  1'34  X  10»/746  (-=179)  horse-power. 

Propasa.        Experiments  were  made  by  Heriz,  as  described  below,  ok 

tianof     the    interference    of    waves    propagated    along    wires.      The 

■Waves      siicceasive  oppoaitione  of  phase  were  found  to  occur  at  much 

along      smaller  intervals  in  the  neighbourhood  of  the  vibrator  than  at 

Wiree.      a  great  distance.     It  was  at  first  thought  that  this  result  waa 

duo  to  the  existence  of  two  effects,  an  electrostatic  one  travelling 

at   an   infinite   speed,   and  an  electromagnetic  one   travelling 

with  the  velocity  of  light.     The  theory  given  above  shows  that 

this  is  not  the  true  view  of  the  cai^e,  and  we  must  examine  what 

«henomenB  of  interference  with  waves  in  wirea  are  given  by  it. 
i^e  shall  consider  first  the  propngation  of  waves  in  wires. 
Theory  of       To  find  a  solntion  of  thia  problem  we  shall  suppose  the  win- 
Waves  in   to  lie  along  a  new  axis  of  g,  and  put  for  the  value  of  n  at  any 
Wires.     point  of  the  wire  the  expression 


n-  A«\n(mY-  n'(+«)   . 


where  •7'"'  denotes  the  speed  of  transmission,  whatever  it  is, 
of  a  given  value  of  II  along  the  wire,  /  the  distance  of  th« 
point  considered  from  a  point  chosen  as  origin,  and  t  the  phase 
angle  of  the  vibration  at  the  origin  when  (-r^o.  The  wire  in 
the  interference  experiments  referred  to  was  placed  hoii- 
Kontally  in  the  plane  of  symmetry  of  the  vibrator,  but  40  cms. 
higher. 

If  we  sunpose  no  damping  out  of  tho  wave  or  change  of 
form   to  take  plane  ^  cannot  he  a  function  of  e  or  i,  and  is 
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therefore  a  f  uiictioD  o£  p.    We  write  therefore  instead  of  (22), 

n-/(p)8in{«V-n7  +  4) (23) 

But  for  any  point  in  the  insulating  medium  Burroundiag  the 
wire  we  have  the  differential  equation 

^-,;   Vn (24) 

Bjr  substitution  from  (23)  in  {S4)  we  find  ^{"'' 

_,,  -,  Equation 

dp'^  pdp  '^^  Condition. 

This  equation  may  he  solved  in  th«  following  manner.   Imagine  Solution* 
a  linear  distribution  of  attracting  malter  along  the  axis  of  z', 
Buoh  that  between  two  points  at  distances  /  +  C  '"^  '^  +  CH-  ^t 
from  the  origin  the  quantity  of  matter  ia  coBp(i'  -f  Oeff.    The 


\U. 


potential  at  a  point  P  at  distance  r  from  the  origin  due  to  the 
element  i/C  is  cos  p(z'  +  f)<W''.  We  shall  take  i  as  tho  axial 
coordinate,  OjV,  of  the  point  P,  Fig.  184.  If  matter  be  dis- 
tributed according  to  this  law  lo  an  infinite  distance  on  both 
aides  of  the  origin  the  potential  will  be  given  by  the  equation 


i,  ^f'+f 


—  BOBpt'  I    - 
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!.■''"  +  '' 

Sftch  element  for  a  poBi'tive  value  of  f  being  cancelled  by   a 
Dorresponding  element  for  (  DSgatiTe. 

The  integral  in  (26)  does  not  dopend  in  any  way  upon  z  or  (, 
and  IB  therefore  entirely  a  function  of  p.  But  at  every  point  P 
the  potential  Ffulfila  Laplace's  equation,  which  in  the  prwent 
case  hai  the  form 

9p'       p9p 

If  we  writo  Fin  the  form  <j>{p)coBpx  we  obtain  from  the  last 
equation 

which  is  the  equation  futfitled  hyffji)  if 
Hence  we  may  put 


This  is  the  general  aolation  from  which  the  electric  and 

magnetic  forces  are  to  be  found  by  (4). 


*  Tbe  solution  bers  adopted  Eg  that  given  by  PoincaH  {EUdridU  <t 
Opli^,  tome  ii.  p.  162).  Hertz  gives  practically  the  Mine  solntivik 
bat  m  a  somewhat  different  form.     Hs  remarks  that  the  intcgnd 
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If  we  DOW  impoM  the  condiUon  that  the  electric  forces  ere  at  If  Electric 

right  angles  to  tiie  conducting  wire  we  muat  have  A  —  0,  that     Forces 

ie  bv  (7)  Normal  to 

OTI      lan      „  Wira 

=-;+-,     =0,  Velocity 

*P*       pop  of  Prop.. 

or  ntiou  = 


C^^    of  Light. 


Thie  gives /=  Clog  p+  C,  where  C,  C,  are  conatantB,  and 
therefore  we  may  write 

n -?i[^logp.sin(i.V -n7 -f  «)  .    ...     (30) 


not  greater  than  in  the  aarronndiDg  medinm,  we  may  wnte  pf^^it, 
when  4  ia  ■  pare  poaitire  imaginary,  and  i  =  ■>/- 1.  The  integral 
than  becomes 


ion  K  it)  disci 

le'a  Kugt^wu 
MsitiTe  imagii 


and  is  acaaeof  the  fanctioii  f  (f ]  discuMed  in  treatises  on  Betsel'n 
functians. 

Now  it  ia  proTad  (Heine'a  KMg^vmivmva,  p.  188,  Slid  eUitioii) 
that  if  V  be  aa  hare  a  pore  positire  imaginary 


if  for  px  we  write  C-    Bnt 

+• 


Thna  the  t«o  lolntioas  agree  to  a  constant  multipliei 
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By  compariaon  of  (25)  and  (31)  we  see  that  in  this  cue 

J"' =  "'' -  n'^'J^  =  0 (31) 

that  is  the  velocity  of  propagation  of  the  wave  along  the  wire 

is  equal  to  the  velocity  of  light. 

VoK^^for      .*''^"  '^  shows  the  lines  of  electric  force  in  the  neighbourhood 

Different         "®  '"*  ^'"'  ''  =  "''  **""  '«  *"'  ="  infinitely  small  velocity  of 

Telodtiai   P^pagstion  alonjt  the  wire.     Here  tlie  lines  make  finite  angle* 

of  Pro-     "'*"  t*"*  "■"■e  except  at  pairs  of  points  at  suoceesive  diatancee 

pagatiou.    °'  h»lf«wave  length,  along  ihe  wire,  where  it  is  zero.     The 

field  is  wholly  electrostatic.     Fig,  186  shows  the  change  pro- 

dnoed  in  the  field  when  the  velocity  of  propagation  along  the 

wire  is  7/12  of  that  in  the  medium.     The  component  of  electric 

force  along  the  wire  is  weakened  by  eleotrodynamic  action,  and 

the  curve*  run  farther  out  since  the  tangent  at  any  point  is 

thus  rendered  more  nearly  perpendicular  to  the  wire. 


Flo,  186, 

In  Fig,  187  the  field  in  the  case  of  velocity  of  tranamiBsion 
equal  to  that  of  light  is  shown.  The  lines  of  electric  force  are 
everywhere  in  planes  at  right  angles  to  the  axis  j  each  of  the 
curves  of  the  lormer  diagram  has  by  the  vanishing  of  .S  at 
every  point  been  changed  into  a  pair  of  parallel  lines,  aa 
indicated  by  the  arrows,  one  running  out  to  infinity  the  other 
returning  ^m  infinity  to  the  wire. 

Tiiking  now  the  component  of  electric  force  in  the  equatorial 
plane  as  given  for  the  vibrating  doublet  by  (15),  we  may 


-^  n/i  -  n«r»  +  m*r*  sin  (»/  -  i,)  =  C  sin  (><  -  ».)    ( 
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Plotting  A|  as  ordinatee  of  a  curve  with  values  of  nir  as  the 
abacisHe,  Hertz  obtaJDed  the  curve  mnrked  8,  in  Fig.  188  *  This 


FiOB.   186,  187. 

curve  ip  drawn  for  the  cxperimente  described  at  p.  812  below. 
The  scale  below  indicatea  metres,  and  starts  from  a  point  (45 
cms.  to  the  right  of  the  origin  of  absciBsn)  at  which  the  value 


IS  (ISeS),  p.  1.     See  also  Nature,  vol. 
39  (1888—9).  p.  547. 
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ELECTBOMAGNKTIC  EADIATION 

of  S,  begins  to  be  lensible.    The  distuice  ab  along  the  uxea  of 

K  and  y  reprABnntB  it. 

It  will  be  seen  from  the  curve  that  it  is  os^ptotic  to  the 
if  straight  line  (B~«r-ir)  drawn  from  i,  and  that  therefore  at  a 
^  gretX  distance  the  pbaae  altera  nniformly  as  if  the  wave  had 

been  transmitted  over  the  firat  half  wave-length  in  bd  iofinitely 

short  time,  and  had  Uiereafter  travelled  with  velocity  nim. 


Fig.  isa. 

The  electric  force  parallel  to  a'  at  any  point  in  a  plane 
through  the  wire,  and  produced  by  the  disturbance  in  the  wire, 
has  the  ezpreasion 

1F=C  Bin(»'<-8^ (33) 

where  by  (30) 

if  X'  denote  the  length  of  the  waves  in  the  wiie.  The  value  of 
8  and  the  amplitude  C  can  be  altered  to  any  required  amount 
by  properly  adjusting  the  length  of  the  wire. 

Considering  then  the  interference  between  the  electric  force  in 
the  equatorial  plane  due  to  the  radiation  from  the  vibrator,  and 
that  produced  by  the  wire,  we  see  that  the  phase   of   th« 
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it  depends  on  d^~d,.   For  if  the  TCBultant  be  if' w 

=  X+  r  «  C!flm(»f  -  B,)  +  lin  («'/  -  8,)! 


•("t"' 


Tlius  if  8,-8j  is  zero  or  a  multiple  of  2n-,co8  '(dj - 6^/2}  =  ±  1 
and  the  efiecte  cunapire.  If  3,-32  '"  *"  "*'''  ■"ultiple  of  n- 
008^(3,  — fi,)/21'  =  0,  ana  the  effecta  aru  opposed.  In  tlie  former 
caee  the  interl'ereiice  may  be  called  +,  in  the  latter  — ,  while  iu 
the  ease  of  Si-S^,  an  odd  multiple  of  0-/2,  it  may  be  said  to  be 

Now  suppose  tLat  at  the  zero  of  the  metre  division  9i-3,  has 
some  definite  value  6^  and  let  a  straight  line  (1  iu  Fig.  18»)  be 
drawn  to  tepreiient  Bi4-')o'  ^^  slope  must  be  such  tliat  it  risett 
n  for  a  distance  along  the  axis  of  absciKBie  equal  to  half  a 
wave-length  in  the  wire.  In  the  figure  it  is  thuB  drawn  for  a 
wave-Ieneth  of  5'ft  metres,  to  suit  the  exporimenta  made  by 
Hertz.  The  lines  numbered  2, 3,  4,  &c.,  are  drawn  in  the  same 
way  to  represent  dj+ilo-lir,  iJj+aj-jr,  S,+6p-Sjr,  Ac.  These 
cut  the  axis  of  absciasta  at  successive  distances  from  the  origin 
of  the  metre  scale  of  1'4  metres,  and  are  nil  parallel  to  the  line 

The  intersections  of  these  lines  with  llie  curve  i,  projected  on 
the  axis  of  abscissu  give  the  distances  from  the  origin  at  which 
S,  has  the  successive  values  ij+Sg,  Ag+S, -  Jir. &c.  Thus  if  the 
interference  at  the  beginning  of  line  1  have  the  si^n  +  (  — ),  it 
will  have  —  [+)  at  a  distance  of  2-3  metres,  +  (-)  "'  ■  dis- 
tance of  7-6  metres,  -  (+)  at  14  metres,  and  so  on.  Or  if  it  be 
zero  at  the  beginning  of  the  metre  scale,  it  will  be  zero  at 
distances  S'3|  ?"(!,  14,  &c.  metres, and  have  opposite  sig^ns  at  the 
intermediate  distances  1  metre,  4'8  metres,  II  metres,  &c. 

This  it  will  be  seen  below  expresses  the  experimental 
reanlts.  The  retardation  of  the  magnetic  force  given  by  the 
equation  Aji=Mig-tan~'  air  is  shown  by  the  line  3g.  Further 
discuesioD  of  the  experimental  results,  including  the  interference 
of  the  magnetic  actions,  will  however  come  more  conveniently 
after   a   description  of   the  experiments   made   by    Hertz   and 

Some  of  the  most  important  of  Hertz's  eiperimente  were  Herti'B 

carried  out  by  means  of  the  dumb-bell  vibrator  and  receiver  Expari- 

referred  to  above,  or  with  the  dumb-bell  vibrator  modified  by  sub-  roeutt. 
sLituting  for  the  spheres  plates  coplanar  with  the  axis.  The  vibrator, 
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wliicliwuB  placed  lioriznctally.wasconnectedusbowii  ill  Fig'.189 
to  the  terminalB  of  an  induction  coil.  The  two  spheres  A,  A' 
were  thus  charged  to  a  differeuce  of  potential  sufiBcient  to  enable 
It  spark  to  pags  across  the  gap.  As  soon  as  the  spark  paased 
electric  aBcillationa  were  set  up  which  depended  for  their  period 
on  the  diniensiuna  of  the  apparatus,  but  were  enormously  more 
rapid  than  the  action  of  the  coil.  Thua  the  oscillations  had 
subsided  in  consequence  of  generation  of  beat  and  radia^on  o£ 
energy  long  before  they  were  renewed  by  the  coil.  The  action 
of  the  vibrator  was  therefore  a  Boccession  of  oscillatory  dis- 
chargea  separated  by  intervals  of  inaction. 


o 


-o 


Keaonat-       What  was  very  remarkable  in  the  receiver  was  the  fact  tliat 
ing        a  particular  size  depending  mainly  on  theribratorwaanecessaiy 
Action  of  to  enable  it  to  act  with  greatest  readiness  and  intensity.     This 
Eecaiver.    suggested  that  its  behaviour  was  that  of  an  electric   resonator, 
HO    to    speak,   tuned   to   respond   to   the   vibrations   which   it 
received,  and  to  no  others.    0£  course  this  was  only  approxi- 
mately the  case :    the    eleetric    radiation    was    esuentidly    a 
compound  phenomenon,  and  indeed  very  accurate  tuning  has 
been  found  unnecessary  for  obtaining  results. 
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Tho  wire  of  which  the  receiver  was  made  waa  2  mins.  tlijck, 
and  the  diameter  of  the  circle  was  36  crib.     The  ends  of  the 
it  the  apark-gap  were  tipped  with  two  smail  knoba.     The 


width  of  the  gap  waa  regulated  by 
moved  one  end  of  the  wire. 

Id  Home  eiperimenta  with  the  ai 
form  of  a  aquare  60  cms.  in  [side, 
((iiuge,  was  used.  The  spark-gap  y 
the  e:  ' 


means  of  a  fine  b< 

le  vibrator  a  receiver  in 
laite  of  wire  of  tho  e 
siD  the  middle  of  on 


It  ia  impossible  to  give  a  complete  account  of  the  action  of  Theory  of 
the  receiver  or  resonator,  hut  some  approach  to  a  roueh  theory    Receiver. 
QAn  be  made  which  serves,  partly  at  least,  to  explain  the  reaulls 
obtained.     [See  Hertz,  Wied.  Ann.  34,  p.  1&5  (188S),  or,  Onter- 
euch.,  p.  89.] 

If  we  denote  by  Pthe  electric  fome,  parallel  to  an  element  rfj 
of  the  resonatiog  circle,  produoed  by  the  action  of  the  exciter, 
we  shall  have 

J.^Woo.-,! (3S) 

on  the  supposition  that  the  electric  force  is  oscillatory  with 
period  2ir/fl,  and  is  a  function  of  the  distance  >  of  the  element 
from  some  point  of  the  circle  (say  the  centre  of  the  spark-gap) 
taken  as  origin.  We  assume  further  that  ^(<)  is  a  periodic 
function  of  i,  which  ix  no  doubt  the  case  when  electrical  oscit- 
lationa  are  going  on  in  the  circle.  Hence  by  Fourier's  seriep 
we  get 


*W  =  J  +  l 


»  +  .  . .  -f  ir-  ei 


» -f- .. 


(36) 


where  ^denotes  the  whole  circumference  of  the  circle.  It  is 
not  necessary  to  retain  more  than  the  three  terms  here  exhibited, 
the  constant  term  and  the  two  indicating  the  gravest  simple 
harmonic  component  If  we  take  the  origin  at  the  spark-gnp, 
we  may  neglect  also  the  term  £"  sin  (2jrg  /S)  since  that  ia  of 
opposite  sign  in  the  two  halves  of  the  circle  on  the  two  sides  oF 
the  diameter  tiirough  the  spark-gap. 
At  the  apark-gap  we  have  then  by  (36) 

0(»)  =A  +  B 

and  at  the  diametrically  opposite  point 

The  current  at  the  spark-gap  ia  of  course  the  rate  of  passag« 
of  electricity  in  the  spark  itself. 


Electric 

point  on 
Receiver 
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^  According  to  Hertz'n  view  the  action  of  the  vibrator  on  tlie 
portion  of  the  resonator  opposite  the  spark-gftp  was  most  effec- 
tive in  setting  up  the  oncillation,   that  ie,  Uiat  the  oecillatioDS 

■  depend  rather  on  jt  -  Ji  tlian  nnji+B,  Such  an  oBciliation 
no  doubt  consistH  hmt  in  a  backward  and  forward  flow  of 
electricity  in  the  connecting  wire  from  one  knob  to  the  other, 
which  jBp-^ually  increaaea  in  amplitude,  if  the  receiv-nr  is  of 
natural  period  neiirly  equal  to  tliat  of  the  vibrator,  until  the 
inaxinium  diSeronce  of  potential  between  the  knobs  becomes 
so  great  that  u  spark  pusBea.  He  compares  the  reaoaator  to  a 
"tring  fi»ed  at  ita  two  ends  and  subjected  to  periodic  forces  at 
intennediate  point?,  bo  that  it  is  set  into  a  state  of  forced  vibra- 

-  tion.  Thusif  T  denote  the  difference  of  potential  of  the  knobs 
at  any  time,  we  have,  on  the  siippouition  thattlie  exciting  vibra- 
tiona  are  slowly  damped,  the  excited  not. 


yy 


,jr  +  p't^- 


.     .    (37) 
:  Bolatinn 


Eluuti'ic 
Eleinont 


■j(„. 


injil+  Cconpt. 
(38) 


where  tan  «  =  2bk/(«'  -  p*  - 

If  ■  be  supposed  very  smnll,  F  will  be  very  great  if  p  is 
«qual  to  n,  nnd  will  have  tlis  same  sign  ob  A'  or  the  o])po(iite 
aign,  that  is  the  phases  of  the  forced  part  of  fand  the  exciting; 
action  will  agree  or  be  opposed,  according  as  p  >  or  <  n.  Btit 
if  p  =  n,  tan  e  is  very  great  and  approximately  e  =•  nj'l.  Thua 
when  resonance  iaiuat  attained  there  is  a  difference  of  phase  of 
a  quarter  of  a  period.  If  «  is  not  very  small,  the  forced  vibra- 
tion ia  a  maximum  when  «'  =  p*  +  «*,  and  the  greater  k  m  the 
smaller  is  this  maximum. 

The  terms  of  P  may  be  interpreted  as  follows :  A  coa  jU  is  .in 
electric  force  at  the  element  dt,  which  has  the  same  value  for 
each  element  at  the  same  instant.  It  may  be  taken  as  the 
electric  force  due  to  variation  of  magnetic  induction  of  the  same 
value  at  every  point  of  the  circle,  or  if  the  magnetic,  induction 
is  not  nniform,  the  part  oJ  this  electromotive  force  which  is  the 
same  for  each  element.  In  the  second  term  is  included  the 
so-called  electrostatic  action  of  the  vibrator,  and  any  remaining 
portion  of  inductive  action  however  produced. 

If  B  he  the  part  of  the  electric  force  which  ia  independent  of 
that  due  to  the  variation  of  the  uniform  part  of  the  magnetic 


D,s,i,7ert  by  Google 


'fn°tC 


EXPEEIMEST8  WITH  KESOKATOB  7M 

induction,  ^  th«  ansle  which  it  niabea  with  tlie  place  of  the 
cirolei  ajid  a  the  angle  between  the  component  in  the  plane  of 
the  circle  and  the  radius  to  the  centre  of  the  apark-gap,  the  com- 
ponent along  Che  tangent  in  B  cob  ^  ain  <^ir»IS  —  S).  Therefore 
S  =  -  ScoB^BmScoent. 
Heuce  the  length  of  apark  may  be  takea  an  roughly  depend-  QuantitT 
ion  on  the  value  of  a  quantity  of  the  form  a  -|- 13  aia  6,  where  a    on  wbioti 

Jorlional  to  J  end  |9  to  f  coe  ^f/.  Leaitth  of 

e  eiperimenta  loc,  cit  it  was  of  coune  aufficient,  on  account      Spark 
of  the  Bymmetry  of  the  arrangement,  to  investigate  what  took     ^pende. 
place  for  poBitiooa  of  the  centre  of  the  receiver  at  different     E'pwi- 
pointa  of  one  of  the  four  quadrants  into  which  the  horizontal      "^'^i^ 
plane   through   the   vibrator   was   divided   by  tha  lino  of  the   ]ia™.t(,[ 
▼ibrator  itself,  and  the  horizontal  perpendicular  to  the  vibrator    Vertical 
panaing  through  the  middle  of  the  epark-gap.    The  receiver 
was  uaed  with  ita  plans  (1)  vertical,  (3)  horizontal,  in  both  cases 
with  ite  centre  in  the  honzontal  plane  through  the  vibrator. 

It  was  observed  in  the  former  caaethatno  aparka  paaaed  when 
the  circle  waa  placed  with  ita  diameter  through  the  sparic-gap 
horizontal,  that  ia  the  gap  vortical,  but  that  sparks  passed  with 
increasing  intensity  as  the  receiver  waa  turned  round  in  its  own 
piano  no  as  to  bring  this  diameter  nearer  to  the  vertical.  When 
the  gap  was  at  the  lowest  or  higheet  point  of  the  circle,  and 
therefore  horizontal,  the  sparkx  passed  most  freely  for  a  given 
ponitioi)  of  the  plane  of  the  circle. 

For  any  vertical  position  of  the  circle  clearly  q  =  0.  For  a 
vertical  pna'ition  of  the  gap  the  action  of  j9  is  ec[ual  and  opposite 
in  the  two  halves,  for  a  horizontal  position  its  action  un  the 
part  of  the  circle  diametrically  opposite  is  effective  unless 
+  =  90". 

It  was  found  that  if,  when  the  spark-gap  waa  at  the  top  or 
bottom  of  the  circle,  tee  receiver  was  turned  round  u  vertical 
axis  there  were  two  positions  in  which  the  sparks  passed  with 
maximum  intensity,  and  two  in  which  there  wan  absolute  or 
approximate  extinction  of  the  sparks.  The  two  Dositions  of 
maximum  were  180°  apart,  aa  were  also  the  two  positions  of  zero, 
whic'h  lay  midway  between  the  two  former  positions.  For  the 
former  poaitiun  +  =  0,  and  6  -  90°  for  the  element  opposite  the 
gap,  for  the  zero  poaitions  +  =  90°. 

A  number  of  tliese  positions  were  noted  and  are  illustrated  in 
Fig.  19a  The  longer  lines  show  the  positions  of  tlie  sparic- 
gap  when  the  sparking  was  a  maximum,  the  short  arrow-pointed 
lines  the  direction  of  the  electric  force.  The  short  lines  clearly 
indicate  curves  of  electric  force,  the  others  directions  at  right 
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nngleH  to  tlio  electric  force.     Furthermore  the  lines  which  are 

drawn  for  points  near  tlie  vibrator  suf;);eat  the  lines  of  electro- 

Htatic  force  illLintrated  in  Figa.  ISO — lS3,  and  the  theory  ahowa 

tliBt  near  the  vibriitor  the  dectroBtatic  nction  is  most  powerful. 

Ezp«ri-         Wjien  on  the  other  hand  the  pUne  of  the  receiver  was  hori- 

mentfl      zontal,  no  effect  wm  produced  when  it  was  on  the  position  I, 

with       Fig.   191,  so  that  the  magnetic  induction  through  it  waa  zero, 

ReMnalor   a^d  the  spark-gap  waa  at  6.  or  6\  and  therefore  al  right  angloe 

"',       to  the  electric  force,      wlien   however  the  circle  was  turned 

^*        ■      ruund  in  jt^  own  plane  bo  that  the  apark-gap  waa  hrought  to  », 

or    a'j,   eqaal   maxima  of   spark    production    were   tonnd    al 

these  points.    The  aparb'length  observed  at  these  points  waa 

2-5  mm. 

When  the  circle  was  turned  to  II  the  magnetic  iiiductioQ 
through  it  wiia  no  longer  zero.  Two  positions  of  niinimain  or 
zero  sparking  were  found  at  i,  and  *'„  and  two  maxima  of  un- 
equal intensity  fit  ff„  and  oV     The  line  a^e',  wiB  at  right  angles 


to  the  electric  force,  and  thuH  the  action  was  ^portions]  to 
a  + 13  at  one  position,  and  to  a  —  0  at  the  other.  The  two  effects 
oonspired  at  ffj,  and  were  opposed  at  d'j.  For  the  electric  force, 
with  ^  say  positively  charged,  was  from  J  and  tended  there- 
fore, when  thegapwasata,,  to  produce  a  current  in  the  clockwia^ 
direction.  But  the  electric  force  due  to  inductive  action  was  in 
the  direction  from  A'  to  A  near  the  vibrator,  and  tended  to  pro- 
duce flow  in  the  same  direction. 

When  (he  spark-gap  was  at  o',  it  ie  easy  to  see  in  like  manner 
that  the  effects  were  opposed. 

When  the  spnrk-gap  was  at  6j  or  6',  the  electric  force  being 
equally  inclined  to  the  circle  at  those  points  gave  therefore 
equal  components  along  the  circle,  which  neutralized  the 
electric  forces  due  to  induction. 
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WheD  tite  circle  was  moved  to  position  III  the  two  nnll 
points  cloeed  op  nearer  to  b",  tha  smaller  raaximnm,  while  tlie 
greater  msximam  was  at  a^  Over  a  coneiderable  region 
opposite  to  ff,  only  a  very  alight  effect  waa  observed.  The 
epaii-length  at  a,  was  4  mms. 

As  the  middle  position  waa  approached  and  reached  in  IV 
and  y,  no  poHitiona  of  extinction  at  ^11  were  found,  but  only  a 
maximum  and  minimum  at  a„  a'„  in  IV  and  a,,  a^,,  in  V.  It 
la  to  be  noticed  that  in  the  passage  from  position  III  to  position 
V  the  line  oa'  turned  qnickty  round  through  nearly  90°  so  as  to 
be  alwaya  at  right  angles  to  tha  electria  force. 

Ifaeapark-iengtha  found  were  6-6  mms.  ato„  Ifi  mma.  at  a\ 
and  6  mms.  at  a^,  25  mms,  at  o*. 


HertE  made  experimenta  also  with   the  resonator  in  other  » 
positions  than  thoaa  specified,  and  found  the  resnlta  to  be  in  1^^^ 
Mcordance  with  theory.     For  example  the  circle  was  nlaced  in    to  Hnri 
the  position  V  of  Fig.  191  with  the  spsrk-gsp  at  a,  Ld^en    ^nt^' 
turned  round  the  diameter  parallel  to  the  vibrator  so  as  to  raise 
the  spark-gap.     Experiments  were  made  for  various  poeitiona 
uuUI  tbe  circle  had  been  turned  completely  round  to  its  oriirinal 
position.    During  the  change  of  position  6  was  still  90°  I  re- 
iBMned  nearly  constant,  but  a  changed  with  the  cosine 'of  the 
inchnation  of  the  plane  o£  the  circle  to  the  horizontal     Thuii  if    i?»  ^   »  * 
the  value  of  a  for  the  horizontal  position  be  denoted  bv  „.    anH  .-.■T      fl, 
the  inclination  of  the  circle  to  the  horiionUl  by  A,  the  qSin^v    A^i? 
roughly  measuring  the  spark  producing  action  was  a„coeA  +  S      lAiZ 
and  varied  therefore  from  00  + 18  for  the  spark-gap  at  o,  m  the       tion 
position  V  to  fl  when  ^  was  90".    Experiment  showed  that  the 
apark-length  varied  from  6  mm.  to  2  mm. 
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Thereafter  as  the  neit  quadrant  was  turned  through  tlie  spark- 
length  passed  tlirough  zero  and  increasad  a^ain  to  the  emallei 
maximum  2*6  mms.  at  a',  when  <p  was  180''.  The  action  was 
then  represented  by  — ii,  +  j9,and  — OgpreponderatinggaT-ethe 
sipaller  (negative)  maiimuin,  while  hetween  ^-90°,and^^l80°, 
oq  cos  0  4-  f9  took  the  value  0. 

As  tfi  was  further  changed  from  180°  to  270  a^  cos  tf,  +0 
changed  from  —  (ig+0  to  $  again,  and  so  the  spark -laii^;th 
changed  through  zero  to  8  mms.  once  more.  Ah  the  circle  -was 
turned  through  the  last  quadrant  to  its  original  positioii  the 
spark-length  inoraased  &om  2  mm.  to  S  mm. 

The  ezperi men tB  just  described  were  all  made  in  the  vicini^ 
of  the  TibratoT,  Experimenting  at  greater  distances  Hertz 
found  that  at  points  from  about  1  to  I'Smetre  from  the  vibrator 
'     ■  -       n  positions  were  not  clearly  defiuMl 
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except  for  certain  positions  i  but  that  they  became  again  distinct 

at  distances  exceeding  two  metres.    Fig.  192  shows  the  electric 

Ezplora-    fi^'<i  ^  mapped  out  by  Hertz,  in  so  exploration  made  by  means 

tion  of     of  a  receiver  carried  about  from  point  to  point  in  a  room  of 

Kleotcic    14  metres  by  12.    From  this  exploration  he  drew  the  following 

'Field  with  conclusions  :  (1)   That  at  distances  beyond  three  metres  the 

Besonator.  electric  force  is  psrat lei  to  the  oscillntion,  and  is  due  in   the 

main  to  indnetion.    (2)  For  distances  less  than  1  metre  from 

the  vibrator  the  electric  force  is  almost  wholly  electrostatic. 

(3)  The  electric  force  is  determinate  at  all  pointfl  along  the  axis 

of  the  vibrator  and  in  the  equatorial  plane  bat  within  a  certain 

region,  marked  by  the  asterisks  in  the  diagram,  becomes  in- 
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doterminate.    The  effect  fails  off  much  more  rapidly  with  in* 
oreaae  of  distance  along  tlie  oiih  than  in  the  equatorial  plane. 

It  IB  to  be  remarked  that  these  reaults,  the  explanation  of 
which  was  not  at  all  obvious  when  they  were  observed,  are  on 
the  whole  satisfactorily  accounted  for  by  the  theory  given  later 
by  Hertz  and  discuBscd  above,  p.  775  et  uq. 

It  ia  only  necessary  to  look  at  Figs.  182,  1S8  to  find  all  the   Rfsnlta  of 
features  of  Fig.  192.     There  is  the  B<)-called  electrostatic  field    Eiplom- 
of  force  close  to  the  Tibrator,  the  region  of  indeterminacy  beyond  tion  refer- 
it,    and,   in   the   neighbourhood   of  the   equator  at  least,   the     J~ '" 
paralleliam  of  the   electric  force  to  the  vibrator.     The  more     Tlieoiy. 
rapid  falling  off  of  the  action  along  the  axis  is  also  explained, 
For  by  etiuationg  (13),  at  a  great  distance  the  electric  and  mag- 
netic forces  are  both  zero  on  the  axis,   while  in  the  equatorial 
plane  they  are  still  sensible.    The  only  discrepance,  if  discrep- 
ance  it  is,  is  the  apparent  parallelism   of  the  h'nes  of  elecCrio 
force  to  the  vibrator  found  at  some  distance  from  the  equatorial 
plane  ;  but  this  is  no  doubt  due  to  the  inaccuracy  produced  by 
effects  of  the  walla  of  the  room,  or  otherwise. 

Hertz  also  investigated  the  effect  of  placing  conductors  and  Effect  of 
insulators  ofdiffereiit  kinds  ia  the  neighbourhood  of  his  vibrator.*  Couduc- 
The  arrangement  of  apparatus  is  shown  in  Fig.  193.  ^^' is  tarsaud 
the  exciter  consisting  as  shown  of  two  square  plates  of  brass,  In^fjatora 
40  cms.  in  side,  placed  symmetrically  in  the  horizontal  plane  '" ''"^ 
about  the  line  Bii»,aad  joined  by  a  wire  70  cms.  long,  interrupted  yr  (^ 
in  the  centre  by  a  spark-gap  of  J  cm.  between  two  weil-poliBhed  ArtMm 
broBB  knobs.  The  two  sides  of  the  gap  were  connected  as  ment  of 
indicated  by  the  wirea  to  the  terminals  of  an  induction  coil.  Apnara- 

The  receiver  was  a  circle  of  the  dimensions  already  specified  tna. 
and  furnished  with  a  screw  at  the  gap  which  enabled  the  spark- 
length  to  he  varied  from  a  few  hundredtlig  of  a  millimetre  to 
several  millimetres.  The  circle  was  set  with  its  plane  vertical 
and  parallel  to  the  apark-gap,  and  its  centre  on  the  horizontal 
line  nn,  the  axis  of  symmetry  of  the  vibrator,  at  a  distance  of 
12  cms.  from  the  nearest  points  of  the  plates.  It  was  made 
movable  round  an  axis  coinciding  v.ith  this  line,  so  that  the 
position  of  the  spark-gap  could  he  varied  on  the  circle. 

When  the  spark-cap/ in  the  receiver  waa  at  a  or  a'  no  sparks 
pasaed,  but  the  alighteeC  turning  from  that  position  caiiBcd  the 
sparks  to  begin,  and  they   had  a  maximum  length  of  about 
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8  mins.  when  the  spark-g-np  was  at  6  or  b'.  For  this  poMtJon 
the  Rpurks  were  of  course  produced  by  the  electric  force  inde- 
pendently of  noy  change  of  the  total  mngnelic  induction 
through  the  circle,  since  of  couree  th&t  wbh  zero.  It  was  tound 
that  if  without  changing  the  plane  of  the  circle  it  was  placed  at 
n  lower  level  the  spurk  at  6  increased,  and  tliat  at  b'  di  minis  lied 
in  length,  ani  the  pUces  of  zero  spark  were  no  longer  Kt 
the  cictremity  of  the  diameter  of  the  circle  at  right  sngleatcU', 
but  were  both  displaced  on  the  circle  towards  6  to  an  equal 
amount.  This  result  was  due  to  magnetic  induction,  lln 
integral  of  wliioh  tlirough  the  circle  was  no  longer  zero.  There 
is  no  difficulty  in  working  out  tlie  explanation  in  detail. 

It  was  found  necessary  to  set  up  the  apparatus  in  a  large 
chamber  at  a  great  distance  from  all  other  objects,  and  to  ke«p 
conducting  bodies  such  as  bars  of  metal  at  a  distance  from  (lie 
apparatus,  in  order  that  the  absence  of  sparks  at  a  and  a'  might 
be  maintained.  An  unsymmetricul  position  of  the  body  of  (be 
observer  relatively  to  Hn  waa  quite  auQicient  to  afiect  the  pro- 
duction of  sparks. 

A  conductor  of  the  shape  indicated  by  C,  Fig.  193  was  placed 
above  the  exciter  as  shown.  When  it  was  brought  nearer  Ici 
the  exciter  the  sparks  diminished  at  b'  in  the  resonator,  and 
increased  at  6,  and  the  points  of  zero  sparking  moved  upward) 
towards  &',  while  aensible  sparks  appeared  at  the  former  tero 
points.  It  is  easy  to  see  that  this  effect  was  what  was  to  be 
expected.  For  the  conductor  C  having  been  made  so  as  to  have 
a  natural  period  shorter  than  that  of  the  vibrator  was  the  stat 
of'a  vibration  opposed  to  that  in  the  primary.  This  was  a 
consequence  of  the  inductive  action  on  tlie  primary,  for  since 
the  natural  period  of  t)ie  primary  was  greater  than  that  of  ^,  the 
electrification  of  C  agreed  in  pliase  with  the  inductive  Mtion 

froducing  it  (see  p.  798  above).  That  this  was  the  explanation 
lertz  satisfied  himself  by  replacing  the  vertical  connecting 
plate  in  C  by  a  lliin  wire,  that  by  a  thinner  and  ho  on.  The 
reault  was  to  bring  the  points  of  zero  sparking  nearer  to  the 
top.  But  as  they  u^oved  upwards  with  the  substitution  of 
thinner  and  thinner  wires  tlie  zero  points  disappeared  altogeilicr 
and  were  replaced  by  places  of  niiniiuuni  sparking.  The  spark- 
length  up  to  the  vanishing  of  the  zero  poinls  was  much  smaller 
at  />'  than  at  b  ;  but  at  the  vanishing  of  the  Kero  points  it  began 
again  to  increaae,  and  as  the  period  of  C  was  increased  the 
sparks  became  equal,  hut  no  point  of  zero  sparking  waa  again 
found.  As  the  period  of  C  was  increased  beyond  this  stage  the 
sp  irk-length  nt  the  lowest  point  diminished,  and  there  were 
developed  in  its  neighbourhood  two  minimum  points  whidi 
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became  more  and  mors  ne-irly  zero  points,  and  appronched  at 
the  BBine  time  the  positions  a  a'. 

All  this  was  of  course  in  strict  acpordnnce  with  theory,  for  tis  DiscuHsion 
the  period  of  C  upproaclied  that  of  JJ'  the  currentin  Cincroased         of 
likewise,  but  when  the  period  was  carried  beyond  that  of  AA'  m    ReBnI's. 
dilFereDce  of  half  a  period  was  set  up  between  the  current  in   C 
mnd  the  action  producing  it,  thnt  is  the  two  currents  agreed  in 
phase.      When   however   tha   stage   of  resonance   was   nearly 


reached  or  only  slightly  passed  the  difference  of  phase  was,  as 
in  all  cases  of  slightly  damped  vibntion,  ab*ut  a  quarter  of  a. 
period  (see  (38)  p.  79R)  and  interference  between  the  effects  of 
C  and  A  J'  was  then  impossible.  This  was  the  stage  at  which 
the  sparks  were  egual  at  the  highest  and  lowest  points  of  the 

When  (7  was  brought  quite  close  to  J  J'  the  sparks  in  the 
resonator  became  email.    This  was  due  to  the  fact  that  the 
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capacity  of  AJt  being  tQcrensed,  its  period  waa  lengthened, 

and  80  the  resonator  and  escic«r  were  thrown  out  of  unison. 

Effeotof       Tlie  effect  of  placing  insulators  of  different  kinds  under  (lie 

Placing     exciter  was  then  tried.      A  pile  of  books   15  metrea  long,  '5 

InsulnloTB  mejjg  broad,  and  1  metre  high  was  placed  under  the  exciter  eo 

Fiold        ^^"^  ''^  upper  aurfaee  almost  touched  the  plate.     Sparks  now 

passed  when  the  spark-gap  of  tlie  resonator  was  in  its  former 

position  of  DO  sparking,   and  [he  spark-gap  had  to   be  turned 

round  the  circle  througli  10°  towards  the  pile  of  books  to  reduce 

the  sparking  to  zero. 

Effect  of        A  block  of  asphalt  of  the  dimenaione  (in  cms.)  indicated  in 

Blockof    Fig.  191wiiB  tlienplacedia  thepoaitionahown.  The  sparks  were 

Asphalt    now  found  to  he  much  stronger  at  V  than  at  V  tjie  point  neareiit 

placed      the  asphalt.     The  points  of  lero  epurking  ceased  to  exist,  and 

near        ininimura  points  were  then  found  below  the  level  of  the  former 

Exciter,     gg^  points,  an  angular  distance  on  the  circle  of  about  23°. 

When  the  plates  AA'  were  laid  on  (he  asphalt  the  period  of 
the  vibrator  was  increased,  as  ivas  shown  by  its  being  necessary 
to  increase  the  period  of  the  receiver  to  cause  it  lo  respond. 

By  increasing  the  diatance  between  the  apparatus  and  the 
block  of  asphalt  the  effect  of  the  latter  was  diminished,  but  ita 
character  remained  unchanged. 

It  was  found  possible  to  compensate  the  action  of  the  a^hidt 
b^  bringing  down  the  condnctor  C  sufliciently  near  to  tlie 
vibrator  Aa. 

The  experimenla  wer 
substances,  auch  as  i 
petroleum. 

Phono-         According  to  Hertz  these  results  prove  tiiat  change  of  electric 

mena  not   force  in  a  dielectric  is  always  accompanied  by  a  corresponding 

dud  Id      magnetic   action.      It  is   impossible   to   account  for   them   by 

Etcctro'    electrostatic  action   pure  and  simple.     For   if  the  exciter  be 

static      placed  with  ita  line  n  at  the  middle  of  and  along  one  edge  of  a 

Action.     Jgfga  rectangular  block  of  insulating  material,  Uiero  can  be  no 

change  of  electrostatic  action  in  the  space,  for  example,  in  froot 

of  the  block  and   below  tlie  plane  of  the  vibrator.     Still  the 

o£Eeot  waa  found  by  Hertz  to  be  quite  marked  in  this  apace. 

Again  the  effects  cannot  be  due  to  conduction  cnrrente  in  the 
dielectric,  for  both  sulphur  and  paraffin  showed  the  effects  in  a 
very  marked  degree. 

There  remains  therefore  only  the  change  of  magnetic  field 
and  the  consequent  inductive  electric  force  at  each  point  to 
explain  the  phenomena. 

It  is  a  result  of  electromagnetic  theory  that  if  the  variation  of 
electric  action  in  an  insulating  medium  is  accompanied  \iy 
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»  finite  velocitT.      That   the  two  go  hand  in    hand   is  the  °' . 

foundation  of  Maxwell's  theory  of  electrodynamics,  and  Horta'a  •  •I'^'J 

experiments  iast  described  gave  evidence  of  tho  truth  of  the  p--^-, 

theory  for  solid  dielectricB.     It  remnined  still  to  show  that  it  mmm 

was  true  for  air.  Hertz  attempted  to  verify  the  finite  velocity  ^j, 
in  air  by  carrying  the  secondary  vibrator  C  from  a  position  of 
interference  with  AA'  to  a  greater  and  greater  distance  and 
observiBg  whether  the  interference  ceased  and  began  again 
alternately.  This  experiment  however  was  not  successful,  bnt 
the  problem  was  solved  by  Hertz  in  another  manner. 

It  was  known  that  electric  oscillations  could  be  propagated  Inter* 

along  a  wire,  and  attempts  made  by  Fizeau  and  Goonelle   in  ference 

1860,  and  by  W.  Siemena  in  1876  to  detennine  the  velocity  of  ™*^'^ 

propagation  for  iron  and  copper  wires  gave  velocities  of   the  '^""'s  m 

same  order  of  magnittidB  as  the  velocity  of  light.  Wavmt 

Arrangements  were  therefore  made  to  compare  the  finite  ^tsaa. 

velocity  of  electric  oscillations  in  air,  if  such  a  velocity  existed  Witm 

with    the    velocity  of  propagation   in    a   wirn.*      An   exciter  dtotm 

conaisting  as  before  of  two  40  cms.  square  brass  plates  joined  by  Finite 

a  70  cm.  long  brass  rod  with  a  spark-gap  between  was  set  np  as  Velocity 

shown  in  Pig.  194.    Behind  the  plate  A  was  arranged  a  plate  in  Air. 
P  connected  as  shown  to  a  long  wire  of  copper  1  mm.  thick 

curried  along  horizontally  30  cms.  above  the  horizontal  axis  of  fj^jim, 

symmetry  of  the  vibrator.     This  aziii  we  shall  call  the  base  line  -mtoXtit 

of  the  apparatus.    A  point  45  cms.  from  the  spark-gap  of  the  Appara- 

exciterwas  taken  as  zero  point  for  the  measarennent  of  distances  tus. 
parallel  to  the  wire. 

The  resonator  used  waa  either  the  circle  of  35  cms,  radius  or 
the  square  of  60  cms.  side  already  described.  It  was  placed  in 
three  different  positions  with  its  centre  on  the  base  line  : — 
(I)  in  the  vertical  plane  through  the  base  line;  (2)  with  its 

Elane  at  right  angles  to  the  base  line  ;  (3)  with  its  plane 
orizontal. 

By  the  direct  action  of  the  exciter  no  sparks  were  produced  Experi- 

in  the  first  position,  while  in  the  second  position  sparks  only  mental 

occurred  when  the  gap  waa  above  or  below  the  level  of  the  base  Reralta, 

line.     The  cause  of  this  sparking  was,  as  we  have  seen,  the  Direct 

electric  force  acting  on  the  part  of  the  receiver  opposite  the  air-  Effect  of 

iipace.     The  total  magnetic  induction  through  the  circle  in  both  Eicttei. 
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The  length   ot  the  eparke  fell  off  with 
iiciter,   at  first   rapidl]',  then   much   more 
alowly,  and  they  were  viBible  up  to  lit  metres  from  the  exciter. 

Id  the  third  position  apariiiag  was  obt&ined  no  matter  how 
the  apark-gap  wa«  placed.     The  epark-lengtb  was  a  maximum 
when  the  gapwaa  parallel  to  the  ezcit«r  and  on  the  eide  nearest 
to  the  latter,  and  a  minimum  when  the  gap  waa  in  the  diametri- 
cally opposite  position.    These  reaitlta  were  of  course  due  to  the 
joint  action  of  the  electric  force  and  the  magnetic  induction. 
The  effect  of  the  latter  was  of  courae  the  more  powerful  as  there 
waa  no  zero  of  sparking. 
Effsot  of       Considering  now  the  action  of  the  wire,  we  see  that  the 
Wavaa  in  arrangement  adopted  insured  that  the  period  of  the  dietnrbimce 
Wire  on   should  be  the  same  aa  that  produced  directly  by  the  exciter. 
BMonator,  When  the  action  of  the  wire  alone  on  the  resonator  was  observed 
reflected  waves  were  avoided   by  continuing  the  wire  to   a 
distance  of  60  metres,  and  terminating  it  in  an  earth  connection. 
Sparks  were  found  to  pass  with  greateat  freedom  between  the 
knobs  when  the  receiver  was  placed  in  a  plane  through  the 
wire,  and  had  ita  apark-gap  aa  cloae  to  the  wire  as  uussible. 
Pheno-         A  standing  oscillation  was  produced  in  the  wire  by  arranging 
^>w>,of     it  with  a  free  end  at  which  reflection  could  take  place,  and  it 
°*"™8    waa  then  found  by  moving  the  receiver  along  the  wire  thU 
^~'     plaoea  of  maximum  and  zero  sparking  existi^  alternately  at 
equal  intervals  along  the  wire,  mat  ie  to  say  nodes  and  loops 
of  ataoding  electrical  waves  were  indicated.     The  nodes  were 
places  of  maximum  or  minimum  potential  but  of  no  flow  of 
electricity,  consequently  electric  forces  are  directed  outwards 
from  the  nodes. 

Hence  it  wm  seen  that  if  the  receiver  were  placed  with  its 

plane   at   right    angles  to  the   wire   and  ita  spark-gap  in   an 

intermediate  position  between  that  nearest  to  the  wire  and  thsit 

fartheetfrom  it,  these  electric  forces  ought  to  produce  Bparbing. 

This  waa  found  to  be  the  caae.    Again  sparks  were  readily 

obtained  Trom  a  nude  by  bringing  near  it  any  small  conductor. 

These  effects  were  however  slight  as  the  disturbance  in  the  wire 

was  really  a  complex  of  vibrations  of  difEerent  periods  from 

which  the  resonator  picked  out  those  of  its  own  proper  period 

as  in  the  analogous  acoustic  experiment. 

Elb«ts  Experiments  on  wires  of  different  thickneaaes  showed  that  no 

indepen-    change  was  produced  in  the  positions  of  the  node  and  loops. 

deri  of     Even  in  an  iron  wire  these  remained  unaltered,  showing  that 

^~?***  with    the    rapid    changes    here    in    question    practically    no 

of  Wire,    magnetization  was  produced. 

The  nodes  and  loops  were  most  clearly  produced  when  the 
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wire  was  cut  6  metrea  or  5^  metrea  from  the  zero  point  of  the 
base  line.  In  the  fonoer  oaae  the  nodea  were  at  '2  metre, 
2'3  netrea,  S'l  metrea,  8  metrea  from  the  eero  point ;  in  the 
latter  'I  metre,  S'8  metres,  B'6  metres  from  the  same  point. 
These  reaulta  indicate  clearly  a  half  wave-length  of  2B  metres. 
The  period  of  oscillation  as  calculated  from  an  estimate  of  the 
inductance  and  capacity  of  the  exciter  was  abont  2  k  10"'"  cms. 
per  second.  This  gave  a.  velocity  of  propagation  of  2'S  x  10 1" 
cms.  per  second,  that  is  approximat«Iy  the  velocity  of  light. 


The  receiver  could  be  placed  ao  that  both  the  exciter  and  the  Amnge- 
Iriro  could  produce  sparks  in  it.     For  this  it  waa  necessary  that    ™»°*  "' 
itahould  be  placed  neither  in  the  first  poaition  nor  in  the  second,  ^***^ 
bnt  in  an  intermediate  position.    Thus  the  equare  receiver  was      .  ^ 
placed  at  the  eero  point  with  its  plane  vertical,  and  the  spark-     t^Jll 
gap  at  the  top,  and  the  normal  to  its  plane  turned  towards  the 
plate  A  or  the  plate  A'  at  the  exciter.     Let  us  suppose  that  it 
pointed  towards  A  as  shown  in  Fig.   194,  and  that  A  had  ila 
maximum  positive  charge.  Then  the  direct  electric  force  doe  to 
the  exciter  and  the  inductive  electromotive  force  at  the  node  in 
the  wire  were  opposed  to  one  another.     When  the  receiver  was 
tamed  round  so  that  its  ]>lane  pointed  towards  J'  the  sign  of 
the  direct  action  on  the  receiver  was  changed  and  the  two  eSecta 
conspired.     By  moving  the  plate  P  to  a  grmler  or  lesa  distance 
from  A  the  effects  of  the  wire  could  be  varied  in  strength  so  as 
to  be  made  equal  to  the  direct  action  on  the  receiver. 

Interference  effects  could  also  be  obtained  with  the  receiver 
in  the  third  position,  but  in  this  case  the  wire  had  to  be  on  one 


D,s,i,7ert  by  Google 


810  ELECTRIC  RADIATION 

side  or  the  other  of  the  bue-line.  Eiperiment  showed  that, 
when  tlie  wire  was  on  the  Bame  aide  of  tne  bsse-iine  aa  P,  the 
effect  of  the  waves  in  the  wire  was  opposed  to  that  of  the 
exciter,  and  when  the  wire  waa  tranaferred  to  the  opposite  side 
the  effects  conapired.  The  poeition  of  the  spark-gap  did  not 
affect  the  nature  of  these  results,  which  showed  that  it  was 
mainly  inductive  action  in  both  eases  which  produced  sparks, 

ObwTva-        Using  tbe  first  mode  of  obaervin^  interference  Herl£  tnclnded 

tions  of     different  lengtha  of  wire  as  the  are  oetween  the  points  stn,  and 
Inter-      found  that  as  the  lenffCh  was  increased  the  origiii  changed  from 

ference.  ^  node  to  a  loop,  then  back  again  to  a  node  and  so  on.  It 
was  fouod  however  that  if  at  one  node  the  effects  were  opposed 
when  the  normal  to  the  receiver  pointed  to  P,  at  the  next  node 
the;  were  opposed  with  the  normal  turned  away  from  P  and  so 
on  alternately. 

The  same  alternation  of  the  direction  of  the  normtJ  waefonnd 
at  the  different  nodes  along  the  wire  for  a  given  length  of  wire 
between  an. 

The  following  are  some  of  the  observations  made.  A  distance 
of  8  metres  from  the  zero  point  was  laid  off  along  the  wire,  and 
tlie  receiver  set  up  at  every  ^  metre  of  this  distance  and  its 
normal  placed  suocessively  in  the  two  positions  specified  and 
the  difference  if  any  in  the  spark-length  noted.  If  no  difference 
was  observed  the  result  was  indicated  by  tbe  sign  0,  or  accord- 
ing as  the  sparks  were  smaller  or  greater  withthe  normal  tamed 
towards  P  than  in  the  other  case  the  result  was  marVed  by  + 
or  — .  Eluveii  series  of  such  observations  were  made  along  the 
8  metres  of  wire  with  an  additional  60  cms  of  wire  between  «n  for 
each  series,  so  that  the  length  of  wire  increased  from  100  to  600 

KsBQlts  :    cms.  The  results  showed  that  the  sign  of  theinterferenoechanged 

Wave-     for  successive  diaplacements  of  between  3  and  4  metres  along 

length      the  wire,  and  also  for  about  the  same  length  of  wire  introdoc^ 

ef  Au'.      between    »:  and  n.     This  showed  that  the  wave-length  of  the 

direct  effect  was  not  the  same  as  that  in  the  wire,  and  that  the 

velocity  of  propagation  in  air  though  finite  was  greater  than 

that  in  the  wire. 

A  second  set  of  observations  was  made  along  a  lenelh  of  12 
metres  of  the  wire  with,  as  before,  different  lengths  of  wire  in- 
cluded between  m  and  n.  These  results  being  complicated  with 
electrostatic  action  near  the  exciter,  a  series  of  observations 
were  made  up  to  4  metres  with  the  receiver  in  the  third  position 
and  the  wire  on  one  side  as  already  explained.  The  results  of 
the  latter  experiments  taken  along  with  those  for  the  remaining  8 
metres  given  by  the  other  metliod  gave  the  followinf;  table  of 
results. 
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Ttiis  cOTToboralea  tlie  t^oncliiaion  from  the  former  scries  of 
rosnita. 
Velocity        It  appenra  therefore  that  the  wave  in  air  while  trarersing  7'5 
of         metres  gained  half  the  length  of  the  wave  in  the  wire  on  Uie 
Tropi^-    Utter:  that  is  while  the  wave  in  air  traveraed  7'5  metres  the 
tion  iD      wave  in  the  wire  traversed  7  5-28  (—  4-?)   metres.      But  the 
Ai'-        half-period  of  the  wave  in  the  wire  being  1  X  lO""  second  the 
velocity  of  propagation  of  the  wave  in  air  given  by  the  experi- 
ments was  4'5X  10'^  cms.  per  second.     Thiaexcaedsthe  velocity 
of  light  by  60  per  cent  of  the  lattor  and  gives  a  wave-length  in 
air  of  about  9  metres. 

This  result,  it  mny  be  stated  here,  does  not  agree  with  the 

obeervatinns  of  later  experimenters  who  have  fonnd  for  waves 

in  air  as  well  as  for  waves  in  wires  the  velocitj  of  light     The 

discrepancy  will  be  discussed  Inter. 

Ri'flcoljon        Hertz  also  made  experiments  on  the  reflection  of  wnvea  in  air 

of  Waves    from  conducting  Burfaces.*    The  expetiments  were  carried  out 

in  bin  phyBical  lecture  theatre,  a  room  about  15  metres  long,  14 

tnetree  wide,  and  6  metres  high.     Parallel  to  the  side  walla  were 

Prodnn-    two  rows  of  iron  columns  so  that  the  clear  breadth  of  the  room 

tion  of     was   about   8-6   metres.      All   gnsaliero   and    other   removable 

Standing    obetacles  were  cleared  away,  and  one  end  wall  from  which  the 

Bn"^'        fefleetion  wna  to  lake  place  was  covered  with   a  plate  of  zinc 

Kelleotion.  ^  metres  high  and  2  metres  broad  connected  by  wires  to  the 

gas  and  water  pipes.     The  exciter  was  set  up  two  metres  from 

the  opposite  end  of  the  roam  with  its  axis  vertical.     The  waves 

were   incident  nearly  normally  on  the  plate  of  zinc,  and  the 

electrical  vibration  was  therefore  in  the  vertical  plane  through 

the  vibrator. 

Method  of      The  receiver,  the  circle  of  35  cms.  radius  already  described, 

Eiperi-     was  carried  along  the  normal  through  the  centre  of  the  vibrator, 

mcnting,    and  the  positions  of  maximum  and  minimum  sparking  in  the 

neighbourhood  of  the  wall  observed.     The  positional,   II,  IIT, 

IV,  in  the  diagram  were  those  of  strongest  sparking.     In  theoe, 

it  will  be  seen,  the  epnrb-gap  was  turned  altematelyin  opposite 

directions.    The  arrows  sliow  by  their  directions  and  lengths 

the  electric  forces  on  the  two  sides  of  the  circle,  and  explain 

the  result 

Besnlto.         The   positions   V,  VI,  VII  give  equal  lengths  of  spark  for 

both  the  left  aud  right  pnsitions  of  the  spark-gap. 

When   the  spark-gap  was  placed  at  Ine   highest   or   lowest 
point   of  the   circle  at  V,  VI,  VII,  bo  that  the  electric  force 

•   (Fiirf.Jnn.  34(1888),  p.  BIO. 
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could  not  bave  any  efTect  it  whs  found  tbftt  comparatively  little 
sparking  was  produced  at  V,  a  maximuD)  at  VI,  and  a 
minimuni  again  at  VII.  This  indicated  that  the  magnetic  in- 
ductinn  was  a  Dunimum  at  V  and  VII  and  a  maiimuiu  si  VI. 

All   tlie   reaultB  are    explained   if  we  Huppose  tliat  standing    Explanti' 
waves  of  electric  and  magnetic  force  are  produced,  us  repre-     tioe  of 
■ented   by   the    full    and   dotted   curves   in    Fig.  196.      It   is     EmuIIs. 
shown  by  the  theory  given  above  (see  equations  (18)  p.  786), 
that  at  a  distance  from  the  vibrator  the  electric  and  the  mag' 
netic  forces  are  propagated  together  in  tlie  same  pliaae.     The 
diagram  therefore  shows  that  in  the  act  of  reflection  the  electric 
force  has  its  phase  changed  by  half  a  period  relatively  to  the 
magnetic  force,  bo  that  in  the  standing  vibrations  the  nodes  of 
one  correspond  to  the  loops  in  the  other,  and  vice  rerea. 


101  10! 

101    s     101      c     ,0J      . 


The   observations  seamed  to  indicate  thnt  the  node  for  the  Velocity 
ekutric  force  was  behind  the  wall  surface  about  "68  metre,   and      in  Air 

the  nest  loop  but  one,  about  G'S2  metres  in  front  of  it,  so  that  ^ven  by 
the   wave-length    was   about   9-6   metres.      With    the    period      Eiperi- 

2  X  10"*  second  for  the  vibrotor  this  would  give  4-fl  x  10'*  ^""'"^ 

cms.  per  aecond  as  the  velocity  of  propagation  of  the  waves  y  J^^S' 

Here  again  the  velocity  is  much  gre-iter  than  that  of  light,  ^"^jj^^ 

The  ciiuse  of  the  discrepance  between  these  (and  the  fcfw  ,^||     j,] 

observations)  and  those  of  other  experimonteis  con  hardly  be  jipjurent. 
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said  yet  to  have  been  full}'  made  ouL    UU.  S&main  Riid  De  la 
Rive  for  ez&mple,  experimenting  at  Geneva  in  1690,  found  with 
an  exciter  and  resonator  of  very  nearly  the  same  dimenHions  m 
those  of  Hertz,  a  ware-length  of  only  6  metres,  instead  of  9*6 
metres.    TLia  gave  of  course  almost  ezai:tly  tlie  velocity  of 
light 
Po«s:b)e        It  has  been  suggested  that  the  wavelength  observed  may 
Explaiia-   depend  to  a  great  extent  on   the  dimensions  (tf  the  resonator, 
tionsof    anj  ^lay  be  connected  with  what  has  been  culled  mulHpU 
''       raonance  by  Messrs.  Sarasin   and  De  la  Rive.     It  hae  been 
II   It'^T'    "eticed  by  these  ex  pe  rim  enters,  as  well   as   by   Fitzgerald   And 
Itosou  "    Trouton,   thut   the   exciter   apparently  gives  rise  neither  to  • 
ance  '      single  vibration  of  distinct  period  nor  to  a  limited  number  of 
distinct  vibrations,  but  rather  to  such  a  complex  of  vibratioDa 
as  would  give  a  wide  band  of  continuous  spectrum.    Thus  all 
vibrations,  agreeing  with  possible  modes  of  vibration  of  the 
resonator,  would  be  reinforced.     That  this  is  not  contained  in 
theory  is  true,  but  the  theory  is  very  incomplete.    It  is  hard  to 
believe  tliat  the  vibrntioiis  can  be  perfectly  simple. 
Poincari'a      The  following  explanation   of  multiple  resonance  has  bean 
Expkua.   proposed  by  PoincarS  (Eltclricitt  e(  Optiqae,  2de  Partie),    The 
tion.       logarithmic  decrement  of  the  vibrations  of  the  exciter  is  probably 
much  greater  than  that  of  the  resonator,  and  so  the  vibratioDS 
of  the  exciter  diminish  in  amplitude  more  quickly  than  those 
set  up  in  the  resonator.     This  is  confirmed  by  expeiimente  on 
the  damping  of  the  vibrations  in  the  exciter  and  receiver,  made 
by  V,  Bjerknes  [IFied.  Ana.,  44  (ISSlX  P.  ^*]-    Thus  the  reson- 
ator, being  started  by  the  exciter,  continues  its  vibrations  after 
those  of  the  exciter  have  become  insensible,  but  then  vibrates  in 
its  own  proper  period,  giving  vibrations  of  longer  period  and 
of  gieater  wiive-length  than  llioae  which  excited  it.   The  wave- 
lengtli  being  determined  by  interference,  and  used  with  tlie  too 
sliort  pjriod   of  the  exciter,  gives  too  great  a  velocity  of  pro- 
pagation.    With  this  explanation  Heriz  has  expressed  himself 
us  practically  in  accord.     As  he  remarks,  the  OBcillatione  of  the 
exciter,  represented  graphically,  do  not  give  a  curve  of  sines 
pure  iind  simple,  btit  a  curve  of  sines  tlie  ampliludo  of  which 
gr^idually  diminishes.     Such  an  oscillation  causes  all  the  reson- 
ators receiving  it  to  vibrate,  but  those  in  tune  with  the  exeil«r 
more  violently  than  the  others.    This  agrees  with  the  theory 
given  at  p.  798 ;  and  the  fact  that  the  apparent  spectrum  aeenis 
more  extended  when  wires  are  connected  to  the  vibrator  than 
when  the  prnpagatian  takes  place  freely  in  air,  may  be  due  to  a 
greater  dumping  effect  in  the  former  caso. 
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It  may  be  noted  here  that  it  hae  been  foand  by  Mr.  Trouton  *  Tronton'i 
that  the  size  of  the  reflectine  sheet  has  a  great  deal  to  do  with     Eipen- 
the  distance  of  the  nodes  Irom  the    surface.      Using    long   ^'^^ "» 
narrow HtripB  held  (1)  so  that  the  length  was  in  the  direction  of     » 2°°°^ 
the  magnetic  component ;  (2]  in  the  direction  at  right  angles  to   Kt^tetn 
that  component,  he  found  that  the  node  waa  in  the  former  case 
shifted  outwards  from  the  reflectiiig  surface  verj  markedly. 
For  eiaraple,  with  waves  68  cms.  long  the  distance  of  the 
maenetio   node   varied   from   24'2   cms.  for   a    atrip   16  cms. 
wide  to   IT   cms.  (^  wave-length)  for   a  large   sheet.     This 
effect  was  due  no  doubt,  ae  stated  by  Mr,  Trouton,  to  the 
action  of  the  charge  periodicallj  accnmolated  at  the  edges  of 
the  sheet 

Smallnees  of  size  in  the  magnetic  direction  carried  the  node 
in  towards  the  surface ;  and  this  may  very  possibly  have  been 
the  case  in  the  experiments  of  Hertz  described  above.  The 
breadth  of  the  sheet  (in  tlie  direction  of  the  magnetic  force)  was 
2  metres,  or  about  the  same  in  effect  as  a  strip  14  cms.  broad 


used  with  Mr.  Trouton's  68  cms.  waves.    This  would  give  a 
sensible  inward  displacement  of  the  node. 

Experimenta  were  also  made  by  Hertz  on  the  production  of  Reflection 
plane  polarized  waves,  by  means  of  a  linear  vibrator  consisting  '>f  _ 
of  two  cylinders  placed  in  hne  with  a  spark-gap  between  their  Electrical 
opposed  ends.  The  cylinders  were  about  12  cms.  long  and  „."'  ^ 
3  cms.  in  diameter  each,  and  the  ends  at  the  spark-gap  were  IIT"''" 
well  rounded.  The  vibrator  was  placed  vertically  in  the  focal  uJi^Lt 
line  of  a  parabolic  cylindrical  reflector  made  of  ordinary  sheet 
zinc  nailed  on  a  wooden  framework  out  into  proper  parabolic 

•  PMl.  Mag.  July,  1881. 
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aba^e.  The  oylindera  were  connected  with  fttt  induction  coil 
by  insulfited  wires  passing  through  holee  in  the  zinc  behind 
them.  The  mirror  was  about  two  metres  ia  length  and  about 
70  cms.  in  depth  along  the  axis  of  the  parabolic  figare,  as 
shown  in  Fig.  197.  The  exciter  thua  placed  prodnc^  waves 
of  electric  force,  the  direction  of  wbicD  near  the  source  waa 
parallel  to  its  axis.  These  were  received  by  the  mirror,  and 
reflected  into  a  parallel  beam  which  would  be  observed  by 
means  of  a  suitable  receiver.  In  moat  of  the  experiments 
however  the  beam  was  received  by  a  similar  reflector facinr  the 
former  so  as  to  concentrate  the  radiation  on  its  focal  line, 
which  waa  parallel  to,  in  some  experiments,  in  others  at  right 
angles  to  the  former. 


Fio.  1S7. 

The  In  the  focal  line  of  the  other  miiroT  was  placed  a  receiver 

Beceiver.  made  of  two  piecea  of  thick  wire  each  50  cms.  long  placed  in 
line  as  shown  in  Fig.  197,  with  a  gap  of  about  6  cms.  between 
their  ends,  and  completed  by  two  thin  wires  about  12  cms.  long- 
led  out  at  right  angles  to  the  rods  to  the  back  of  the  mirror. 
These  were  tipped  with  a  knob  and  point  as  shown,  ko  as  to 
form  an  adjustable  spark-gap  which  could  be  conveniently 
observed  from  behind. 

It  wasfound  by  this  arrangement  that  electric  radiation  could 
be  detected  at  a  much  greater  distance  from  the  source  than 
with  tlie  ordinary  vibrator  and  receiver  used  as  described  above 
without  reflectors.  In  these  as  in  all  other  experiments  the 
knobs  of  the  vibrator  have  to  be  repeatedly  cleaned  and  its 
spark-gap  must  be  screened  from  the  direct  light  of  the  spark 
in  the  induction  coil. 

Clearly  a  parallel  bt^am  of  plane  polarized  light  was  thtiB 
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obtained,  and  conaitrted,  aa  the  ezperiments  allowed,  of  electrical      Plaue 

vibrations  parallel  to  tlie  vibraior  accompanied  by  majtnetio  rolariioil 
vibrations  at  right  angles  to  the  former  and  to  the  direction  of    E'^itiic 
propagation.       Placing   tlie    ttiial   planes   of   the    mirrora    in      ^«^- 
coincidence  gave  augmentation  of  the  electric  effect,  croasinE 
the  niiirora  eztinguialied  the  eifect  at  the  receiver  in  the  second 

Again,  a  grating  of  parallel  copper  wires  p'.aeed  between  tbe  Effect  of 
inirrora  entirely  stopped  the  radiation  when  the  wires  were  at  Grating 
right  angles  to  the  vibrator,  allowed  it  to  pass  freely  wlien  of  Wires. 
turned  through  90°  from  the  former  poaition. 

AW  it  was  found,  in  a  repetition  of  theae  experiments  by   Beflector 
Prof.  Fitagerald   and  Mr.  Trouton,*  that   the   electromagnetic         at 
beam  was  reflected  from  a  wall  about  three  feet  thick  when  the  Polarizing 
vibrations  were  at  right  angles  to  the  plane  of  reflection,  and     Angle, 
not  at  all  at  the  polarizing  angle  when  the  vibrator  waa  in  the 
plane  of  reflection.    Thia  result  however  only  ahtiwcd  that  the 
eltclric  vibration  is  at  right  angles  to  the  plane  of  polarization  ; 
it  does  not  settle  the  question  as  to  the  direction  of  vibration  of 
the  ether  in  a  beam  of  plane  polarized  light. 

Hertz  found  that  such  an  electromagnetic  wave  was  not  only  Befiaction 
reflected  like  a  light  wave,  but  ia  also  refracted  according  to  the        of 
same  law  of  refraction.     An  immense  prism  of  pitch  having  an  Electrical 
ieoacelea  triangular  section  of  ISO  cma.  side,  and  a  refracting     Waves. 
angle    of   30°,  was   made  by  melting  pitch  into  a  wooden 
supporting  case.    The  prism  waa  placed,  with  its  refMcting 
edge  vertical,  nt  a  distance  from  the  vibrator  of  2'6  metres, 
and  the   beam  was  made  incident  on  the  face  at  an  angle   of 
65°.     The  receiving  mirror  was  estimated  2'5  metres  from  the 
prism  on  the  other  side,  and  ahowed   a  radiation  beginning, 
reaching  a   maximum,   and   falling   off  to   zero,  at  deviation 
11°  22=,  34°. 

The  experimenta  were  repeated  with  the  focal  lines  of  the 
mirror  parallel,  and  practically  no  difference  in  the  result  was 
obaerved. 

The  index  of  refraction  for  pitch  given  by  the  ozperiraents 
was  1-69,  which  nearly  agreea  with  the  index  16  to  1*6  found 
for  pitchy  substances  by  optical  experiments. 

Prol  Oliver  Lodge  and  Dr.  Howard  have  made  observations  Lodge  and 
on  the  ooncentralion  of  such  vibrations  by  means  of  lenaea.t  Howard's 
Two  enormous  lenses  of  hyperbolic  cylindrical  figure  were  con-     Experi- 
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menls      atructed  of  mineral  pitf  h,  nod  were  placed  with  their  asial  plaoes 
wiUi       coincident,  end  their  place  faces,  or  basen,  turned  tow&Tda  one 
Lou*'-     another.    These  lenses  weie  so  proportioned  that  the  beam  pro- 
duced by  a  linear  exciter  in  the  external  focal  line  of  one  tnig-ht 
emerge  parallel  from  the  plane  face  of  that  Icna,  and  then  be 
concentrated  by  the  second  lens  on  the  corresponding  focal  line. 
Optieally       An  interesting  point  noticed  in  many  of  these  ezperiments  ia 
OpB(}aB     the  perfect  transparency  totliese  vilirations  of  optically  opaque 
Bodies      substances.     A  atone  ivail  three  feet  thick  has  been  found  to 
''"°''      offer  no  obstacle  to  the  passage  of  such  waves.     In  fact  in  some 
£?"p  "*.   eiperiments  made  by  Prof.  Fitzgerald  at  Dublin  the  receiver 
Wavra*^   was  placed  on  a  pillar  in  the  garden  outeide,  while  the  exciter 
was  m  action  in  the  laboratory.    This  is  no  doabt  a  phenatDenon 
of  the  same  character  practically  as  that  of  tlie  transparency  of 
a  thin  film  of  raetal  to  light,  and  is  conditioned  by  the  relation 
of  the  wave-leneth  to  the  tliickness  of  the  obstacle.    [See  p.  SOO 
above.     It  has  Deen  found  by  Maxwell,  El.  ami  Mag.  Vol.  II. 
Chnp.   XIX.,   that  the  transparency  of  tliin  metallic   films  is 
greater  than  that  given  by  the  electromagnetic  theory.  See  also 
Wien,  Wied.  Ann.,  36  (1888).] 

Much  interesting  information  regarding  electrical   radiation 

has  been  obtained  oy  Tronton,  Boys,  Dragouniis,  and  others,  of 

which  it  is  impossible  here  to  give  any  account.    The  great 

desideratum  however  now    is   some   method   of  roalDtaining 

electrical  vibratiooe,  ao  as  to  enable  tbeir  phenomena  to  b« 

fully  studied. 

Lodge's        In  concluding  this  chapter  and  the  present  work  reference 

Eiperl-     must  be  made  to  the  groat  mass  of  extremely  interesting  and 

meuts  on    important  results  connected  with  electrical  discharge  and  radia- 

Electrioal  tion  which  have  been  obtained  during  the  last  four  or  five  year* 

Diicharge  by  Dr.  Lodge  of  Liverpool.*     He  has  shown  that  in  many  cases 

P    '''^.        a   thunder   cloud   dischargiog  to  tiie  earth   is   really   a   great 

Kadiation.  Herteian  vibrator,   and    that   the  disohiuge,  being   therefore 

oscillatory  in  character,  produces  moat  violent  electrical  aurgi 

ings  in  metallic  conductors,  whether  insulated  or  otberwiae. 

Construe-  ^^'(^^    happen   to    be    within    a    moderate   distance    of    the 

tion  of'  discharge. 
Lightning       These    results    of   theory    and    experiment    have    led    to 
t^oD-       important  conclusions  as  to  tlie  proper  construction  of  lightning 
ductors,    conductors  for  audi  cases.    Thus  Dr.  Lodge  has  pointed  out  the 


*  See  a  series  of  pnpen  in  the  EUdrieiati,  vols.  22,  28  (1S8S — 9, 
1S89),  and  a  lecture  on  "  Electrical  Oscillations,"  Bojal  InsUtation, 
April,  1889,  EUdrieian,  voL  22. 
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importance  of  surface  in  a  lightning  conductor  since,  in  a 
rnpidly  varyiag  diBciiarge  the  current  is  practically  confined  to 
the  surface  atratum,  and  the  superiority  from  this  point  of  view 
o£  iron  over  cotton. 

In  consequence  of  the  "circular"  magnetization  of  an  iron 
wire  produced  by  a  current  along  it,  the  current  is  more  strictly 
contined  to  the  Burface  than  in  a  copper  conductor,  go  that  the 
inoreaae  of  reaiatnuce  thus  produced  in  sufScient  to  insure  a 
more  rapid  dissipation  in  nn  iron  wire  of  comparatively  small 
cross-section.  Whether  it  would  be  safe  to  make  all  lightning 
conductors  according  to  this  principle  is  a  question  about  which 
there  is  considerable  diSerence  of  opinion  ;  but  there  can  be  no 
doubt  that  it  will  not  do  any  longer  to  consider  a  lightning  dis- 
charge as  a  mere  case  of  ordinary  conduction  to  be  provided  for 
simply  by  a  large  thickness  of  good  conducting  material. 

It  has  been  found,  also,  by  V.  Bjerknes  (Electrician,  Nor.  18, 
1898]  that  the  damping  out  of  oscilktionn,  excited  in  a  Hertzian 
resonator,  takes  place  more  quickly  when  the  resonator  is  made 
of  iron,  than  when  it  is  made  of  non-moguetic  material.  This 
agrees  with  the  result  just  stated. 
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APPENDIX 


1.— ZONAL  SPHERICAL  HAKMONICa 

A  aphericBl  harmonic  may  be  defined  as  a  homogeneoua   Spherical 

function  at  z.g,  z  wfaich  BatiafieB  Laplace'a  equation,  Hannonie 

'  r  -.  Defined. 

Sine*  it  IB  faoinogeneouB  it  BatieiieB  alBO  the  relntion 

tir+'^+'IT- « 

if  n  be  the  degree  of  the  function. 

The  fundamental  equation  may  be  tranefoimed  by  the  sub- 
stitution of  the  variables  r,  6,  ^,  connected  with  i,g,  t  bj'  the 

«  •■  r  sin  tf  cos  ^  \ 

f  ~  r  sin  4  sin  ^  > (3) 


Of  'these  6  may  be  regarded  as  the  co-latitude  and  ^  the 
longitude,  or  6  and  ^  may  be  taken  as  respectively  the  poTar 
distance  and  right  ascenaion  of  the  point  x,  g,  t,  of  which  r 
is  in  both  eases  the  radius  vector  from  the  origin. 

When  these  substitutions  are  made  Laplace's  equation  be-   Laplace's 
comes  Equation 

a^     ^l-,.'a*'^d,iV         '^'d^l  ^'      nalei. 

if  11  denote  cos  ^. 
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EqDBtion  (2)  becomes  plainly 

The  lait  result  givea 

.?p  =  .(.  +  . 

Heooe  (4)  takes  the  form 


Soharical  jf  p  denote  s  aphericat  harmonic  of  degrae  n,  we  may  write 
Surface      it  in  the  form  r"5,.     ,S   is  a  function  of  6,  *,  but  not  of  r,  am 

nsrrnome  j,  called  a  ephericai  surfac«  harmonic  of  degree  n.  It  aatieficfl 
D.BDod.     by  (6)  the  equation 

If  T^Sn  doDote  a  spherical  harmonic  of  degree  n,  r-l'+^)S* 
denotes  a  spherical  harmonic  of  degree  —  (n  +  1).  To  prove 
this  we  hare  only  to  ootice  that  it  clearly  ssitisfiee  (6),  since 
S%  Butisfies  (T).    Again  if  we  denote  it  by  f,  we  have 

?£"=._{„  +  l)r-("+t)5»  -  -  --  +  i  F 

which  is  what  (5)  becomes  when  n  is  changed  to  —  («  +  1). 

If   Sn  is  symmetrical  aboat   an   axis   it   is   called  a   zonal 

surface  hsrinonie  (or  simply  a  zona!  harmonic)  of  order  m.  We 
may  take  tlie  axis  of  symmetry  as  axis  of  t,  so  that  the 
symmetry  is  expressed  by  making  Sn  independent  of  <fi.  We 
sliall  denote  a  zonal  harmonic  of  order  n  by  & 

DifTeren-        The  difEerential  equation  satisfied  bj  Z,  is  by  (T) 

tion  Satis- 
fied by 
Zonal 

Hsrm^io        "^^  discovery  of  zonal  harmonics   resolves  itself  tJien  into 
'  finding  particular  solutions  of  this  equation.    The  most  innport- 
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ant  case,  and  the  only  one  which  we  here  conaider,  is  that  id 
which  n  ia  a  poaitive  integer. 

We  asaume  first  that  u  may  be  expanded  in  a  aerieaof  powers    Calcnls- 
of  It.     Thus  writing  tion  of 


subatituting  in  the  differential  equation  (A),  and  equating  co- 
efficienta  of  like  powers  of  fi  we  get  first  from  those  of  ft"i 

fm,  -  n)  (m,  +  n  +  1)^,  -  a 

Since  A^  is  not  zero  this  gives  m^  =  n,  or  m^  =  -  (tt  +  1), 
Thus  there  are  two  solutions  according  as  m,  is  taken  =  n,  or 
=  —  (n  +  1).  ni,  is  then  found  to  be  nii  —  8,  m.  =  wij  -  4,  ftc. 
Again  the  aucceBRive  coefficienta  in  (9)  are  found  to  be  con- 
nected by  the  relation 

.    _      (m,  -  8r  +  4}  (Ml  -  Br  +  8) 
2(r  -  1)  (2mi  -  2r  +  3) 

wbiobover  value  ia  given  to  in,. 
Hence  if  we  take  m,  =  n,  (9)  becomes 

'r       2.{2n-l)'^ 

^2.4.{2n-l)(2n-3)'^  /        '     ^     ' 

The  series  within  brackets  in  (10)  Is  finite  and  has  for  last  Expm- 
term  (-  I)!"  n  I  n  I  n  {/(in  I  in  I  2n  I)  if  n  be  even,  and  aion  for 
C-l)i(— iVBln!(n-l)l/a("-l)liC"-')IC2'«-  l)l|if  nbe  Zonal 
odd.  Surface 

Another  seriee  is  obtainable  by  putting  m^  =  -  (n  +  1),   This  Hannonic. 
and  the  former  multiplied  each  by  an  arbitrary  conatant  and 
added  togetlier  give  the  complete  solution  of  (8).* 

The  series  in  (10)  with  2n  t/2"('i  I)'  substituted  for  jj,  is  wbat 
is  called  the  zonal  surface  harmonic  of  order  n.     Thus 
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2(2n  -  J)**"' 

n(n  -l)(n-  S)  (n  -  3)  _ 

^   2.4.(2n-  1)  {2»-3)  '^ 

It  may  be  verified  by  differenUation  that 


and  by  ezpaneion  of  (1  -  2fii  +  A*)  -i  in  powers  of  i  that  Zn  ■« 
the  coefficient  of  *■  in  tlie  reBultiiig  series.  It  ie  thia  latter  fact 
that  renders  the  choice  of  the  value  above  assigiied  to  ^j  con- 
venient. 

By  means  of  (II)  we  can  at  once  write  down  tlie  zonal  surface 
harmonic  foe  any  assigned  vsloe  of  ».  Thus  for  Talues  of  n 
from  0  to  7— 


_       9.7    .      7.5    ,  ,  5.3 

^•  =  274"    r2''+ir4'" 

II.9.7   ,      9.7.6   ^  .  7.5.S  ,      5.3.1 
•""2.4.6''  "2.4.2''  "'"2.4.2''       2.4.B' 

_       13.11.9   ,      11.9.7   ,,  9.7.5   ,      7.5.3     , 
'"2.4.6''  ~  2.4.2''2.4.2''  "2.4.6''' 

A  nomerictl  table  of  the  first  seven  zonal  surface  harmonics 

calculated  by  Prof.  Perry  for  values  of  /•  for  every  degree  &om 

0  to  90^  is  given  at  the  close  of  this  nofe, 

Haiwell's      The  following  method  of  defining  a  solid  spherical  harmonic 

Method  of  is  due  to  Clerk  Maxwell  (£/.  crtufifat),  Vol.I.,Chap.ix.).  Let  an 

Axes,      electric  doublbt  of  moment  *,  be  pluced  at  the  origin  with  its 

axis  in  any  direction  the  cotines  of  which  are  I,  w,  n,  then  by 
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(8)  p.  14  above  its  potential  at  the  point  {»,  f,  /)  at  dislance  r 
from  the  origin  ib 

If  tlirn  the  operation  Id/di  •+■  mijdy  +  i.9jiz  be  denoted  hy    Doablets 

dldk^,  where  tl^  is  a  distance  along  the  bsu,  we  may  call  the    "f  Diffe- 

operation  diDurentiotion  with  respect  to  the  axis  *,  and  we  „  f*"'    . 

have  Ordenand 

d   /\\  .,  "**■ 

'■■— >i^G)-'3 "" 

where  ft,  ia  tlie  angle  between  the  direction  of  it,  and  of  the 

line  diHwn  from  llie  origin  to  (w,  y,  z). 

With  retpect  to  this  liind  of  differentiation  we  may  notice 
that  if  tlie  sufBx  j  indicate  any  axis  whatever  with  direction 
cosines  Ij,  mj,  n/,  and  p.}  denote  the  coaine  of  the  angle  between 
the  axis  referred  to  and  the  line  from  the  origin  to  (r,  y,  z),  and 
A      the  cosine  of  the  angle  between  ihe  axer,  we  Lave 


dhj 
Again  if  the  suffix  k  indicate  another  axis 

=  \{hi-m^) (16} 

Now  let  two  doublets  of  momenta  —  *|,  +*i,  with  axes 
parallel  to  il,,  be  placed  with  their  centres  on  another  axis  h^  at 
diatances  —\bh^-\-\difiiom  the  origin,  the  potential  at  (t,y,z) 
due  to  the  pair  of  doublets  is 


•.".i.(3> 
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If  we  diminieli  ^jt,  iodefinitely  and  iacrease  4)  so  tlial  *|9i. 
remiiinB  a  finite  quantity  *j/2,  we  have 


....     (16) 
Hence  performing  the  differentietion  we  get 
■  "'Vil,       ^  Jl,l 

-i*'(s™^-« (i;) 

This  ie  the  potential  due  to  what  rooy  be  called  a  doublet  of 
the  second  order  placed  at  the  origin.     It  may  be  written 

''■-<- ■'■•.♦.4;4G) <■»' 

Let  now  the  doublet  of  the  second  order  we  have  jnat 
fliipposed  built  up,  bo  imagined  placed  with  change  of  direction 
with  its  centre  on  a  third  axis  jt,  at  a  distance  ^i,  from  Ihe 
origin,  and  an  egual  doublet  of  the  second  order  but  of  opposite 
sign  placed  with  its  centre  on  the  same  axis  at  the  name 
distance  from  the  origin  on  the  opposite  aide.  Then  the 
potential  of  thte  arrangement  at  (r,j',2)  la 

If  we  diminiBh  Bi,  and  increnae  *,  so  that  M^  remains 
finite  and  equal  to  *j/3,  we  get  a  doublet  of  the  third  order  at 
the  origin  with  axes  lij,  it,,  j,,  which  produces  a  potential  at 
{r,  y,  ;)  of  amount 

'J  V         '^    *S,      n     g  J.     J,     J,     I   _I      •  \"i 


Aiial         Proceeding  in  this  way  we  can  build  up  a  doublet  of  anjr 
Definition  order  n  with  axes  J,,  ig,...4B.    The  potential  produced  at  (.c,  y,  t) 
of  Solid    by  this  doublet  is 
Harmonic. 
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If*,-  1 


and  ia  a  solid  hannonio  of  degree  -(»-{-  1).  For,  performing 
the  differentiationa  transforma  tbe  equation  into 

r,-r-t-+l)^,. (21) 

where  Ai  ia  a  function  of  the  n  cosines  of  the  anglea  between 
the  axes,  and  the  line  from  the  origin  to  {r,$i,t)  and  of  the 
n(n-l)/2  cosines  between  the  different  pairs  of  tho  axes.  Also 
Fn  obriouslj  satisUes  the  definition  of  a  apherical  harmonic 
given  above. 

The  value  of  S-  can  be  found  by  aaccessive  applications  of 
(U).    ThuB 

The  general  surface  haTinonic  lias  ttie  expression  [Maxwell,    ExprtK- 
El.  and  Mag.  Vol.  I.  p.  186,  2nd  Ed.]  sion  of 

General 

«■  =  2[(-  'J'a--'"  uf^'.)  I  ^  t^'^^^'O    ■     (23)H.mSSic, 

in  which  3{fi"-i4')  denotes  the  sum  of  all  products  of  terms 
of  which  M  of  the  factors  are  different  cosines  X  with  double 
suffixes  and  n  — 2i  factors  are  different  cosines  u  with  single 
suffixes,  and  the  extomal  Z  denotes  summation  for  all  values 
of tfrom  Oto  |ii.  It  is  clear,  since  the  suffix  of  each  axis  appears 
once  and  once  only  in  each  term,  being  brought  in  by  the 
differentiation  witli  respect  to  that  axis,  that  if  (here  be  * 
factors  with  double  sumzes  in  any  term  there  must  be*— St 
factors  in  the  same  term  with  single  soffises. 


D,s,i,7ert  by  Google 


Derivation      If  all  the  asM  coincide,  eay  with  tlie  azia  of  t  tbe  barmonic 
of  Zonal    becomse  a  zoDal  solid    hannoaic  aod  S%  d^geoeraten  into  a 
Sorface     surface  harmonic  o(  order  n.    Thua  the  aolid  harmooic  ia 
Har-  I 

"•"■•  ,-(.«,&.(- I).  1,?;(1).     ...     (24) 

-■  =  <-"-=;^,?U)-     •     •     '^'>      j 

It  mav  b«  verified  by  expamion  that  tliia  agrees  with  (II) 

and  (12).  i 

Proof  The  lundamental  relations  uaed  at  pp.  47,873  catt  be  deduced  j 

Fanda-     from  equations  (6)  and  (12).     We  shall  Uke  the  first  of  (80)  p.  I 

mental     47,  and  (50)  p.  273,  as  examples.  By  (IS)  I 


Putting  a  =  ifi*  —  !)■- 1,  and  using  thia  result  in  (26)  multiplied 
by  /i'  -  1,  we  get 

2"-i(B-l)!(>.>-l)^'.  =  Vi^— ,V-l)"-'» 

+  Kf.'-i)/^JO**-i)->l-''^\!y-i)"-'I  •    (*ft) 

But  by  (8) 

=  ^(„-l)^|(^i-l)-if 
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since  the  integral  Tanisliea  at  the  auperior  limit.    Hence,  taking 
the  two  first  terraa  on  the  right  of  (;!8),  we  get 


=  '^[('*-^>|?.((^'-^)"-'!+''|^\l(''*-0-'}] 
-"M—^iM/'*-!)-'}  [by  (27)] 


=  2-i(n-l)I«p2;. 
Substituting  in  (28)  and  dividing  by  Z*-l(n-l)l 

(f?-\)Z'n  =  «liZn  -  «Zn-\       .     . 


whicli  is  the  first  of  (80),  and  the  first  of  the  two  relations  used 
ftt  p.  273  to  obtain  (50)  and  (W).  We  can  still  more  easily 
prove  (60),  p.  273,  directly ;  we  have 


=  8-Ml-i)!["g^i'f'''-^^-''+^;^-'>'-')'-'] 

[by  (27)] 

-  nZi-l  +  iiZ\-i (80) 

Hence 

^-i-^(r.-^,_0 
which  is  <K>). 
The  other  relatione  may  be  eetablisLed  by  nmilar  proceseeB. 
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Th«oretn        The  followiag  theorem  is  of  great  iroporUnce ;— If  Zm,  Z„  be 
of  Product  two  ZOD&I  surface  hannoaias  of  orders  m,  n, 
of  Two 

To  prore  it  we  have  by  (8) 
«»' 

dp 

Multiplying  the  first  of  these  by  Zn  tlie  second  by  Zm  &nd  aob- 
tracting,  observing  that  n(n+l)-»i(»i +!)-(«-»)  (»i  +  «+l), 
we  find 


which  gires  (31)  at  once  by  integration. 

If  the  integral  io  (31)  be  taken  from  -  1  to  +  1>  then 
1  -  fi'  —  0,  at  both  limits,  and  the  expression  on  the  right 
vanishes  nnleas  either  n  —  m,  or  n  —  -  (m  +  I).  Hence  if 
neither  of  these  conditions  is  fulfilled 

I^V^.rfM-0 (32) 

Spherical       We  shall  now  give  some  examples  of  the  uee  of  spherical 

Sarmonic   harmonics  in  ezpnnsiona.      First  we  sball  take  the  expansion  of 

Eipan-     l/pp-  where  Pi"  is  the  distance   of  a  point  P  from   another 

sioDi.      point  p.     Let  r,  r",  be  the  distances  of  the  points  from  the 

origin,  /i  ttie  cosine  of  the  angle  POP',  then  we  have 


-(r'-2Mrr'  +  r'*)-*. 


If  we  write  A  for  r'/r,  and  if  i<l  we  can  expand  thla  in  a 
convergent  series  of  ascending  powers  of  h.      But  we  hare 
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I  the  expansioD   of 

^  =  i{2i  +  ^,*  +  Z,A« +  ....}     .    .    .     (33) 
If  r'jr  >  I  we  have  only  to  put  k  =  r/r'  and  we  get 

~=^{Z,  +  Z,A  +  Z,i* +  ....].     .    .    (330 

By  means  of  this  result  tlie  potential  of  any  dtatribution 
whether  of  attracting  matter  or  of  electricity  or  magnetiam, 
can  be  eipressed  in  a  series  of  zonal  harmonics. 

For  let  A  be  the  distribution,  P'  the  position  of  an  element, 
P  the  point  at  which  the  potential  is  to  be  found.    Thtn  taking 


coordinates  from  an  origin  0,  T,r,  are  the  dislnnces  0/*,  OP',    Sphericitl 


of  the  distribution  its  potential  is 

fierisi  for 
Potential 

^  =  ^(2o  +  ^,^  +  ^^'  +  ....) 

ofimy 
.     .     (34)  given  p^- 
tribution 

if  r  >  K,  nn,I 

^  =  ^(if^  +  2,A  +  ^^* +  ...,). 

■     .    (340 
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r-f^{Z,  +  Z^k  +  Z,V +  ....}) 

L  V     .     -     (35} 

r  -  J^  (2.  +  ^lA  +  Z^h*  +  ....)) 

the  iiitejjfral  being  taken  throughout  tlie  distribution. 

If  for  one  p  irt  of  the  diitribution  r>r',  «ad  for  another  ptrt 
tK?,  ths  integration  must  be  divided  into  two  corresponding 
parte,  one  for  which  h  =  r/i',  nnd  the  otlier  for  which  h-^r'/r. 

If  ZOP'  be  denoted  by  ff,  ZOP  by  6,  and  the  angle  which 
tlie  plane  of  P'  and  tlie  aii^  OZ  mahee  with  a  ficed  plane 
tbrongh  the  aiia  hv  0',  then  if  p  be  the  danaity  of  the  dietribu- 
tion  at  P 

da-pr*  aln  9  dff  rf0'  ir\ 

and  the  integral  muHt  be  taken  between  limits  0  and  a-  fi>r  B'  0 

and  lit  for  ^ ,  and  0  and  f'l  for  r',  where  r ',  ia  the  auperior  limit 

of  T  for  given  values  of  6  and  0'. 

Latrendre's      ■*"   important  theorem  due   to  Legondre  greatly   facilitates 

Theorem   calculationi  of  potentiala,  forces,  &c.,  for  the  case  of  ayinraetry 

far  Dii-     round  an  axis.      Let   it    be    possihie  to  expreae  the   quantity, 

tribationi   (aupposeil  to  aatiefy  Laplace's  equation)  which  it  is  desired  to 

Symaielri-  cakulate,  for  points  along  the  axia  in    a  aeriee  of   aacending 

c*l  about    or  descending  powers  of  z,  according  as  may  ha  necessary  for 

an  Axis,    convergence.     Thus  for  points  on  the  axis    let  the   quantity 

sought  be  «•„  then  by  hypothesis 


r.-.  +  5  +  5  +  3+....  \ 

,■„  =  ff'„  +  «■,«  +  0'^  +  ^'^  +  ....) 

n  from  these  expressioiis  lind  the  value  of  v  foi 
on  theaziB,  Bay  at  a  distance  f  from  it.    Itr*  =  <z* 

.       Zt    ,       Z^    ,  1 

(■  =  0  +  ffo  -"  +  a,  ^j'  +  .  .  . .  1 

V  =  a'oZ,  +  ifiZ^T  +  a\Z^  + ' 


(36) 


(37) 
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Uiat  is  wo  hftve  only  to  Hubatitute  r  for  *,  and  multiply  the 
teram  of  ooefficients  a„,  Oy  &c.  by  the  koiihI  Bnrface  hurnionica 
of  ordera  indicated  by  the  suffizea.  It  is  to  be  obKorved  that 
tho  zonal  aurface  harmonica  are  chosen  for  the  terma  in  the  two 
aeries,  ao  that  in  each  case  the  tcrmii  are  the  aucccaaive  zonal 
solid  hannonica,  in  the  6r»t  neriex  of  degreea  -1,  -2,  -3, 
4c.,  in  the  second  of  degrees  0,  1,  2,  3  &c.  These  involve  in 
both  csaea  the  aame  aucceaaive  durface  hamioDica  of  orders 
0,  1,  2,  3,  Ac-.,  according  to  the  theon-m  proved  above  that  to 
every  aolid  harmonic  f*Sm,  of  degree  n,  there  corresponds 
another  f-(«+i).S.  of  degree  -(n  +  l). 

As  an  example  fake  the  eaae  of  a  wire  bent  icio  a  clrole  of  Potential 
radius  a,  and  carrying  a  cunent  y.  Tiie  magnetic  potential  at  d"*  » 
a  point  on  the  azia  of  the  circle  at  distance  i  frcm  the  centre  Circular 
18  Cnmat. 


Weniay  write  1-1/ ^i»  +  fl«  in  the  form  1-{1 +  a»/'*)"*.  •»* 
if  a  <  g  ezpand  in  descending  powers  of  «.    Thus  we  nnd 

'^-M5MS  +  nS-S3  +  - ■•)   ('») 

In  like  manner  ita  >  :,  we  obtain 

r.  =  2^(l-^  +  l^_M+   If!.  )      (39. 

^V         o^2fl        8  a*  ^  leaf      /      ^     ' 

Thus  for  points  taken  anywhere  we  get  from  (38)  and  (39) 

'^2      r*      8      r*  ^  16      »*      f\ 

,.     (40) 

according  as  a  <  or  >  r. 

This  is  really  the  problem  treated  at  p.  46  aboye.  Another 
eiamp'e  i«  given  by  the  problem  of  two  shells  diecusaed  at  pp. 
48,  49,  above.  *^*^ 

VOL.  n.  3  H 
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The  theorem  used  in  equations  (37)  and  (40)  may  be  regarded 
s  aa  a  Hmiting  cftan  of  Oreec's  tbeorem,  that  if  a  function  of 
'  x.jf,  tin  found  to  aatiafy  Laplace's  equatiou  throughout  space 
external  to  a  cloeed  eurface,  and  to  give  specified  values  for 
points  on  the  surface,  that  function  is  tlie  only  one  fulfilling 
these  conditions.  In  the  present  esse  the  closed  surface  is 
■hnink  into  a  line,  and  in  atrictneas  tbe  theorem  requires  special 
demongtration.  Le  send  re 'a  own  proof  will  be  found  in 
Minchin's  Statics  Vol.  II.,  p.  341  (Sec.  Ed.).  The  folloning 
proof  given  by  Minchin  p.  324,  lor,  cit.,  is  simpler. 

For  the  case  of  symmetry  round  an  axis  if  f  be  the  distance 
of  tbe  point  considered  from  the  axis  Laplace's  equation  takte 
the  form 

which  it  ia  to  he  noted  gives 


at  all  i)oints  on  the  sxia  in  tbe  space  throughout  which  it  is 
Buppofled  that  the  equation  holds. 

If  then  we  know  a  funcIioD  U  which  Fatisfies  (41),  and  givei 
the  specified  values  at  points  on  the  axis,  let  if  poesible  P"  be 
another  function  which  does  the  same  thing-.  Then  P"—  C(iat 
Bay)  roust  fulfil  (41),  and  be  zero  at  points  on  the  axis.  Hence 
at  all  auch  points 

?*_o,   ?!?-o..... 

We  uan  now  show  that  for  any  point  on  the  axis 


8"  ff/S**    ,^*\,    8*1 


D,s,i,7ert  by  Google 


ZONAL  SPHERICAL  HARMONICS 


,3"+'* 


:^) +<•+■)* 


If  tlierefore  a"-i*/Sf"-'  =  0  for  pointH  on  the  axia,  a«+i»/ 
df«+i  =  0.  But  d*/8f  =  0,  nnd  a**/a£*  =  0,  and  therefore 
B^/af  =  0,  and  HO  on.  Hence  it  followa,  since  the  differentia- 
tionB  are  commutative,  that  9w+"*/9i"af"  —  0. 

ExpreSHiiig  then  4  an  /(;,  {)  and  expanding  by  Maclaurin's 
theorem,  denoting  values  of  i,  dt/ds,  &c.,  for  points  at  the  origin 
by  the  suffix  0,  we  get 


.»4-^»4-     '-(,•?!  +-2,,^  A.^^\ 


M.-££ 


since  all  tlie  differential  coefBciants  vanisli. 

Hence  4  =  0,  everywhere,  which  proves  that  U  cannot  differ 
from  r. 

It  is  ohown  above,  p.  274,  that 


where    Zi    is    a    zonal    harmonic    of   order    i,    x  =  ftr,  and    Calcub- 
A  =  vo*  +  *■*  —  X.    The  evaluation  of  these  integrals  is  of     ''*'*  "f 
great  importance  for  the  calculation  of  the  inductances  of  coils,   f-^L  ^ 
and  by  tnia  theorem  they  can  bo  obtained  at  once  by  simply  j  "^^^ 
finding  the  successive  differential  coefGcients  of  A.    As  promised 
we  give  here  the  Snt  eleven  differential  coefficients.    It  may  bo 
noted  that  they  can  be  written  down  with  great  facility  from  the 
known  expressions  for  the  siiccessive  zonal  hannonics  by  the 
equation 


(_  1)^+1  (.■_  1)1 


"  Hi2      Sxi+i 


--?.      S-'-(5^-^)i 
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-3.5aV(7i=-    3-^,  i. 


^^  =  -  3' .  5«Sx(-231i''  -  210*M  +  35i^)  i. 

^■^  =  3' .  6tf«(30O3j^  -  34e5jr*y»  +  gio^ir*  -  35r»)  I-.. 

^  -  -  3' .  6 .  7a*j(6435j«  -  9009j'r'  +  3t65z«/*  -  3l5r^)  i 

^"^  -  3».5*.7«»(72!>3*'  -  I2012.V  +  eOOBx*/*  -  924j*/« 

g!^  =  -  3' .  5' .  7  .  9a>j-(46189ir»  -  ilbX^xi^  +  64054z*r' 
-  12012i'f«  +  693/-S)  -V. 
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ir. 

ERRORS  OF  OBSERVATION  AND  THE  COMBINATION 
OP  EXPERIMENTAL  RESULTS. 

All  obgerrfttions  of  physical  qiiantitiei  are  subject  to  two 
kinds  of  errore,  (1]  constant  and  therefore  avoidable  errors,  (S) 
errors  which  are  due  to  the  inlierent  inaccuracy  of  observation, 
and  which  niay  be  said  to  be  accidental. 

Among  the  former  are  errors  due  to  some  cause  which  affecta  Natnr*  of 
all  the  operations  of  n,  certain  class  to  the  same  extent,  for  Errors  of 
example,  a  constant  wini)  blowing'  acroes  a  rifle-range,  the  ObBorra- 
personal  eqnation  of  an  observer,  or  the  zero-error  of  the  scale  ^"k. 
of  an  instrument  The  latter  comprise  erroii  such  as  those  (;„nj(,nt 
produced  in  striking  a  target  by  inevitable  inaccuracies  of  aim,  ^^ 
errors  in  reading  the  scale  of  an  instrLiment  through  inaccuracy  Accidental 
of  setting  or  of  eiitiinBtion  of  fractions  of  a  division,  &a.  Errors. 

The  former  class  of  errors  can  in  general  be  very  exactly 
eiimiaated  from  all  ohservations,  and  we  shall  not  discuss  thero. 
The  latter  class  beiirg  regnlatcl  hj'  no  one  definite  physical 
cause  are  as  liable  to  be  errnra  of  defect  as  of  excess,  that  is, 
positive  errors  are  as  probable  in  the  mathematical  sense  as  are 
negative  errors.  By  this  we  mrnn  that  in  a  large  number  of 
observations  of  a  quantity,  the  true  value  of  which  is  accurately 
known,  the  differences  between  the  true  value  and  the  observed 
values  would  be  fairly  equally  distributed  on  the  two  sides  of 
the  former.  Further  in  all  such  cases  it  is  matter  cf  common 
observation  tliat  errors  occur  with  less  frequency  the  greater 
their  magnitude,  and  that  very  lar^o  errors  hardly  occnr  at  all. 

Experience  shows  in  fnct  that  accidental  errors  of  observation      Distri- 
are   distributed   according   to   a   certain   law,    which   may   be    hntion  of 
deduced   by  an  application  of  the  theory  of  probabilities,  in  AMJdental 
the  following  manner.*    We  assume  that  the  probability  of  a     Errors. 
De§rative  error  is  equal  to  that  of  a  positive  error  of  the  same 
ms^itude.    Hence  the  probability  of  an  error  of  magnitude 
X  must  be  an  even  function   of  x.     Thus  the  probability  of  an        Error 
error  between  x  and  x  +  dx  (or,  briefly,  of  an  error  x)  is  ^(*^(£r.   Function. 
But  the  error  lies  between  -  no  and  -f-  ^  i  and  hence 


f<l,{^dx  =  1 
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Fonn  Th«  fonn  of  tbe  fuactioa  0  msj  be  fouod  in  th«  fullowing 

of  Error  mnoner.  Let  two  axes,  oae  vertical,  the  otiier  horizontal  be 
FiUDtion.  ruled  through  the  middle  of  the  bull's  eye  of  a  tarj^t.  The 
ohiince  that  a  shot  will  strike  at  a  distance  between  x  *bA 
s-^dx  from  tlie  vertical  kxia  is  <fi(^)dr,  and  that  it  will  strike 
at  H  diiitance  between  jr  and  y+dr  from  the  horizontal  axia  ii 
^Ur*)dy.  Hence  the  prohah  lity  that  the  shot  will  strike  at  a 
point  fiilliliinK  t>oih  conditions  is  4i(x*)(t>(ji')dx<fy.  This  is  Hie 
probnbility  that  the  ahot  will  strike  the  small  area  dxdy.  But 
this  must  be  the  aame  for  an  equal  small  area  at  the  same  place 
whatever  pair  at  rectanKuUr  axes  through  the  centre  of  the 
target  are  chosen.  If  therefore  x',  j/'  be  coordinates  of  tlie 
point  (f,  f)  when  referred   to   another   pair  of  nzes  we  must 

4>(sf>  *o^  -  <i>(x*)  4.  ly). 

This  is  a  functional  equation  of  which  the  solution  is 

^M  =  Jt-^ 

where  J  and'w  are  constants.  The  value  of  «u  roust  he  nej^tive 
us  the  probahility  of  a  large  error  is  very  email.  Writing 
therefore  «,"  -  A*  we  find  by  (1 ) 


f<t>{x')4x  =  AJt-'^dx  = 


ience  by  the  well-known  theurei 

1..  tb.1 

0 

]„LYeJ-i/-Jw. 

Tiiu, 

♦M-    r 

.-•w 

The  quantity  i  is  called  the  measure  of  precision  of  the  ob- 
servations. For  take  two  errora  of  equal  probahility  in  two 
different  sets  uf  observations  for  which  this  constant  has  the 
velnes  A,  k',  we  have 


=/r- 
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Thua  the  two  probabilities  are  equal  if  iLt  a.  k'x',  tliat  is  the 
fliTors  aro  inversely  proportiousl  to  K,  k'. 

The  probability  P  tliat   an  error  li«l  between  z   and  x'  ia       Prob- 
tlierefore  given  by  ability  of 


bi:-" 


Tbe  probability  tbat  on  error  lien  between  0  end  x,  or  Prob- 

abUity 


'  r. 


Ji- 

\a  called  the  probability  integral,  nnd  tables  of  its  values  ere 
^ven  in  treatiaes  on  Erron  cf  Ohtereatxon. 

We  shall  now  apply  this  theory  to  the  reduction  of  the  re-  Combina- 
sulta  of  observation.      Generally  speaking  the  quantities,  the      tion  of 
values  of  which  are  fought,  i^^z^...,  «.   im  in  numbert  say,  "'™''  °^ 
are  not  those  directly  observed,  but  are  connected   with   the     OteBira- 
latter   by   known  relations  or   obierratirmal  equationt,   just  as 
many  in  number  as  there  are  observations.     If  the  observations 
were  perfectly  accurate  and  were  ii(  >  w)  in  number,  the  values 
of  4',,  it),.. .  .Xm,  could  be  found  from  any  «  of  them  ;  bnt  ns 
inaccuracy  cannot   be  avoided,   a    much    larger  number   n    of 
observations  is  generally  made  than  there  are  of  OQantities  to  be 
determined,  and  the  r  obaerrational  eqva&om  which  these  give  are 
reduced  to  m  by  some  process  of  combination.    That  usually 
adopted  a  derived  as  follows  : — 

Let  the  observed  quantities  be  Mu  ^a-  ■  ■>  ^"  *^^ 

/,(.„  r, . . .  r4,/,(»„  », ..) /.(«„  .„ . . . ».) 

be  the  tra»  values  of  the  quantities  observed  in  temu  of  those 
<*„  r^ . . . ,  jr«)  Bought    The  errors  are 

/.('i.* ,^-)- Jf,  =  e| 

/,(*„  i-„  . . . ,  X.)  -  Jf,  -  e,  I 


Now  wo  can  never  know  in  any  case  what  the  errors  actually  Methc«I  of 
are.      We  may  however  inquire  what  is  the  most  probable      Least 

Bvstem  of  errors,  and  find  accordingly  j-,,  x x^  from  the    Squares, 

observed  values  of  iT,  *„  . . . ,  Mn.    If  the  observations  are  all 
of  the  same  degree  of  precision,  that  is,  are  made  with  equally 
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precise  instrumenta  and  with  the  same  degree  of  care  aad  pre- 
caution in  every  case,  the  probabilitieh  uf  the  several  errors  e,. 

«!,...,  «■  are  proportional  to 

i/  Vff-  •-*''''>  */  -J^ .  .-''=^, . .,  hiji .  .-*•'■', 

aad  the  probability  of  this  system  of  errors  to  tlie  product  of 
these  several  probabilities  or  to  A"7r-"'*«"*'3*». 

This  has  its  inaximum  value  when  Se*  or  «,'  +  »,'  +  . ,  +  ft,', 
regarded  as  variable,  is  a  minimum.  Tbe  most  probable  system 
of  values  of  xi,  x„  . . .  ,  rm  is  therefore  that  deduced  from  tlioee 
of /n /ii  ■■  ■  i/".  wbicb  fulfil  this  condition.  We  shall  now 
show  bow  this  conditiou  enables  the  n  observational  equationB 
to  be  combined  in  n  equations  in  t,,  x^  ■  ■  ■  ,  Cb-  These  are 
generally  called  tbe  normal  equations. 

Since  tlie  system  of  errors  of  greatest  probability  is  adopted 
instead  of  the  actual  system,  we  shall  now  denoto  the  errors  by 
f,,  I-,. . . .,  vh,  and  call  them  rttiduaU. 
Farniatioii      Squuring  both  sides  of  equations  (4)  and  adding  we  obtain 
of  Kormal  _._  ,        ,„,         »  ,      »  i  i       a 

Eqoalioni..  ^ij^^i-  ^a.  ■■■.■"■-)-  J»fl*  =  ^i*  +  V  +•■■  +  -•"* 

the  quantity  on  the  left  is  to  be  made  a  minimum.     Denoting  it 
by  S  we  find  as  tlie  necessary  condition 

as     „  as  as 

—    -  0,  a—  -  0, ,  -     =  0  .     .    .     ,     (5) 

which  are  the  m  equations  required  to  find  r^,  r^,  ,. .,  J'*. 

When  the  relalions/„/„  ...  ,/■,  »re  dl  linear  an  eiisy  rule  is 
obtained.     For  we  liave  "then  instead  of  (4) 

a,i,  +  j9,jr,  + +  f,j-«  -  .1/,  -  r,  1 

«»r,  +  Vi  + i+f^M  -  »U=  rr 


a,ir,  -f-  jS»r,  + ,  +  ^^.  -  M^  =  r,  I 

an3  equations  (5)  become 

a,(a,:r,  +  3.',  +  .  . .  +  ^,r-.)  +  <ul,n^,  +  ,3^,  +  . . .  +  ^^)- 

+ +  n-{a..r,  +  |8^',-l-....  +  ^,r.) 

=  a,ifi  +  a,*,  +  . . .  +  anMn   , 

/3,(<i,r,+ftzj  +  ...  +  ^„.H-S,(o-r,  +  0^,+  .    .+^,j-„)' 
+ +  3-.(«-'-,  +  J3,r,  4  . .  . .  +  ;«r.) 
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Tbus  we  lisve  the  rule  to  firm  ttie  normRl  equatiooe  for 
Xi,  72>  • '  ■  I  '•>  •  mvltipty  the  h/t-hand  member  of  each  equation  of 
(6)  bff  the  coefficient  n/z,  i'»  that  equation,  add  the  reeulli  together, 
and  equate  to  iero  for  the  Jirel  equation;  thmi  multiply  the  left- 
hand  member  of  each  equation  of  (6)  by  the  co-efficient  of  i,  in  the 
lame,  add  the  reeulte  together,  and  eqvate  to  zero  for  the  lecond 
equation;  and  »o  on.  Example  ; 

As  ao  example  we  tuko  the  case  of  two  unknown  quantities,   ObserTa- 
ij,  ij,  connected  with  the  observations  by  the  equations  v''^'a''\ 

Oil,  +  X 


(8) 


Then  fonniog  tlie  normal  equBtions  and  solving  for  .i 
we  get 

So.23/-iiI(a3f> 
"'"      {Sa}'-«2(a') 
^   _^  Sa .  £(o.W)  -2(0') .  2M 

"^'"^ "(lo)'  -nSo' 

If,  as  in  man;  physical  ezperimenle,  a,  =  0,  and  oj,  og, . .  .  ohi 
be  io  arithmetic  progression,  the  equation  for«,  leads  at  once  to 
the  rules  of  combination  given  at  pp.  64, 85  iibove  in  connection 
with  observations  of  the  period  of  vibration  of  a  magnet.  Direct 

It  is  easy  to  show  that  this  process  gives  as  the  moat  prob-   Observa- 
able  value  of  ft  single  quantity  n  times  directly  obBsrved)  the   tioiu  of  a 
arithmetic  mean  of  the  h  observed  values.     For  we  have  only     Single 
to  pnt/for  the  qaanlity  to  be  found,  and  M^,M„  . . .,  M„ioT  the  Quantity, 
observed  values.    We  get  then 

U  -  -V,)'  +  {/-»,)■  +  .-.  +  (/-«•-«  minimum, 

tliat  i«,  m.     ,      ,. 

/-«,+/-.»,  +  ...+/- tt.-o  its 

f.".+JLi±-^j^^-  (10)  "m«?' 

■'  n  ■  ■  \     I     Probable 

Thus  the  most  probable  value  of /is  the  arithmetic  mean  of 
,^1,  Mf, , ,  .  3f„.  The  ordinary  simple  rale  used  iit  this  case 
therefore  coincides  with  thai  given  by  the  present  theory. 

When  results  of  observation  ore  of  different  degrees  of  pre-  'Wsiglita 
cieion  the;  are  "weighted"  by  being  each  multiplied  by  a  ofObsn- 
factor  which  depends  upon  the  degree  of  precision  which  the    vations. 
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obBerrfttiona  are  HuppoHed  to  have.  For  example,  if  3f,,  Mf, 
. .  .  jVh,  in  the  last  example  were  of  different  degrees  of  pre- 
cision, tliey  would  liave  to  be  weighted  by  being  multiplied  re- 
Hpectivel  y  by  weights  v>,,  to,,  ...  to.,  and  we  sbould  liave  instead 
Of  (10) 

"l  +  "*  +  ■■■  +  "'l. 

TbiH  ia  called  the  general  mean. 
I  The  metbixt  generally  rexorted  to  in  assignirig  weights  to 
observations  depends  on  the  determinstioD  of  what  is  calfed  the 
probable  error  of  each  resalt.  This  in  the  error  of  prob»lriIity  I, 
that  is  to  say.  it  is  jnRt  >s  probable  that  the  error  of  the  result 
is  lesa  than  this  aa  that  it  is  greater.  Thiu  the  probable  error  is 
the  value  of  r  ia  the  equation 


Si    fr 

■Ti  ■-' 


»>->A. 


This  equation  can  be  solved  by  interpolation  from  a  table  of 
values  of  the  probability  integral  and  gives 


The  probable  error  is  thus  inversely  proportional  to  A. 

When  Q  series  of  observaLioos  n  in  number  is  made,  the  prob- 
able error  P  of  the  result  in  found  in  the  following  manner. 
The  probability  of  the  system  of  errors  e„  «,....«■  is 

P  =  -^J<fa)-«-»W  +  e^ +  ...  +  ',•)    .     .     .     (11-) 

Now  if  the  obHervations  have  been  mode  with  all  possible 
'  care  so  as  to  have  as  great  a  decree  of  precision  as  wss  possible, 
that  is,  to  hnve  as  Bm>dl  a  probable  error  as  possible  conHiatent 
with  the  given  ftyatem  of  pirora,  we  must  assign  to  i  such  s 
value  as  to  make  P  in  (ft)  a  maximum.  IMSerentiatiDg  P 
with  respect  to  k  and  equating  to  zero,  we  find 


Probable 

aingle      ' 
Oburva- 


'^-  =  2«(<»).P  =  0 


■^2 
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But  i  =<  ■4T69/r,  and  therefore 

r--0745y!B (12) 

Sie*),  the  sum  of  tbe  aquaree  of  the  true  »iTora,iH  greater  Ihati 
S(v*),  the  sum  of  tlie  squares  of  the  reKidual  errors,  and  the  dif- 
ference IB  less  the  greater  tlie  number  of  ohaervation8._  Al  an 
approximation  it  ia  uauai  to  put 

SM.I(0(l-;)- 

Thug  

r--67«y?li'j (13) 

This  is  called  the  prvbablt  error  of  a  single  obBnivation  of  a 
single  qnantity  directly  observed.  The  quuntily  \'2(t*)/(n  — 1) 
is  called  tbe  mean  error. 

If  M,,  Mg  . .  .,  Mn  ben  obtnined  values  of  the  same  quantity.  Probable 
the  probable  error  of  the  uriihim-tic  mean  ciin  he  found.  For  Error  of 
if  we  take  «„  z,,  ..,,*■  as  the  rlifferencoa  between  the  observed  Arith- 
quanliliea  and  the  arithmetic  njean,  the  probabilily  of  the  arith-  metio 
metic  mean  ia  the  iirodiiL-t,  P,  of  the  probubilities  of  this  syatem  "™'* 
of  residual  errors.     Thus  ^^e  have 

P  =4»{A)"ir-"««-»^'l»  +  Ja=  +  . . ,  +  »,'). 

Now  let  BOtne  other  quantity  differing  from  the  oiitbmetic 
mean  by  an  amount  A  be  taken  as  tlie  quantity  sought.  Then 
instead  of  <„  i^,  . .  .,  ch  we  shall  have  for  residual  errors 
'i  4-  8,  *,  -J-  *,  . . .,  zb  -J-  8.  Tlius  for  the  probability  of  this 
■yatem  of  residuals  we  get 

P  -A«(rf«)«ff"it-»Vi'  +  «^  +  ...  +«,'  +  "<»), 
since  2(«,  +  *,  -^  ...-(-  z,)a  ^  ft     Thus 


This  states  that  the  probability  of  the  arithinetic  mean  ia  to 
that  of  the  other  system  of  errors,  or  the  probabilitief  of  errors 
zero  and  t  in  tbe  srithuietic  mean  are,  as  1 :  c-"**<*.  The  prob- 
ability of  an  error  zero  in  a  single  observation  is  to  that  of  an 
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error  d  as  1  :  *-*^,  and  hence  the  measure  of  preciaian  in  tlie 
case  of  the  uTthmetic  mean  is  Vn  times  that  of  a  siogle  obser- 
vation.   Hence 


Probable  error  of  aritli.  mean  =  -^  =  -6745 


.(14) 


AMign-         "We  have  no  space  to  deal  with  the  question  of  tlia  weights  to 
ment       be  assigned  when  results  of  observations  or  of  different  sets  of 
of         observations,  of  different  degrees  of  precision,  are  to  be  corn- 
Weights,    bined.     The  general  rule  is  to  assign   to  the  results   weights 
inversely  proportional  to  tlie  squares  of  the  probable  errors  of 
the  quantities.     These  weights  are  obtained   bj-  the  following 
rule  for  the  quantilJBB  x^,  Tj,  . ,  ,  i«  of  equntiona  (7).     Denote 
the  quantities  on  the  right  of  the  successive  nornial  equations 
by  Jl,,  Af,  .  .  .  //h  respectively,  and  let  these  equations  solved 
fofj-,,  j-j,  ...r«give 


=  b^Ax  -f  i,^,  +  . . .  + 


4./f.V 


weight  of  xi  =  — ,  weight  of  j- 


Mean  and  The  mean  errors  of  Xi,  .t„  .  .  .,  I'm  are  cqusl  each  to  the  mean 
Probable  error  of  a  single  observation  divided  by  the  sqanre  root  of  the 
Ijlrrors  of  weight  of  the  quantity  in  question.  But  the  meaa  error  of  a 
Qosntities  single  observation  in  this  case  may  he  eliown  to  be 
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847 


Aa  an  eiaiupie  the  following  cose  (due  to  Gauss)  of  four  ob-  Eiamplo. 
aervational   equations  for  three  quantities  ma;  be  takon.     [Of 
course  the  theory  givea  good  reHults  only  when  there  is  a  larn 
number  of  obaervational  equations,  hut  the   present  example 
shows  very  well  the  mode  of  proceeding.] 

X        -f    +2* -3=0 

33;     +  2y  -  5i  -  5    =0, 
ix     +y    +ii  -21  =  0, 

The  normal  equations  are 

27*+    6y  -    88  =  0, 

6.r  +  15^  +  :      -    70  =  0, 
y  +  54*  -  107  =  0, 
from  which  the  mOBt  probable  values  oi  x,y,  z,  are  obtained,  tiiz. 
_  49154  _  „,,,  ..  _  2617  _  3.3,^^  .  =  ^^^  =  1-916. 


=  2-470,  j'  = 


The  weights  of  x,  y,  t,  detennined  t 
respectively 


described  above 


.  84-69I,^- 13848,  ""■ 


>'0.                            V 

1 

1 

_  0-249 

00620 

2 

-0«8 

0-0046 

3 

+  0-096 

0-0080 

4 

-Ofl69 

0-0048 

2{i-')  =  -oaoj 
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Here  n  =  4, 

iH  ^  3,  and 

Mean< 

irror  of  an  observation  »      /'OBM 
'^    4-3* 

Meant 

iiTor  of  I  -      "^^*      -  -067. 

•Jam 

" 

„        ,.-21= --077. 
Vl3648 

'• 

„       ,  =  -T?^  —  =  -039. 
V53-927 

AppUta-  The  method  of  least  squares  can  be  applied  to  determJDe  tbe 

taoD  of  coefficients  A^,  <4„  A^, . .  .  B,,  B^, . .  .  ia  tlie  eqaation 
Leait 

Square  ,  =  ^0  +  ^,«D«  +  ^.«n 2«+ .  .  .                 1               ^jg^ 

HarJ^onio  +  iJ,  coa  w  + J,coa8«*  +  .  .  .  / 

Analfsts.  when  a  number  of  Talusa  of  y  for  different  knowD  values  of  r 
have  been  detennined.  In  general  n  is  known  and  therefore  the 
obHervational  equations  are  at  once  obtained  by  eubstituting  in 
this  equation  the  value  of  f  and  the  correaponding  value  of  i. 
Then  J,,  Ai,  A^, .  .  .  Bi,  B^,  ...  are  the  unknown  quantitiee  to 
be  found,  and  ub  many  normal  equations  as  there  are  o£  these 
are  to  be  formed  from  the  observational  equations  in  the  ordinaiy 
manner.  This  is  of  importance  in  the  determination  of  the  ex- 
presaiuns  for  tidos,  electromotive  forces  of  alteniators,  Ac  (see 
p.  659  above). 

Fnr  further  infonnation  on  this  auhject  the  reader  may  refer 
to  Herriman's  treatise  on  The  Method  of  Leatt  SquaMt,  Cfianve- 
net's  Aetronomg,  Vol.  11.,  or  Airy's  Errort  of  Obtervation. 
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III.  NOTE  ON  EQUATIONS  (80),  (81),  PAGE  242. 

It  followi  by  the  equfttiona  of  electromotive  force  (33), 
p,  159,  that  tbere  must  ezist  in  the  fanotioD  from  which  the 
eleotromotiTe  forces  are  fonnd  hy  Lagrange'B  ei^jations  a  tenn 
of  the  form 

where  «,  f,  v  are  the  time  integralt,  from  some  zero  of 
reckoning  of  the  components  m,  p,  w,  of  the  total  current 
(displacement  current  -\-  conduction  current). 

If  the  medium  is  an  insulator  u,v,ie=  /,  g,  i,  and  the  term  is 
-  h^A/iSy  -  *3)  +y(Aa  -/y)  +  ki/»  -  ga)). 

Denoting  the  term  by  L  we  find  for  the  jscomponent  of 
electromotive  force  depending  upon  it  in  the  first  cue 


dlda 
D  the  aecoud 

d  dr. 


-  m .  (4) 

and  similarly  for  the  other  components.* 

The  first  term  in  each  case  refers  to  the  Hall  effect,  the 
second  to  an  electromotive  force  which  has  not  been  observed. 
Aq  estimate  of  the  amount  of  this  force  is  given  by 
J.  J.  Thomson  (Applicatioat  of  Dynamiei,  &c.)  which  shows 
that  it  is  probably  much  too  small  to  he  ever  observed. 

In  the  case  of  an  insulator  tlie  resultant  electric  force  due  to 
the  aecond  term  in  {b)  is  at  right  angles  to  the  plane  through 
the  direction  of  the  electric  force  and  that  m  which  the 
magnetic  force  varies  most  rapidlj  with  the  time.  The  magni- 
tude of  the  force  is  t«'/iAD  sin  6,  where  A  ie  the  greatest  time- 
rate  of  change  of  the  magnetic  force,  S  the  electric  displace- 
ment, and  0  the  angle  between  ]fit  and  S. 


*  The  existence  of  this  tf  mn  naa  Srst  pointed  out  by  Prof  Fitzgeiatd, 
'Ml.  Tram.  1880,  Part  11. 
VOL.  11.  3   I 
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The  electrotDotive  forces  in  (a)  and  (b)  full  to  be  added  to 
tlie  componentB  given  at  p.  191,  to  render  these  more  complete. 
]t  is  not  impossible  that  there  may  be  other  terms  in  the 
Lagrangiun  function  as  yet  unrevealed. 


IV.    NOTE  ON  ^,  PAGE  192. 

The  statement  in  lines  4,  5,  6,  that  "^  may  be  taken  as  the 
potenlial  of  any  electrostatic  distribution  which  may  exist  in 
the  fiald,''  requires  correction  when  the  equations  refer  to 
moving  conductors.  In  this  latter  case,  as  has  been  po'Dted 
out  by  J.  J.  Thomson  (Maxwell's  EUctricily  and  Magtutitm, 
Vol.  II.  p.  260),  ifr  ought  to  be  taken  as  including  both  the 
electrostatic  potential  and  the  terjn  Fi  -\-  Gj^  -\-  Ui  which  ii 
left  out  of  account  in  the  mode  of  proving  the  equations  of 
eleotromotive  force  adopted  at  p.  191.  This  term  disappeais 
nhen  integrated  round  a  closed  circuit. 


V.  NOTE  ON  PAGE  329. 
Proof  of  the  equaiion 

trhich  holdi  tchtn  x  t»  very  great. 
It  is  easy  to  see  from  p.  330  that 

if  I  =  V  ~  1.    Aleo  by  the  differential  equation  satisfied  by  J^ 
Tliia  last  equation  can  be  written 
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APPENDIX 
whic}i  when  t  is  very  great  becomea 

A  BolutioD  of  tliis  is  of  course 

y^/^-^co^*  +  J  sin  i, 
and  (Todhunler,  Th»  Fanctioni  of  Laplace,  Ac,  p.  311)  it  can  be 
shown  thai  J  =  ^  =  Vir. 

If  now  we  put  2i«'J  for  e  in  tlie  last  result,  we  find  since 

When  exponential  values  are  eubstituted  for    coa  Si'v^r  and 
sin  2i  •/*■,  this  girea 
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VI.  Tablb  roK  THB  Calcuiation  of  tbr  Hdtcal  Ikductakcb  M 
OF  Tvro  Coaxial  Circlbh  of  Radii  a,  a',  akd  Distasck  apaxt  A. 
CalcnUCed  for  iatervtl*  of  fl'  in  the  Titae  of 

«>•-'{ V{i^')'  +  6'/  V("  +  '»V  +  fr*|  ftwm  60"  to  90'. 


-r^ 

■-=fe 

-.-;^ 

80*    0'    ■*BB4r83 

64"   0'    -6101472 

68°    0'    -7203003 

6' 

6022651 

8'    -8128998 

8'    -7230640 

ly 

G050505 

12'     8166522 

12'    -72SSS86 

18' 

6078346 

18'    -6184042 

18'    -7286942 

2*' 

6106178 

24'    -6211580 

24'    7313609 

80' 

6183D8B 

30'    ■623W)78 

SO-    -7341287 

88' 

6161761 

Se'  1 '6266689 

86'    ■7388975 

4!' 

618B682 

42'    -S294I01 

42-    7396675 

48' 

6217381 

48'    -6321612 

48'    '7424387 

&4' 

6245123 

64'    ■6348121 

64'     ■7452111 

«■    0' 

6272888 

86'    0' 

6876629 

89*    0'    7479848 

6' 

5300628 

6' 

6404187 

8'    '7607697 

IB- 

6328361 

12' 

6431846 
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(For  BipUnKtion  of  noUtion  refer  to  Section  III,,  Cliapter  V  r. 
above).  It  can  bo  ahown  that  if  Cn  be  the  currciit  at  the  axis 
of  a  wire  and  C'n  the  curreot  at  distance  r  from  the  oxie,  for  JV 
petioda  per  tecoad,  and  6=iiiNt 

C's=  CN{berjcostf-beiV»infl). 

For  copper  carrying  an  alternating  current  of  30  periods  per 
second,  the  coluinn  below  headed  7  may  be  tuken  as  containing 
the  diameters  of  ihe  wires ;  and  in  respect  to  the  distribution  uf 
the  current  thruMj^h  the  wire  eipresaed  by  tlic  fiirmuU  sbove, 
q  may  be  tiiken  im  the  diameter  of  the  cylindric  shell  in  which 
the  current  deuaily  is  to  be  calculated. 

TABLE  OF  NUMERICAL  VALUEa 
(Calculated  for  Lord  Kelvin  by  Hr.  M.  Maclean  ) 
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From  the  data  bere  given  and  some  further  data  supplied  b; 
Lord  Kelvin,  Mr.  W.  M.  Mordey  has  calculated  tlie  foUowing 
Uble  :— 


VIRTOAL  BESISTANCE  OF  CONDUCTORS  CAEEYING 
ALTEBNATINQ  CUnRENXa 


From  Mr.  W.  H.  Mordey'i  paper  of  Alternate  Current  Working, 
Inst  Bt.  Eng.,  Hay  23,  1889,  EUctridan,  Uay  31. 
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(From  «  Report  to  the  President  of  tlie  Board  of  Trade, 
dkted  November  29,  1B92.  Thsae  reHolutions  the  committee 
desire  to  aubatitute  for  tliOM  contaiaed  in  a  previous  report 
of  date  July,  1891,  with  the  view  of  obtaining  international 
agreemeot  as  to  Electrical  Standards)  : — 

HreoLDTiONa. 

(1)  "  That  it  ifl  desirable  that  new  denominationfl  of  stan- 

dards for  the  measurement  of  electricity  should  be 
made  and  approved  hy  Her  Majesty  in  Council  as 
Board  of  Trade  standards 

(2)  "That  the  roagnitudes  of  these  standards  should  be 

determined  on  the  electromagnetic  system  of 
measurement  with  reference  to  the  centimetre  as 
unit  of  length,  the  gramme  as  unit  of  mass,  and 
the  second  as  unit  of  time,  and  that  by  the  terms 
centimetre  and  giamme  are  meant  theatandanls  of 
those  denominations  deposited  with  the  Board  of 
Trade. 

(3)  "  That  the  standard  of  electrical  resistance  should  be 

denominated  the  ohm,  and  should  have  tbe  value 
1,000,000,000  in    terms    of  the    centimetre  and 

(4)  "  That  the  resistance  offered  to  an  unvarying  electric 

current  by  a  column  of  mercury  at  the  temperature 
of  melting  ice,  14*4681  grammes  in  mass,  of  a  con- 
stant cross  sectional  area,  and  of  a  length  of  t06'3 
centimetres,  may  be  adopted  as  one  ohm. 
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(S)  "  That  a  material  Blandard,  constructed  in  solid  metal, 
should  be  adopted  as  the  standurd  ohm,  and  Hhoiitd 
from  time  to  lime  be  verified  by  companBon  with 
a  column  of  mercury  of  known  dimeUHiona. 

(C))  "  That  for  the  purpose  of  replaciog  the  atandnrd,  if 
loat,  deatroyed,  or  damaged,  or  for  oidinaiy  uae,  a 
limited  number  of  copies  should  be  conatructtd 
which  should  be  peiiodicully  compnred  with  the 
standurd  ohm. 

(7)  "That  reaisl ances constructed  in  solid  metal  B'iOiild  be 
adopted  as  Board  of  Trade  ataiidarda  for  mullipUs 
and  submultiplea  of  the  ohm. 

(R)  ■>  That  the  value  of  the  standard  of  resistance  con- 
structed by  a  Committee  of  the  British  Aeaociatinn 
for  ilia  Advancement  of  Science  in  the  years  1S63 
and  1864,  and  known  as  the  Britieh  Association 
unit,  may  be  taken  as  "9866  of  the  ohm. 

(9)  "That  the  standard  of  electrical  current  ehonid  be 
denominated  the  ainpere.  and  should  have  the  value 
one-tenth  (U'l)  in  ternia  of  the  centimetre,  gramme, 
and  second. 

(10)  "That  an    unvarying  current  which,  when    passed 

through  a  solution  of  nitrate  of  silver  in  water,  in 
accordance  with  tlie  specification  attached  to  this 
report,  deposite  silver  at  the  rate  of  O'OOllIS  of  a 
gramme  per  second,  may  be  taken  ae  a  current  of 
one  ampere.*' 

(11)  "That  an  alternating  current  of  one  ampereahall  mean 

a  current  eucb  that  the  aqnare  root  of  the  time- 
average  of  thesquareof  its  strength  at  each  instant 
in  amperes  is  unity. 

(12)  "That  inBtruments  constructed  on  the  principle  of  Ibe 

balance,  in  which,  by  the  proper  disposition  of  the 
conductors,  forces  of  attraction  and  repulsion  are 
produced,  which  depend  upon  the  amount  of  cur- 
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rrnt  paSHin);,  and  are  balanced  by  known  weiffhti', 
Bhould  be  adopted  an  the  Board  of  Trade  Btandarda 
for  the  measureineiit  of  current  whetber  unvarying 
or  alternating. 

(13)  "That  tbe  standard  of  electrical  preesura  should  be 

denominated  the  volt,  being  the  pressure  wliicb,  if 
steadily  applied  to  a  conductor  whose  resiatance 
ie  one  ohm,  will  produce  a  current  of  one  ampere. 

(14)  "  That  the  electrical  pressure  at  a  temperature  of  15^ 

centigrade  between  the  poles  or  electrodes  of  the 
voltaic  cell  known  as  Clark's  cell,  prepared  in 
accordance  with  the  spec!  Goal  ion  attaclied  to  this 
report,  may  be  taken  as  not  differiog  from  a  preE- 
sure  of  1-434  volte,  by  uiore  than  one  part  in  1000  * 

(15)  "  That  an  alternating  preasiue  of  one  volt  shall  mean 

a  preseure  such  that  the  square  root  of  the  time- 
average  of  the  square  of  its  value  at  each  instant 


being  balanced  against  a  known  weight,  should  be 
adopted  88  Board  of  Trade  etandards  for  the  meu- 
Burement    of    pressure,    whetber    unvarying    or 

alternating." 


*  See  nol«  on  prtviooa  page. 
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